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Abstract

The main purpose of this paper is to investigate global asymptotic stability of the zero solution of
the fifth-order nonlinear delay differential equation on the following form

x(5)(t)+y/(x(t—r), X('[—I’), X(t—r),'x“(t_r),x(@ (t—r)) X(A)(t)

+f(X(t=r))+@(%(t=r))+g(x(t))+h(x(t))=0.

By constructing a Lyapunov functional, sufficient conditions for the stability of the zero solution of
this equation are established.
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1. Introduction

As is well-known, the area of differential equations is an old but durable subject, that remains alive and useful to
a wide variety of engineers, scientists and mathematicians. Now the subject of differential equations represents a
huge body of knowledge including many subfields and a vast array of applications in many disciplines. It should
be noted that principles of differential equations are largely related to the qualitative theory of ordinary differen-
tial equations. Qualitative theory refers to the study of behaviour of solutions, for example, the investigation of
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stability, instability, boundedness of solutions and etc., without determining explicit formulas for the solutions.
In particular one can refer that many authors have dealt with delay differential equations and its problems, and
many excellent results have been obtained on the behaviour of solutions for various higher-order: second-, third-,
fourth-, and fifth-order nonlinear differential equations with delay, for example, [1]-[27], and references quoted
therein, which contain the differential equations without delay or with delay. In many of these references, the
authors dealt with the problems by using Lyapunov’s second method [28]. By considering Lyapunov functionals
we obtained the conditions which ensured the stability of the problem. It is worth-mentioning that construction
of these Lyapunov functionals remains a general problem. We know that a similar problem exists for ordinary
differential equations for higher-order [12]. Clearly, it is even more difficult to construct Lyapunov functionals
for delay differential equations of higher-order. Up to this moment the investigations concerning the stability of
solutions of nonlinear equations of fifth-order with delay have not been fully developed.

In particular in 2010 Tung [29] obtained sufficient conditions, which ensure the stability of the zero solution
of a nonlinear delay differential equation of fifth-order

X () + (x(t=r) x(t=1),%(t =), X (t=r),x (t-1))x (1)

+E(X(t=r), X (t=r))+aX(t)+ aX(t)+agx(t) =0,
where w and f are continuous functions; «,, «, and o are positive constants, r is a bounded delay and
positive constant; the derivatives f,(z,w), f, (z,w) existand are continuous for all zzwand f(z,0)=0.

Later in 2011 Abou-El-Ela, Sadek and Mahmoud [30] obtained the sufficient conditions for the uniform sta-
bility of the zero solution of a nonlinear fifth-order delay differential equation of the following form

X () +4(x (1) X (1) +w (X (1) + f (%(1))+ 9 (x(t)) +h(x(t-r)) =0,
where r is a positive constant; #(X),y (X), f (X),g(x) and h(x) are continuous functions and

v(0)=1(0)=g(0)=h(0)=0.
In the present paper, we are concerned with the stability of the zero solution of the fifth-order nonlinear delay
differential equation on the form

X (t)+y/(x(t— r), x(t=r), %(t-r), % (t-r),x¥ (t- r))x(“) (t)

(1.1
+f(X(t=r))+4(X(t-r))+g(x(t))+h(x(t))=0,
or its equivalent system form
X=Y, y=12, i=w, Ww=u,
U=—y(x(t=r),y(t=r),z(t=r),w(t—r),u(t—r))u—f(w) (1.2)

t

=0(2)=9(y)-h(x)+ [ T (w(s))u(s)ds+ || #'(2(s))w(s)ds,
where v, f, ¢, g and h are continuous functions for the arguments displayed explicitly in (1.1) with

f(0)=¢(0)=g(0)=h(0)=0, risabounded delay and positive constant; the derivatives f'(w) and ¢'(z)
exist and are continuous for all w,z .

2. Preliminaries and Stability Results

In order to reach the main result of this paper, we will give some basic information to the stability criteria for the
general autonomous delay differential system. We consider

x=1f(x), x =x(t+6), —-r<6<0, t>0, (2.1)

where f:C, —R" is a continuous mapping, f(0)=0,C, = {(pe C([-r.0].R"):[lg] < H} and for H, <H,
there exists L(H,)>0, with |f(p) <L(H,) when [¢|<H,.

The following are the classical theorems on uniform stability and global asymptotic stability for the solution
of (2.1).

Theorem 2.1. [31]. Let V(go):CH — R be a continuous functional satisfying a local Lipschitz condition
V(0)=0 and the functions W, (r),(i=1,2) are wedges such that
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) W (0 (0)]) <V (o) <W, Jol) anc

ii) Vi, (9)<0.

Then the zero solution of (2.1) is uniformly stable.

