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Abstract

In this paper we derive a pricing kernel for continuous-time long-run risks economy with the Eps-
tein-Zin utility function, non-i.i.d. consumption growth, and incomplete information about fun-
damentals. In equilibrium, agents learn about latent conditional mean of consumption growth and
price equity simultaneously. We demonstrate our analytical results by applying the model to a
well-known complete information equity valuation model. Calibration of the model reveals that it
can match price-earnings ratio of the market index, equity premium, and a short term interest
rate in the data, which, as we show, we can only achieve for high levels of latent state variable per-
sistence. There is a trade-off between the persistence necessary to fit the data and parameters
controlling the inference process. The easier the inference is, the larger persistence is required to
fit the data.
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1. Introduction

One of the fundamental challenges in theoretical finance is obtaining an adequate model of the equity premium.
Given observed post-war data, the power utility function, e.g., implies a risk-averse agent must have relative risk
aversion y > 50. The result suggests that the risk aversion should be an order of magnitude higher than the one
implied by independent estimates (Friend and Blume [1]). Alternatively, under the observed risk premium, in-
vestors should dramatically leverage the investment of their wealth in the stock market beyond current levels
(Cochrane [2], Chapter 21).

One recent approach to this problem is the long-run risks (LRR) model first developed by Bansal and Yaron
[3] (BY later). In the LRR model, current shocks to expected growth have a persistent effect on the expectations
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about consumption and dividend growth. In equilibrium, investors exposed to the risk require higher premium
for holding equities. BY form the LRR model based on Epstein and Zin [4] recursive preferences.

In the current paper we retain the LRR feature that the latent conditional consumption mean is one of the de-
terminants of the risk premium but extends the model to include learning about the latent state. Eraker [5] also
extends LRR model in two new ways. First, he introduces jumps into the economic uncertainty in consumption
growth. Second, to resolve the negatively sloped yield curve problem of LRR models, he derives a nominal term
structure of interest rates assuming that the conditional mean of inflation is negatively correlated with consump-
tion and dividend growth. Under these assumptions, Eraker is able to produce reasonable equity premium levels
and positively sloped nominal yield curve. However, that requires the levels of risk aversion and the elasticity of
intertermporal substitution (EIS) of at least 8 and 5, respectively. Our model can also fit equity premium but re-
gardless of EIS level if we introduce learning about the latent state variable.

Our work in this paper complements Eraker [5]. In LRR models and in Eraker’s model, the long-run risk
component is observed by investors. However, in reality, this is not the case. Investors have to learn the value of
conditional consumption mean based on information available to them. To this end, we model how investors
learn about the latent variable. We assume that investors build a minimum mean square estimate of the latent
state variable from observations on consumption and dividend growth. The solution of this optimal filtering
problem allows us to derive the processes for the state variables under a new probability measure corresponding
to information available to investors. We show that there are closed form solutions for equity prices and equity
premium under this new risk-neutral measure®.

Abstracting from other modeling features that can also contribute to the explanation of the equity premium,
we focus on the contribution of uncertainty associated with learning about the latent consumption mean. Our
model is related to Jacoby, Paseka, and Wang [6] (JPW later), who also study the impact of learning on the asset
price dynamics and the equity premium. There are several differences, however, that make our model distinctly
different from that in JPW [6]. JPW [6] adopt the framework of Bakshi and Chen [7] (BC later) in which asset
valuation is earnings-based rather than dividend-based allowing them to value even firms that do not pay divi-
dends®. Earnings growth is modeled as a stochastic process with an unobserved mean, itself a mean-reverting
random process. In order to value assets both JPW [6] and BC [7] assume an exogenous pricing kernel process.
Unlike BC [7] and JPW [6], we adopt LRR model so that the pricing kernel is endogenous, the result of agent
optimization problem in equilibrium. The obvious consequence of this modeling contrast is that prices of risk in
our model are all endogenous whereas those in BC [7] and JPW [6] are exogenously specified and need to be es-
timated from the data. As a result, our modeling approach being more parsimonious affords fewer degrees of
freedom and is potentially less subject to concerns about overfitting once the model is brought to the data. Equi-
ty premium in BC [7] comes from contributions of the variation in three state variables: earnings growth, mean
of earnings growth, and the short rate. In contrast, in JPW [6], the posterior estimate (by representative agents)
of shocks to the mean of earnings growth is a deterministic function of the shocks to earnings growth because
agents are assumed to use the latter as the only source of information in their learning exercise. This modeling
assumption is reflected in the equity premium in JPW [6]. There are only two independent contributions to the
equity premium from variation in earnings growth and from that in the short rate. However, the former contribu-
tion is amplified by the fact that there is an extra uncertainty due to sampling variation in the posterior estimate
of the mean of earnings growth. The impact of learning on equity premium in JPW [6] is thus only through the
correction to the equity premium contribution from the variation in earnings growth. The risk premium due to
the variation of the short rate is not affected by learning. In our model, however, because the pricing kernel is
affected by learning in equilibrium, uncertainty about unobserved conditional mean of consumption growth af-
fects all contributions to the equity premium.

Further, both BC [7] and JPW [6] assume an exogenous short rate process. In contrast, in our model short rate
is determined endogenously from the drift of the stochastic discount factor. In fact, the model implies that the
short rate inherits the mean-reverting property of the posterior estimate of the conditional consumption mean.

We analyze an example of equity valuation model based on our LRR incomplete-information pricing kernel.

A number of other studies explore incomplete information about an unobservable state variable, such as the dividend growth rate, with re-
spect to asset valuation (see, Timmermann [8]; Brennan [9]; Veronesi [10]; Brennan and Xia [11]; and Lewellen, and Shanken [12]).

