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Abstract

In this paper, by introducing some parameters and estimating the weight coefficient, we give a new Hilbert’s
inequality with the integral in whole plane and with a non-homogeneous and the equivalent form is given as
well. The best constant factor is calculated by the way of Complex Analysis.
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1. Introduction

If f(x),

0<Jf

g(x) are non-negative functions such that

dx<oo and 0<J g dx<oo , then

w o F(X)9(Y w y2
([ %}/()dxdy«r{jo F(x)dx] g (x dx} (1.1)

where the constant factor m is the best possible. Ine-
quality (1.1) is well-known as Hilbert’s integral inequal-
ity, which has been extended by Hardy-Riesz as [2]:

1

If p>1, l+—=1, f(x), 9(x)=0, such that
P qQ

0<f fp dX<oo then we

have the following Hardy-Hilbert’s integral inequality:

LA o

dX<oo and 0<j g

(1.2)

)/p (I:gq (x)dx)l/q

where the constant factor — also is the best
sin(7/p)

s1n n/p (-[ Fr(x

possible.

In recent years, by introducing some parameters and
estimating the way of weight function, inequalities (1.1)
and (1.2) have many generalizations and variants (1.1)
has been strengthened by Yang and others. (including
double series inequalities) [3-15].

In 2005 Yang gave a Hilbert-type Inequality [3] as
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follows: If p>1, l-i-lzl , f(x), g(x)=0,
p

q

2-min{p,q} <A<1, 0<j:x"’1fp(x)dx<oo, and

0< _[w x'*g¢ (x)dx <o then

s |X y| xdy
1/p 1/q (13)
<K('[:x”fp(x)dx) (_[:x”gq(x)dx)

where the constant factor

K {B(“—H,l—z} B(q”_z,l—zﬂ also is
p q

the best possible.
In 2008 Xie gave a new Hilbert-type Inequality [4] as
follows:

If p>1,lp+%:1, £(x).0(x)20

O<j:x"p/2f P(x)dx <o and O<J':x"q/zgq(x)dx<oo,

then

(x)9(y) dxd
X+a y)(x+a y)(x+a2y) d

) p (I: X1—q/2gq (x)dx)

(a+b)(b+c)(c+a)

oy

< K(_[;xl‘p/zfp(x)dx

I/q

where the constant factor K =
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also is the best possible.

In this paper, by using the way of weight function and
the technic of real analysis and by the way of complex
analysis, a new Hilbert-type inequality with the integral
in whole plane is given.

In the following, we always suppose that: p >0,
l+l:1, p=l, re(l,2),0<a<p<m.
p q
2. Some Lemmas
Lemma 2.1 If
2
K = Iwu,r lrl1+2ueosoc—i-u2 du,
0 1+2ucos f+U
2
K = J.wu’r ln1—2u cosﬂ+u2 du,
0 1-2ucosa+u
then
4msin (l_r)(ﬂ_a)sin (l—l’)(ﬁ+a)
k, = 2 2
! (1-r)sinrn ’
1—r)(ﬂ—a) 2.1
4nsin(sin[(1—r)(ﬂ—’g+aﬂ
2 2
k, = .
(1-r)sinrn
and
2
K e J-oo |u|—r ln1+2ucos0¢+u2 au
- 1+2Ucos f+U
=k, +Kk, (2.2)
i I=00=0)  (1=1)x==c1)
_ 2 2
. It
1_ _
(1—-r)sin 5
Proof We have

A= J:C X" ln(X2 +2Xcosa+1)dx

1
=—x" ln(x2 +2Xcosa+1)
1-r

0

2 ro Xl’r(x+cosa)
1-r
2

=——B
1-r

0 x? +2xcosa +1

1-r
. 2" (z+cosa . y
setting f(Z):#, =€, z,=-€",
2°+2zcosa+1

then
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B=—2" [Res(f.z)+Res(f.2,)]
]

1— 27ri

2mi | 2,7 (z,+cosar) 2y (z,+cosar)
=1_e2nri +

2, -1, Z,—7

ncos(l—r)a

sinrm

2 4 2ncos[(1-r)a] .

We find A=- =
1-r (1-r)sinrn

then

o 1+2 2
k1:J~O U In +2Ucosa +U du

1+2ucos B +u’
4msin (l—r)(ﬁ—a) sin (1—r)(ﬂ+a)
_ 2 2
(I1-r)sinrn

and

1-2ucos S +U’
1-2ucosa +Uu?
1+2ucos(n—f

1+2ucos(n—a

4nsin(1_r)(2'3_a)sin{(l—r)(n_m):|

k, = j:u" In du

o )+u’
:j u In >-du
0 )+u

2

(I-r)sinrn

1+2ucosa +U?

k=[" |u|_r In
1+2ucos S +Uu’

—0

du

% . 1+2ucosa +Uu?
:I u'ln———du
0 1+2ucos f+uU
2
e (_u)frlnl+ZUCosﬁ+u

du
o 1+2ucosa +U’