%Since equity valuation model in BC [7] is not applicable to stocks with zero or negative earnings, Dong and Hirshleifer [13] propose a re-
finement of earnings process in the BC [7] model. However, both models implicitly assume that the latent state variable is observed and ig-
nore the estimation risk premium resulting from investors’ learning process.
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We calibrate the model to data on aggregate consumption and dividends as well as earnings-per-share on a
CRISP value-weighted index. Based on calibrated parameters we then compute model-implied price-earnings
ratio, equity premium, and the risk free rate. We pay special attention to the composition of equity premium.
The largest portion of the premium is predominantly due to the hedging demand induced by the variation in
earnings growth, with more minor contributions from hedging demands due to the mean of earnings growth and
the short rate. We also note that inference environment is essential for empirical performance of the model.
Learning is easier if observed processes—consumption and dividend growth—have higher (in absolute value)
correlations with the latent process. In that case, the model can fit equity premium even at higher values of the
persistence in the latent process, thus, revealing a trade-off between learning and persistence of the latent condi-
tional consumption mean. To explore this further, we consider two cases. In the first case of relatively small
values of the speed of mean reversion (persistence) in the conditional mean of consumption growth, the contri-
bution of earnings risk to the risk premium is: 7%. Variation in the mean of earnings growth contributes sub-
stantially lower amount to the risk premium, mostly due to low elasticity of asset prices to mean earnings growth.
However, its contribution is far from negligible, amounting to 4%. Variation in the short rate (equivalently, in
the latent conditional mean of consumption growth) is the last contributing factor. However, its contribution to
the equity premium is negative and largely negates the contribution of the mean earnings growth. In the second
case of larger values of the speed of mean reversion in the conditional mean of consumption growth, the model
matches relatively well to the data on the levels of price/earnings ratio, risk premium, and the short term risk
free rate.

Despite the encouraging outcome of the calibration exercise, we note that in the current form the relation be-
tween price-earnings ratio and the risk premium is complex. In the first case, the relation between the two is
negative (larger risk premiums imply smaller price-earnings ratios). However, in the second case the relation is
positive, with higher price-earnings ratios corresponding to higher risk premiums. It appears that the influence of
learning on the equilibrium pricing kernel—a feature absent in previous work—at least partially decouples in-
stantaneous risk premium from price-earnings ratios implying, in general, a non-monotonic relation.

The rest of the paper is organized as follows. In section 2 we state the assumptions of the model, derive the
optimal posterior estimate of the latent conditional mean of consumption growth, and solve for the value func-
tion jointly with learning problem. Further, in section 3 we derive the pricing kernel (stochastic discount factor)
with adjustment for learning. In section 4 we introduce an equity valuation example and apply our pricing kernel
to computing price-earnings ratio, equity premium, and the short rate. We also calibrate the model to data on
aggregate consumption and dividends as well as earnings per share on a CRISP value-weighted index. Finally,
we conclude in section 5. We refer the reader to Appendix for derivations of all necessary results in the paper.

2. Long-Run Risk Model with Learning

We use BY [3] economy as our starting point. We retain main features of models by BY [3] and Eraker [5] such
as recursive preferences and non-i.i.d. consumption and dividend growth. We list the assumptions below.

Assumption 1 Following Eraker [5], we model the processes of consumption growth and dividend growth
with drift being linear function of the persistent long-run risk component x, :

dIn(C)zdgc=(yc+x—%jdt+vvdwc, 1)

\Y
dg, :(ﬂd +PX -} Ejdt"'(/’d \/\7de: 2

where w, and wy are standard Wiener processes, Edw,dw, = p, , and V is conditional instantaneous variance
of consumption growth.

Assumption 2 The conditional mean of consumption growth is not observed by agents. They only know that it
follows a mean reverting process with zero long-run mean:

dx = —pxdt + ¢,V dw,, ?3)

where w, are standard Wiener processes, Edw.dw, = p,, and Edw,dw, =p,,.
Assumption 3 We assume that all state variable processes are homoscedastic, i.e., V is constant over time.
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We make the last assumption to retain the closed form solution for our equity pricing exercise.

One of the assumptions states that agents do not directly observe the conditional mean of consumption growth,
xﬁ. Unlike Eraker [5], we model agents’ inference process about the value of x, from information in both
consumption and dividend growth. The inference occurs jointly with the determination of equilibrium prices.
The Markov property of the state variables allows the solution of the agent’s optimization problem proceed in
two stages. First, we use a linear version (Kalman-Bucy filter) of a general filter to derive the process of an
agent’s best estimate of x,, X . Second, given the optimal estimate, the model is effectively reduced to a
full-information model in which all expectations are computed under an information set available to agents.

As a standard practice, we model the optimal forecast of the latent process by minimizing the posterior va-
riance of the latent process®. The following result from Liptser and Shiriaiev [14] summarizes the solution to our
optimal filtering problem.

Result (Liptser and Shiriaiev [14]) Assuming that the latent mean of consumption growth is described by (3)
and an agent’s inference is based on the observations of consumption and dividend growth as described in (1)
and (2) the agent’s best estimate of x,, X is given by

aw;
where the posterior variance of process x,, S,, and the instantaneous volatility of the best estimate of x,, X,
are given by
St:Et[(Xt_it)z]' (5)
T
2 _¢pc
T SM‘*"ﬂeN(pcx ~ PaxPed )
5 _{Zn} 1 ¢d\/\7 (6)
- Zox _:I-_pc2 P — @4 P ,
’ ‘ SM"—(DeN(pdx _pcxpcd)
Py W
Processes w; (t) and wj(t) given by
X—X X—X
—dt +dw, —dt +dw,
dw; W W
dl | dw, + dt dt + o dw, +4/1— pZ, dw
Py W Py W

are standard Wiener processes under a filtration generated by observation on consumption and dividend growth

s

onthe interval [0,t],i.e, W,(t), w(t)e R%% . Here, Edw;dw,=0.

c

Posterior variance, S,, in Equation (5) is a solution of a deterministic ordinary differential Equation (ODE),
which follows from applying 1t6’s lemma to the definition of the variance in (5) and taking expectations:
dS, = {-aS! -2(p+&)S +T*}dt, @)

where

2 2
g? + 0% 2¢(/decd -0
V(/)d (l_pcd)

®Eraker [5] extends BY’s [3] economy to general affine state variable processes. However, both Eraker [5] and BY [3] assume that the con-
ditional mean of consumption growth, X, is observable.

“Estimation risk resulting from some state variables being unobservable from market data is recognized in studies that examine the role of
learning in incomplete information environments (see, for example, Williams [15]; Dothan and Feldman [16]; Detemple [17]; Gennotte [18]

Timmermann [8]; Brennan [9]; and Feldman [19]).
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gzﬁepczd)(¢(pdx _pcdpcx)+(pd (pcx _pCdde)),
2 2 1 z 2
r :V(pe (1_§(pdx _pcdpcx) _’DCX]' (9)
cd

. . ds . .
All our subsequent results are given for the steady state case, i.e., d_tt =0. In the steady state posterior variance

—~(p+&)+y(p+&) +ar?
" .

In the general case when correlations of the latent process with consumption and dividend processes are not
perfect, each source of information receives a non-zero weight, which is a function of the volatility of that
source and its correlation with the latent process x .

Given the optimal process X, processes g, and g, under the new probability measure corresponding to
the information available to agents have the following form:

isgivenby S =

dgcz(yc+>“(—vzjdt+\/\7dwz, (10)

- \ .
dg, = (ﬂd +9% -9} Ej dt + g, ‘/\7de- (11)

We make a further assumption about the preferences of the representative agent in the BY [3] economy.
Assumption 4 We assume a representative agent economy with stochastic differential utility preferences of
Duffie and Epstein [20]:

3(gq (1), %W, t)=E Jf(C,,J,)ds (12)
t
with the normalized aggregator,
[
C v
f(Ct"]t):Ll(l_V)‘]t —ti -1}, (13)
-, (@=7)3)

where T is the agent’s horizon, C, is consumption at time t, J, is the recursive utility at time t, g is
the subjective discount rate, y is the relative risk aversion coefficient, and  is the elasticity of inter-
temporal substitution (EIS).

Duffie and Epstein [20] prove the Bellman optimality condition and show that this condition implies that for a
given gonsumption process the optimal differential utility satisfies the following partial differential Equation
(PDE)®:

Jt+ﬁgJG+idGTJGGTdG+ f =0, (14)
J(T,G)=0, (15)

where G=(gc,gd,>ﬂ<)T isthe 3x1 vector of state variables, and /fi; is the mean vector given by

*Boundary condition (15), in principle, causes technical difficulties (see Duffie and Epstein [20]). Following Duffie and Epstein we modify
the conditionto J(T,G)=¢& . This change has no impact on any pricing implications in our model.
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In general, this PDE does not have an analytical solution. To this end, we follow Campbell and Viceira [21]
and Zhu [22] and use a log-linear approximation of the normalized aggregator. To arrive at the log-linear ap-
proximation we simplify notation by rewriting the aggregator as follows:

f(Ct"]t):%(1_7)JI[F(CU‘L)_1:|'

7

F(C.J)=| ———
((1_7/)‘]t)E

A solution of the Bellman Optimality condition as shown in Campbell and Viceira [21] (page 146) implies
that SBF(C,,J,) is the optimal consumption-wealth ratio (lower case letters are logs of the actual values):

PBFE =e"". (16)

A Taylor series expansion around its unconditional mean ¢, —w, , produces the desired log-linear approxi-
mation, which will remain approximately valid as long as the consumption-wealth ratio is relatively stable:

BF =e""F) —h +hin gF, (17)
where

h=go™, (18)

hy =e® ™0 [1-(c, —w, )] (19)

Inserting this approximation into the expression of the normalized aggregator in (13), we have:

f~ 1‘{ [, +hIn B+hInF - 4]
-
7

1
=h(1-7)J|INC———InJ+H |,
( y){n 1—7n+}

f :h(l—y)J{lnC—ian+H}, (20)
1-y
where

_(h+hinp-p) 1
: h[l_lj 1—7| 4-7)

7

where h is the long-term mean of consumption to wealth ratio.

There are two shortcomings of the proposed approximation. The first problem is that the EIS, y, only ap-
pears in H , and has no impact on pricing. To the first order of the log-linearization, EIS does not affect either
the aggregator (20) or the value function. Consequently, we cannot analyze its implications for equity prices but
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the model in this form admits closed-form solutions. Our ultimate goal, however, is to isolate the impact of
learning on the dynamics of equity prices.

Inserting approximation (20) into PDE (14), we look for a solution, J(t,g,d,X), of the PDE in an exponen-
tial-affine form:

J(t!g!d!i):exp(got+§1tgt+§2tdt+§3t)?1)’ (21)

where g=g.=InC and d=g,.