=k, +k,
(1-r)(B-a)

4msin cos(l_r)(n_ﬁ_a)
_ 2 2

. I
1—- ad
( I’)sm

The lemma is proved.
Lemma 2.2 Define the weight functions as follow:

—r+1

w(x):= jw |X| 1+2Xycosa + X*y’ dy
=yl | 1+2xycos S+ X7y ’
W(x) = Jm |y’”1 1+2xycosa + X*y? i
- |X|r 1+2xycos S+ Xy’
then
APM
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2.3)

Proof We only prove that w(x)=k for xe(-x,0).

o |x|‘r+1 1+2xycosa+X2y2|
w0)=L. ly| 1+2xy005ﬁ+><2y2|dy
+J.m|x|_r+1 ln1+2xycosa+X2y2|d
0 |y|r 1+2xycosﬁ+X2y2| g

1 n1+2xycosa+X2y2 g
(-y)  1+2xycos f+x7y’

—-r+l1 P
o0 _X
N ( )r ln1+2xycosﬁ+x2y2d
oy 1+2xycosa+ X"y
=W, +W,

Setting U = Xy, then

W _,[O (—x) 1+2xycosa + X7y’
L (—y) 1+2xycos B+ XY
2
:I:u,,ln1+2u00sa+u du=k

1+2ucos B +Uu?
Similarly, setting U =-Xxy,

1-2ucos B +U’
1-2ucosa +Uu?

And w(x)=k +k, =k, we have (2.3).
Lemma 2.3 For 0<¢,and

(r + max {Z—E,E}] €(1,2), define both functions, £
P q

dy] dx

w, = j:u" In du =k,

and B as follow:

n1+2xycosa+x2y2|
1+2xycos,6+x2y2|

_ zglij'lw X—r—2£/p [I_Ol(_y)HZ*?/q In

=1, +1,.

i(g):zgj:@(x)UfOB(y)l

1+2xycos,3+x2y2|

Setting U =Xy then

0

_ 2.,2 - X
l, = 25[100 x"2e/P [Il y "2l ln1 2xycos f+ Xy dy]dx = 25]1 X172 (IO U2

1-2xycosa+ X'y’

2
_ 28 J-w X_l_zg J-]u_r+26/q ln 1—2U COSﬂ"'Uz
! 0 1-2ucosa +u
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2,,2
1+2Xycosa + X7y |dy]dX+Lw Xr2g/p[J'1 y 2/

2
du}dx o [LX orola gy L2 2UC0s S+

ET AL.

x P ifxe(1,0),
f(x)=10, ifx e[-1,1],
(—x) P ifx e (~o,1);
and
0, ifx e (1,0),
g(x)= |x|7r+2€/q, ifxe[-L1],
0, ifx & (~o0,1);
then

/p

I(x)::2g{'[i|x|_l@p(x)dx}l/p{.[2|x|_1@q(x)dx} =1

2.4
5 » roo 1+2xycosa+X2y2|
| =2 f 1 dxd
(£)=2¢[" [ (x)a(y) n1+2xycosﬂ+xzy2| xdy
=k+o(1), (forg—>0+)
2.5)

Proof Easily,

I/p p

I(x):= Zg{j:o x’lx’z‘gdx} {J'Ol x"x’“dx} =1
Let y=-Y,using f(-x)=f(x),g(-x)=g(x),and
@(—X)I:B(y) In

1—2xycosa+X2y2|
1-2xycos B+ x2y2|

1+2xY cosa+x2Y2|

n s 1dY
1+2xY cos S+ XY |

1+2xycosa+X2y2|
1+2xycos 3 + x2y2|

we have that @(X) an(y) ‘ln dy

is an even function, then

1+2xycosa+X2y2|
1+2xycos B+ x2y2|

0

o

_ 2
1 2ucosﬁ+u2du x
1-2ucosa+u
dujdx}

1—2ucosa +U?
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=Ju’”2£/ql 1- 2ueosﬂ+u

1-2ucosa +u’
1-2ucos f+u’
1-2ucosa +u’
1-2ucos B +Uu’
1-2ucosa +u’

o
— J'Ou r+2¢/q In

_ J‘O°° u—r—25/p In

Z.T.XIE ET AL. 87

| [”zﬂ(ﬁ“LmKH

2

du+ ZSL u
du+ J'lw u"2P n

1
du +j0(u25/q —u

Y

“r2e/a 1 1-2ucos B +u’

1-2ucosa +u’
1-2ucos f+u’
1-2ucosa +u’
1-2ucos g +u’
1-2ucosa +u?

(I X 2de)du

du

2Py In du

5

There lim#n(&)=0, and we have I, -k,

£—0"

e—0").
Similarly
proved.