Substitution of this function into (14) leads to an affine function of the state variables, G, that must evaluate
to zero for arbitrary values of the state variables. This situation is only possible if coefficients the state variables
are all zero, which gives rise to a system of four ODEs for coefficients &,, &, &,,and &. From this point on
we specialize our results to an infinitely lived agent, i.e., T — o . Subject to appropriate initial condition on the
lifetime utility function, the ODEs have the following solutions (see Appendix for details):

G =1-7, (22)

& =0, @)

§=2L. (24)
+p

The second shortcoming of the proposed log-linearization is evident in (23). Dividend growth does not have a
direct effect on either the utility function or the pricing of assets as &, = 0. The only impact of dividend growth
is through its effect on the optimal estimate of the conditional mean of consumption growth due to the nature of
agents’ learning process.

3. Pricing Kernel

Duffie and Epstein [20] show that the stochastic discount factor = is given by the following expression:
t
7, = exp[ [ desJ fe. (25)
0

Applying 1t6’s lemma to (25) (see Appendix for details) and using the expressions for the normalized aggre-
gator approximation in (20) and the state processes in (4), (10), and (11), we obtain the process for the pricing
kernel,

d_”z—[Q+)?]dt+UZ {dwz}, (26)
Vg dwy
where

QEh-‘r/lg +(§1—1)V +§3\N(21x+pcd22><) (27)

y-1

7\N+_21x
o o[(G-DWVwEn | |70 hep (28)
5322x 7/_1 2
2x
h+p

Expressions for X,, and X,  are given in (6). Note that both loadings on consumption and dividend growth
shocks in the pricing kernel will generally be negative for agents with » >1.
The real short term risk-free rate, r, is given by the drift in expression (26):

rt:—E(dﬁj/dt:QH“( (29)
T

It is clear that parameter Q plays the role of the central tendency of the resulting mean-reverting short rate
process. This interpretation is due to the fact that the estimate of the conditional mean of consumption growth,
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X, mean reverts to zero (see (4)).
Equation (29) shows that, the short rate is only a function of time t and the agents’ posterior estimate of the
conditional mean of consumption growth, X. 1t6’s lemma applied to Equation (29) implies that
) . R dw’ dw;
dr =Qdt+d% =(Q- pR)dt+3,| ¢ |=p(Q-r)dt+z,| "¢ |, (30)
awj dw,

d

where Q is the first order time derivative of Q with respectto t°.

4. Equity Valuation

As an example of equity valuation under our LRR pricing kernel with incomplete information we take the
earnings-based stock valuation model of BC [7]. Main ingredients of the model can be summarized as follows.
Equity dividends are modeled as, on average, a fraction of the firm’s earnings-per-share (EPS):

D(t)dt =&Y (t)dt+dw (31)

where D(t) is dividend flow in units of consumption numeraire per unit of time, Y (t) is earnings per share,
and dw is white noise uncorrelated with all other Wiener processes.

In practice, many firms do not pay dividends, and the implementation of dividend-based valuation model
would be limited. Current specification circumvents this problem by expressing dividends as a fraction of firm’s
earnings permitting an earnings-based valuation.

We further assume that earnings growth follows an arithmetic Brownian motion given by

d
Y GdtssT W 32)
2 dw; |
The unobserved mean of earnings growth is itself modeled as a Vasicek process:
dw;
dG, =k -G, )dt+X] . 33
=k, (45 -G, { v } (33)

Current version of the model is dynamically complete. This property makes it a little restrictive in that any
two traded assets span the entire economy. In principle, we can make the model incomplete by introducing i.i.d.
shocks to both processes (32) and (33). Since the shocks would be orthogonal to the pricing kernel in (26), this
adjustment would not generate any extra risk premiums and the model would remain largely equivalent to model
(32) - (33). Therefore, to save space and avoid parameter proliferation, we keep our complete model version.

It may seem necessary at this point to introduce another filtering problem to model how investors learn about
the unobserved mean of earnings growth. However, it is not so. Due to a two-factor nature of the economy in

our model, we can solve for [dw;‘,dw(’j ]T from Equations (10) - (11). As a result, the vector of shocks driving

the economy is simply a deterministic function of the two observed state variables g, and g, and the post-
erior estimate of the conditional consumption mean, X. The latter is itself a function of the two observed state
variables as evident from (4).

Following the BC [7] model we consider a continuous-time, infinite-horizon economy. Unlike in the BC [7]
model, pricing kernel in our model is not exogenously specified, rather it is the endogenous result of agent opti-
mization problem (see Equation (26)). From fundamental valuation principles, the share price of a firm’s equity
is the sum of expected present value of all future dividends:

sz

where E, is the time-t conditional expectation operator with respect to the objective probability measure un-

der a filtration generated by observation on consumption and dividend growth on the interval [O,t] e, w (t) ,
w; (t)e %%,

8In the steady state, for an infinitely lived agent Q is constant.
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Based on the above discussion, the equilibrium stock price at time t can be expressed as a function of three
state variables: Y;, G, and r,, where the latter is the endogenous short rate process in (29). The inference about X
in our model affects risk premium and equilibrium prices reflecting investors’ uncertainty about estimates of X.
The stock price must satisfy the following PDE with the pricing kernel given in (26):

E dap +ﬁdt:rdt—E dapdr . (34)
P P P z
We look for atime-t stock price solution in the following form:

P(Y,.G,.r,t)=6YZ(t,G.1), (35)

where &Y, represents average dividend-per-share and Z(t,G,,r;) isthe time-t price-dividend ratio.
In our case, the PDE for the stock price takes the following form (see Appendix for derivation):

z 0 A2 0 Z, 2,2 Zos  are < Zo
IR e
225 7, 1
+Tp7+(G(t)+Z§2paﬂ)—r(t)+z:0,
I p) I +2
where 42 =y, +M, ul =Q+M, o, is the instantaneous volatility of the pric-

k P
9
ing kernel given in (28), X, is the instantaneous volatility of the estimated latent state process (see (6)), and

A 1
s = Lvar dW‘; = Pea |
?oodt dw; Pa 1

Given the affine nature of the short rate process, Equations (26), (29), and (34) imply that the solution for the
stock price has an exponential-affine form as a function of posterior mean of conditional consumption growth,
X (see Appendix for further details). Since X is affine (see (29)) in the short rate, r, then stock price itself is
an affine function of the short rate.

Theorem 1 The real price of a stock paying an infinite stream of dividends as specified in (31) is given by an
integral of an exponential-affine function of the state variables:

P =Y, [exp(A(t,s)+B(t,5)G —C(t,s)r,)ds, (37)
t
where functions A(t,s), B(t,s) and C(t,s) aregiven by
_ —kg (s-t)
B(ts)=2"% (38)
kg
_a Pt
clts)=2"%" (39)
Yo
_a20ls) _apls )
A(t,s)=3TS o, (s-t)+ - 215 5 | s—t+ 18 —2{1 ¢ j
2p 2p P
_p P _a kst
_lurQ S_t_le— +/J§ s_t_lL
g o (40)
40
_ a2kg(s-t) _ akg(st)
P I N IRl M| ol
2k: 0 2K, Ky

Z;Z Y 1_efkg(s—t) 1_g s 1_e—(kg+p)(54)
- k £ S—t— — + .
e,
g
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The real equity risk premium is defined by the negative covariance of the pricing kernel and equity return and
has the following form:

A:—E(d—PJrﬁdt—rdt] 2§+Z—Gz;2 »— 2 Z ﬂﬁ. (41)
d \P P z Tz

The transversality condition, P, < oo, that prohibits price bubbles has the following form:

1 1 DADID
22,0, +—5I2.%, QL —— 3Ty 3 82X o, 42
y=px 2p T H Tt Hy 2k2 9= p=y kg,D (42)

Proof: See Appendix.
We can write the expression for the instantaneous equity risk premium in (41) as the sum of three com-

ponents:
z z
e (43)
A, =-%% 0, (44)
T
Ay =-2i% 0, (45)
J=-3% 0. (46)

Note that in (26) - (28) the weights on consumption and dividend growth, o _, in the pricing kernel are nega-
tive for investors with risk aversion coefficient y >1. Therefore, generally, aII three risk premiums- 4, , 4,
and A, -are expected to be positive’.

The result is similar to that in BC [7], BC [23], and JPW [6]. The premium is a weighted sum of risks asso-
ciated with shocks to earnings growth, its mean, and the short rate®. The weights are the elasticities (log-deriva-
tives) of the equity price to these state variables.

Our approach is, however, different from that in the above papers because the pricing kernel in our model is
endogenously determined in equilibrium. As a result, prices of risk for the shocks to the three state variables in
our model are all endogenous unlike those in BC [7], BC [23], and JPW [6], who need to estimate them directly
from the data. In our model, we obtain the prices of risk indirectly by estimating the parameters of more funda-
mental state processes such as aggregate consumption and dividend growth along with latent conditional con-
sumption mean. In addition, the contribution of the variation of the short rate is not affected by learning at all in
BC [7], BC [23], and JPW [6]. In our model, however, due to pricing kernel being directly affected by learning
in equilibrium, uncertainty about unobserved conditional mean of consumption growth affects the contribution
of the short rate to the equity premium as well. These extra explicit model restrictions on the prices of risk make
our modeling approach more parsimonious and potentially less subject to overfitting.

In the remainder of this section we present the details of our calibration exercise and the computation of the
equity premium in our model. For reference, our parameter vector consists of 18 components:

®={5,%h,p,pcd,pcx,pdx,%,;fﬁ,coe,V,ﬂg,ET Toikg }

2x1 2x1

To start, we calibrate parameters of fundamental processes—consumption growth, its mean, and dividend
growth. There are 11 parameters included in thisset: h, o, o4, Pu:s Par P4 ¢+ @, V,and u . We
choose to adopt the estimates of Constantinides and Ghosh [24] (CG hereafter). They use the Generalized Me-
thod of Moments (GMM) to estimate the version of BY [3] model with random volatility of consumption growth

"Both components of the posterior variance of the conditional consumption mean, X, are positive in our calibration exercise.

8JPW [6] extend BC [7] by modeling the posterior estimate (by representative agents) of shocks to the unobserved mean of earnings growth.
Shocks to earnings growth are the only source of information in agents’ learning exercise. As a result, the equity premium comes from risks
due to variation in earnings growth and from that in the short rate, with the earnings component of risk premium corrected for the extra un-
certainty due to sampling variation in the posterior estimate of the mean of earnings growth.
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and its mean®. Recall that parameter h =e®™ is the sample average of consumption-wealth ratio. Lustig, Van
Nieuwerburgh, and Verdelhan’s [25] estimate of the log wealth-consumption ratio is 5.86 from the data (and
closely matched by its estimate from the LRR model). We set parameter h equal to e for our calibration
exercise. Since our results, specifically equity premium, are very sensitive to the value of the persistence para-
meter o, we will calibrate it to the observed equity premium and see if its calibrated values are reasonably
consistent with observations.

Following CG [24], for our base case we assume that consumption and dividend shocks are uncorrelated with
conditional consumption mean, x, i.e., p, = py =0. However, we set the correlation between consumption
and dividend growth shocks equal to its sample estimate, o, =—0.013 10" Also, we take the relative risk aver-
sion to be equal to 10 as reported by CG [24]*. Note that parameters P and p, play important role in our
model. They measure how fast and how precisely agents can learn about the unobserved mean of consumption
growth, x. Taking their values equal to zero is tantamount to assuming an environment in which learning is
difficult. More exactly, increasing the absolute values of these correlations would improve learning by reducing
posterior variance of the filtered estimate, S (see Equation (8)). In the extreme case of perfect correlations (ei-
ther positive or negative), perfect learning obtains as the steady-state posterior variance is zero*?. Later, we pro-
vide an example of how results change if we increase these correlations.