Lemma 2.4 If 0<J |x |prl

1+2xycosa+x2y2|

(for

I, >k (for £—>0"). The lemma is

(x)dx < oo, we have

1L (o

<kP[" " e

(x)dx

Proof By lemma 2.2, we find

(R

1+2xycos B+ Xy |

1+2xycos,8+x2y2|

|r/q

p
de dy

(2.6)

1+2xycosa + X’y |dxjp

lrl1+2xycosot+X2y2| |X
l+2xycosﬂ+x2y2|

|y|r/p

1+2xycosa + Xy’ | |X|r(p_1)

gLO ln1+2xycos/3+ Xy’ v

1+2xycosa+xzy2||y|

r/p P
o [

f?(x)dx

7o

p-1
dx]
X

1+2xycos B+ X'y | |
Ky |pr p+1J‘ In 1+2xycosa+x2y2||X|
= 1+2xycos B+ Xy | |y|

J

1+2xycosa + Xy’

f P(x)dx,

b

<k p’lf [jw In
1+2xycosa + x*y?

1+2xycos S+ X*y*

| f p(x)dx}dy

ly

S I
J.-{LO n1+2xycos,B+x2y

- kp.[:|x|pr_1 fP
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||pldy}f“()

ly'

2.7)

2¢
r+—

I

+n(¢)

3. Main Results

Theorem If both functions, f(x) and g(x) are
nonnegative measurable functions, and satisfy

0<[” X" 7 (x)dx<eo, and 0<[” [(*" g% (x)dx<oo,
then
R 1+2xycosa+X2y2|
I '—Loj_w ln1+2xycos,[7’+><2y2|dXdy
k([ o o) ([ )
(3.1
and
—pr+p-1 1+2XyCOS(Z+X y | '
J L ¢
Lc|y| [I (x) n1+2xyCOSﬂ+X y | XJ ’
<R £ ()0
(3.2)

Inequalities (3.1)and (3.2) are equivalent, and the con-
stant factors in the two forms are all the best possible.

Proof If (2.7) takes the form of equality for some
y €(—2,0)U(0,), then there exist constants M and
N, such that they are not all zero, and

r(a-1)
HORE

X

>

T
vl

Hence, there exists a constant C , such that

M || P (

a.e.in (—o0,00)x(—00,00),

X)= N|y|rq =C ae.in (—o0,00)x(—00,).

We clalm that M =0. In fact, if M =0, then
|x|rp ! fP(x C/ M |x| a.e. in (—o0,00) which con-
tradicts the fact that 0<LO| |pH fP(x)dx<oo. In

the same way, we claim that N =0. This is too a con-
tradiction and hence by (2.7), we have (3.2).
By Holder’s inequality with weight and (3.2), we have,
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1" =j_°;{|y|”l/q " f(X)|n
<) ([ Iy o (v)ay)

Using (3.2), we have (3.1).
Setting

o(y) =y ( [ (x)‘ln

then J :Jj;|y|qr_l g%y)dy by (2.7) we have J<o.
if J=0 then (3.2) is proved; if 0<J <o, by (3.1),
we obtain

o<[ |y g ydy=3=1"

<k([T e (X)dX)l/p (oo (X)dX)l/q :

0 r— / ®© r—
(Lc|x|q ! gq(x)dx)1 g k(.[_w|x|p ' p(x)dx)

Inequalities (3.1) and (3.2) are equivalent.

If the constant factor k in (3.1) is not the best possi-
ble, then there exists a positive h (with h<k), such
that

-1
1+2xycos01+X2y2|dX P
1+2xycosﬂ+x2y2|

1/p

| 1+2xycosa+x2y2|
14 2xycos f + x2y2|

17t (g (y)in
(2 e oa (17 g (0

For ¢>0, by (3.4), using lemma 2.3, we have
P(e)=k+o(1)

],
< gh(J'_azo|x|pr71 i’ (x)dx)/p (_[i|x|qr*1 g (x)dx)
(3.5)
Hence we find, k+o(1)<h, for &—0", it follows
that k<h , which contradicts the fact that h<k .
Hence the constant h in (3.1) is the best possible. As
(3.1) and (3.2) are equivalent, if the constant factor in
(3.2) is not the best possible, then by using (3.2), we can
get a contradiction that the constant factor in (3.1) is not
the best possible.
Thus we complete the prove of the theorem.

dxdy

(3.4)

1/q

Remark For « = %, b= g in (3.1), we have the
following particular result:

o oo 14++/2xy + X2 y>
f In——————
1 (a2

< k(.f_0;|x|pr_1 fP (x)dx)l/p (.fi|x|qr_1 g“ (x)dx)l/q

dxdy

(3.6)
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1+2Xycosa + X2y2| /g
1+2xycosﬂ+x2y2|dx Dy' Q(V)]dy

(3.3)

Where the constant factor

k:

47sin cos
24

(r-1)=m

5(r-1)n
24

. also is the best possible.
LW
r—1)sin—
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