We set mean annual consumption growth to 1.9% per year as CG [24]. Leverage parameter, ¢, and para-
meters governing conditional volatilities of consumption and dividend growth, ¢, and V , are matched with
the corresponding values estimated in CG [24]: ¢=4.63, ¢, =10.1,and V =3.6x10". Further, we calibrate
latent state variance parameter, ¢,, by matching the unconditional volatilities of the conditional consumption
mean, x, in CG [24] to that in our model. In doing so, we assume for simplicity that the conditional volatility
of consumption (economic uncertainty in LRR model) in CG [24] is constant and equal its estimated value. In
this case, discrete LRR model in CG [24] implies that given the state Equation:

XI+1 = px1 + l//xagx,nl'

_ v’
2 1
CG
parameter p.; =0.955 and y, =0.616 (both from Table 6 of CG [24]). Our model (3), once exactly dicre-
25

. L . . V .
tized, implies that the steady-state variance of x is var(x) = Z‘*— Equating the two results we have the fol-
Yol

the unconditional variance of x takes the following form: var(x)

where a time-series persistence

2p
1_pée

The second parameter group is related to the earnings growth process (32)-(33). This group includes seven
parameters: 5, u,,%),%;, and k.

Monthly dividend and EPS data come from COMPUSTAT for S&P500 and cover the period from 1982 Jan-
uary to 2013 September. Based on these data, we estimate historical dividend-payout-ratio, &, to be equal to

lowing expression for the calibrated value of our parameter ¢,: @, =y,

°CG [24] argue that the latent state variables of BY [3] model—the conditional mean of the aggregate consumption growth rate and the con-
ditional variance of its innovation—are hard to measure in the data. Since BY [3] model imposes deterministic restrictions on the state va-
riables, CG [24] express the two state variables as known affine functions of the observable aggregate log price/dividend ratio and log
risk-free rate, essentially treating them as observables as well.

Consumption data series comes from BEA (personal consumption expenditure: nondurable goods and services, PCE implicit price deflator
and the CPI for all urban consumers). All items are quarterly and range from 1947: 1 to 2013: 4. One issue in constructing the consumption
growth series is that the data on real personal consumption expenditure (PCE) on non-durables plus services are not reported. According to
BEA’s explanation on how to form the real data series, the consumption excluding durables cannot be retrieved by simply adding real con-
sumption on non-durables and that on services together. Instead, we compute the required consumption expenditure by adding nominal PCE
on non-durables and that on services, and then deflating the sum using the corresponding price deflator. However, the implicit price deflator
on our constructed PCE series is not reported. Instead, we use the price deflator on total PCE and the CPI for all urban consumers as two
proxies when deflating the consumption series and computing the inflation. We compute nominal dividend growth from monthly CRSP
Stock Market Indexes using both value-weighted returns with and without distributions. To obtain quarterly real dividend growth, we con-
vert monthly dividend growth rate to quarterly rate by compounding three monthly rates within each quarter and deflating the quarterly rate
using inflation rates based on PCE price deflator.

YAl CG [24] parameters that we adopt in our calibration are from their Table 6, in which they estimate BY [3] LRR model on six assets
over a post-war period 1947-2009.

\f either p, or p, isequal to+1 or—1, Equation (9) impliesthat T'=0 and the steady-state posterior variance of X is also zero.
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0.37.

We follow BC [7], BC [23], and JPW [6] and use current year analyst forecast of earnings growth from
I/B/E/S (monthly FY1 earnings-per-share data) as a proxy for earnings growth. To obtain parameter values for
the earnings growth process (32) - (33), we run a Kalman filter on the system (32) - (33) rewritten as follows:

‘1—Y =Gt +o,dw, (47)
dG, =k, (11, —G, )dt +o,dw, (48)
Edw,dw, = p, dt. (49)

Annualized Kalman filter estimates for long-term mean of earnings growth, Hy and the speed of mean re-
version, Kk, are 8.13% and 5.9, respectively™. In computing price-earnings ratio in (37), we set G equal to its
sample mean of 8.23% and r to its unconditional mean Q. Further, given our Kalman filter estimates for o,
Oy, My, and p, we can now back out our earnings growth parameters Zl and Zg by matching the cor-
responding second moments of the two state variables as follows (numerical values are Kalman filter estimates)™*:

Yt y=pTy

th(dYJ =32 % =0, =0.0268

e (dG,)' =212, =02 =0.5421

Y,
d —4dG, |=%,2 %, = p,,0,0, =-1.6393x10",
dt Y, ’

We start our equity risk premium exercise from the base case, i.e., we set p,, = p,, =0 . Our calibrated value
of p for the base case is 0.024". At this value the real risk premium, 1, in (41) is equal to 5.86%. Given that
inflation over the post-war period has averaged about 3.6%, the nominal risk premium implied by our model is
about 9.46%. Interestingly, this estimate is a little higher than the values we see in the data. E.g., for the time
period from January 1982 to September 2013 the monthly equity premium is 73 bp on average, which amounts
to 8.76% per year. We have to keep in mind, however, that this result is likely affected by the fact that key
learning parameters are set to zero at this point. Another interesting result is related to the composition of the
premium. The components of the real risk premium as specified in Equation (43) have the following values:

A, =7.03%, A, =8.77%, 4 =0.05%, ZZ—G:O.455 ,and %:—98.83.

First, there is a striking difference in the value of 4, in our model compared to that in BC [23] and JPW [6].
In our case, the premium on the mean earnings growth is similar in magnitude to the premium due to shocks in
earnings growth itself. In the above papers, however, mean earnings growth has largely trivial magnitude.
Second, only about 45% of the mean earnings growth premium contributes to the overall equity premium

(7‘3: O.455j, which makes earnings growth the most important contributor to the equity premium. Finally,

even though short rate risk premium is small (4, =0.05%) 18 it is positive. Combined with the fact that the
elasticity of the price to the short rate is negative and very high in absolute value, the short rate contribution
amounts to a reduction in the equity premium of about 5% and largely offsets the risk premium component due

BGiven that o, s estimated to be 0.5421, the value of 5.9 for k implies the steady state standard deviation of earnings growth mean,
G, of 21.4%.

“This system gives us three equations in four unknowns. We chose to set earnings growth loading on consumption shocks, %,,100.13t0
minimize the likelihood of violating the transversality condition (42).

*Note that , =0.024 in our model corresponds to p., =e** =0.976 in the discrete version of CG [24].

)t is four times smaller in magnitude that that in BY [3].
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to mean earnings growth, G. We also note that as we reduce the value of parameter p, the risk premium in-
creases and the price earnings (P/E) ratio declines.

Next we present equity premium results for several values of the learning parameters p,, and p,, . We set
parameter p=0.1 to avoid violation of constraint (42) at new values of p, and p, . Now we increase the
values of parameters p, and p, from 0.1 to 0.3. When p, = p, =0.1, the real risk premium is 5.23%,
which implies the nominal risk premium of 8.83%, in line with historical average. At the same time, the model
P/E ratio is 23.63 and the nominal risk free rate is 5.49%. For comparison, in our sample the average P/E is
18.25 ranging from 9.6 to 45.6, and the 3-month nominal interest rate is 5.15% on average varying from 0.03%
to 13.48%. Thus, for these correlation values the risk premium, P/E ratio, and the risk free rate match well to
corresponding values in the data. As we increase the correlations, risk premium declines and P/E ratio increases.
E.g., for p, = p, =0.3, nominal equity risk premium is 6.74%, P/E ratio is 18.72, and nominal risk free rate is
5.44%. It appears that the model is capable of matching risk premium, P/E ratio, and risk free rate to the values
observed in the data. However, we notice that the relation between P/E ratio and the instantaneous risk premium
is non-monotonic. Our results suggest that for relatively small p higher risk premium implies smaller P/E ra-
tios. However, when p =0.1, the relation is positive in that higher values p, and p, lead to lower risk
premium and also lower P/E ratios.

We have applied the model only to match several data moments such as average P/E ratio of an index
portfolio, equity risk premium, and nominal interest rate. It remains to be seen how well the model will work in
cross-section when applied to several assets such as, e.g., size, book-to market, and momentum portfolios.

5. Conclusions

We derive a model of equity valuation in an economic environment in which low frequency trends in state va-
riables (long-run risks) play a crucial role in asset valuation. We extend the LRR model of BY [3] to include
learning about the latent conditional mean of consumption growth. We explicitly model how investors learn
about the latent variable. We show that there are closed form solutions for equity prices and the instantaneous
equity premium under this new risk-neutral measure.

We derive an equilibrium pricing kernel that contains all information about learning. As a result, in our model
unlike in previous literature, due to the pricing kernel being affected by learning in equilibrium, uncertainty
about unobserved conditional mean of consumption growth affects all contributions to the equity premium,
those from shocks to earnings growth, its mean, and the short rate.

Further, in contrast to previous work in this line of literature, in our model, short rate is determined endoge-
nously from the drift of the stochastic discount factor. One of the model’s implications is that the short rate is an
affine function of the estimated conditional mean of consumption growth and, thus, inherits its mean-reverting
property. One of the interesting aspects of the endogeneity of the short rate is its negative contribution to the
overall equity premium.

We calibrate the model to aggregate dividends and consumption and CRSP index earnings process. The mod-
el can reproduce the levels of CRSP index price-earnings ratios, equity risk premium, and the short maturity in-
terest rate. Further work would require full estimation of the model. We leave cross-sectional and time-series
tests of the model for future work.
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Appendix
A.1. Derivation of the Value Function, J.

Once we substitute the log-linear approximation (20) into the PDE (14), it becomes a parabolic PDE with coef-
ficients affine in state variables. It is natural to look for a solution, J (t, g,d, >”<) , of (14) in an exponential affine
form:

‘](tigrdrx):exp(got"_éltgt+§2tdt +§3t)’€t) (50)

Upon the substitution of (50) into (14) the PDE becomes an identity that must hold for arbitrary values of
state variables (symbol 0, denotes the partial derivative with respect to the time variable, t):

Su
S Jor | f
81501+61§119+51§2td+61(§3tx+ﬂg S +2dttl‘(deGT GJG ]"'T:O (51)
Sat

where the expressions for the mean of the state vector, z!, and the aggregator, f , immediately follow from
(14), (20), and (50):

ARV (o -vj2 Y 00 1Y
o= py+#R-gV 2| =\ -V /2| +GT|0 0 ¢
—pX 0 00 —/p
I _ &)
1-y
P haep) me-—tnasH|=ha-y)| H -2 eT| S
J 1-y 1-y 1-y
_ S
i 1=y )]

Because identity (51) must hold for all values of state variables, coefficients on the state variables must all be
zero. Since &, does not affect any further results, we do not attempt to solve for & and ignore it in our fur-
ther discussions.

Collecting terms containing the state variable vector we find that

I & )]
]__
&) (0 0 1Y /(g : 4
G’ O, | &y |+ 00 ¢ Ex +h(1—7/) —ﬁ =0
§3t 00 —p 53:
&
L 1-7 )]

The above identity holds if and only if the following conditions are satisfied:
0,y +h(l—;/)—h§lt =0 (52)
08y —N&, =0
Oy + & P —(p+N) & =0
subject to terminal condition (15), i.e.,

&e(T)=8x(T)=6x(T)=0
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This is a system of joint ODEs for coefficients &,, &, ,and &,.
Solving the system for an infinitely lived agent (T — ), we finally have

1_
§=1-7.6=04=1 4
+p

A.2. Derivation of the Pricing Kernel in (26)
The normalized Porteus-Kreps aggregator has the following approximate form:
f~h(1-y)J {InC—LInJ + H}
1-y

Duffie and Epstein [26] show that the SDF can be expressed in terms of the aggregator as in (25). Applying
1td’s lemma to (25) we have

2

dC
d—ﬁ: fjdt+£ (f hjdt—d—C d—J+( 2) _dydc (53)
T c c J C J C
Recall that the value function, J(t,g,d,X), and the consumption process, C, obey the following SDEs:
dC - .
?:(yg +R)dt +WVdw] (54)
dJ = —fdt + IV Caw] + I 0,V dw] + 3,3 L‘j 5} (55)
Wd
Also, from (21) we have
Je _ & Iy s
—:—’—: :0,_)(:
J C J 4:2 J 53

Combining the above results we have the following expression for the pricing kernel:

d_ﬂ-:—|:h+/ug + i+(§1—1)v +§3\/\7(le +pcd22x):|dt

4 [(51 _1)\/\7 + ‘fazlx JT |:sz:|
‘fazzx dW;

where X, and X,  are the two components of 1x2 vector X, .

A.3. Derivation of the Stock Price, P;

We derive the share price using standard SDE arguments based on a stochastic discount factor (SDF) approach
(see, e.g., Cochrane [2]).
With the pricing kernel given in (26), the stock price must satisfy the following PDE:

E[dpj+—dt— rdt - E[d—Pd—”) (56)
P P

T
We look for a time-t stock price solution in the following form:
P(Y,,G.K,t)=6Y,Z(t,G,,1,)

where &Y, represents average dividend-per-share and Z (t,G,,r,) is the time-t price-dividend ratio. Apply-

ing It6’sruleto R :
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P _dz dv, dzdy =l(ztdt+zede+z,dr +1(zGGdGZ+2zGrder+z”dr2)
z 2

P Z Y ZY
dw z. ®7)
T T
[Gdt+2 {dw D (zgzpzy ZHLEE, jdt
d
dP dz Z .
5 [2;; ”+2;2paﬂ7+zxzp ; ]dt. (58)

Collecting all the terms in (56), taking the expectation, and dividing throughout by dt, we obtain the PDE for
the share price:

z 0 z 0 Z, 22,22 re < Zg

7t+k9 (’ug _G(t))TG-'—’D(’uI’ —I’(t))?‘f'% Z 29 PY Z (59)
222 7, 1
R +(G(t)+2}%,0, )- r(t)+= =0

D) p) I b
where 40 = pu +M,y? —Q+M.
9 [*] kg Yol
We seek a price-dividend ratio in the form:
Z(t,5,G,R) = [exp(A(t,5)+B(t,5)G, —C(t,5)r, )ds. (60)

t

Inserting this conjecture into (59) and recognizing that the resulting ordinary differential Equation (ODE) must
hold for arbitrary values of G(t) and r(t), we get the following ODEs for functions A(t, s), B(t, s), and C(t, s):

B, —k,B+1=0,

C,-pC+1=0, ©1
Ty ¥ 'y ¥

A+— Btk ug B+ ———C% —puC -2, 2, BC 2,2 0, =0,

with the initial conditions A(s,s)=B(s,s)=C(s,s)=0
Subject to these initial conditions, the solution of the system (61) is:

1-e kg (s-t)
K

]

B(t,s)=

_a Pl
C(t,S) = 1 € )
Yo

_ a2p(s1) _ ap(st)
A(t;s)= Z;Zpaﬂ(s—t)+21 szzx( pad e2 —2(1 s B
P p

P
1—g -p(s-t) l_e—kg(s—t)
,uQ[S t-——— [+ 12 sot-t— —
P g

a2k (s-t) _ akg(s-t)
+izgz z, s-tei® gl =8
2k: 2k k
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For the integral (60) to exist, the integrand should be declining with s sufficiently fast. Since B and C are
bounded, function A should be negative and unbounded at large s, which implies a transversality condition

on the model parameters. To derive the transversality condition, we notice that any term containing an expres-
. 1-e¥CY . . o .
sion of the form —g with a positive 9 is bounded. After ignoring all bounded and collecting all un-

bounded terms, we have

_ 1 1 NP
Alr) S B 0, + 5 IR R, g o TR T -
Yo,

y=pr 2 “g=p=yg
2k, k,p
where 7 =s-t. The transversality condition requires that the leading terms must be negative for the price
integral to exist:
1 1 DN
YL o, =X —pul Al + 3Ty L0,
ypn2p2><px:ur 'ug stgpg kgp

Equation (58) implies that the instantaneous equity risk premium is

z z
_ T G v T T r
A= _(Zy +?ZQJZPO-” —ZXZPGE?,
which has three components: 4, = —Z;Epo-,r is the risk premium due to earnings growth shocks,
G

Z z
As = —Zgzpa,, > is the risk premium due to shocks to the mean of earnings growth, and A4, = —lepaﬂ ?’

is the risk premium due to shocks to the conditional consumption mean or, equivalently, to the short rate.
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