Theorem 2.2. [32]. Suppose f (0)=0, let V be a continuous functional defined on C, =C with V(0)=0,
and let u(s) be non-negative and continuous function for 0<s< o, u(s) —o as S§— oo such that for all
peC

i) u(|(p(0)|)£V(qo), V(p)=0 and
i) Vi,y(9)<0 for p=0.

Then all solutions of (2.1) approach zero as t — o and the origin is globally asymptotically stable.

The following will be our main stability result for (1.1).

Theorem 2.3. In addition to the basic assumptions imposed on the functions , f,¢,g and h. Suppose that
the following conditions are satisfied, where ¢«,,---,c; are arbitrary positive constants and ¢,¢,,9,4, p, p,, M
and L are sufficiently small positive constants

) >0 a0, —0,>0,0,>0, (&, —3)a; — (e @, — a5 )y > 0.
8, =(az a, —ay05) (g @, — ) — (e @, — s ) >0, (2.2)

and the following two inequalities

A, = (a3a4 —0(20(5)(6!10(2 —a3) _{alg'(y)—aS} > 2ear, (2.3)
a0, —
p -G (@@ -a)r(y) e (2.4)
o, 0~ a (o, —a;) &

forall y andall teR", where

9'(0), y=0.

y(y):{g(y)/y, y#0;

e eay(ma,—a)  ea, }

i) 2¢, Sz//(x(t—r),y(t—r),z(t—r),w(t—r),u(t—r))—ozlSmin{lza12 ,140[5(%%_%)2 082

i) f(O):O,f\(NW)Zaz;w;tO,|f'(w(s))|sM and




A. M. A. Abou-El-Ela et al.

vi) h(0)=0,h(x)sgnx>0(x=0), Jh )d& — oo as |X| - oo, W' (x) < forallx, and

2 .| €éa, 2¢a,a
—h"(x)| <min i —_2 4l
Then the zero solution of (1.1) is globally asymptotically stable, provided that

. ea, ea, (o, —ay) € €
r<min y ) ) .
65(L+M) 7a,(L+M)(aya, —a) 6y (L+M)+122 L+M +2p

Proof. We define the Lyapunov functional V =V (X, Y,,z,W,U,) as:

2
2V (X Yo Z, W, Uy ) = UP + 200UW + (20, —a )uz+25uy+2f f(

o, — o

a,\ a0, — A o, \oa, — A
+ af——“( 1%~ %) W2+ 2| g+ T8 (e 3)—5 wz
a0, — a0, — o

+2a,6Wy +2wg (y)+2wh(x +2a1J' #(<

i a,a, (alaz - a3)

—a4—a15}2+2§a2yz+2alzg(y) (2.5)
ua, — oy
—2a5y7+ 2a,zh (X) + MI g(n)dn
o, —a
2 - X
+(5a3—alas)yz+wyh(x)+25j’oh(.f)dg

aa, — o
+2,1j j % d<9ds+2pj j u?(#)deds,
where p and A are two positive constants, which will be determined later and & is a positive constant de-
fined by
o= MJF . (2.6)
a0, —as

Then it is convenient to rewrite the expression for the Lyapunov functional defined in (2.5) in the following

form
a, (o, —ay) ’ ) ’
2V:{u+alw+Lz+5y} +Lz(z+ﬂy]
a0y — 0y (0‘10‘4 a5) a,
2
+a4(a1a4—a5){ala2—a3 h X)+0‘10‘2_a3 ;/y+ﬁ;/z+iyw}
(alaz —0(3)}/ 0o, —as 0o, — g ay a, (2.7
+A2(W+alz)2+26[waz+2/1j f w? (0)dads
a0, —a
4
+2p["[' u?(6)deds+Y v,
i=1
where

—25[" ECACTALI
v, =25[ h(&)d¢ (st —a0)r h?(x),
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2
Vz:zm[zj g(n dU—yg(y)]'— oy —enats — %, 70" 1Y’
o0, —a a, (o, —ag)
Vv, =Sw +2I f(o)do—a,wW?,
o

v, = 2a1f01¢(§)d§—a1a322

For the component v, , by using (2.6) and the definition of y

X 20 (o, a, (oo, —ag)
v =2¢[ h(£)dE+ a(le h(¢)ds - Wh (%)
X (110(2 _ﬂ 2
=2¢[ h(&)de+ v { ], h(£)de p h (x)},
since %4 <1 by v), thus we obtain
e
201, [10(£) dg—"“‘ h?(x)=2[ {a h(&)dé—h?(0)=0

This is due to the fact that the integral on the right-hand side is non-negative by vi), therefore we get
v, > 2¢[ h(£)dé.
From the identity
oy
=[.9(n)dn+] ng'(n)dn,

therefore

J. { —26{6+—2a5(a1a2_a3)—a3H77d77>—a5§° y%
a, a1a4 ocs) oaa, — o da, (ayo, —a)

and by using v) we find
S,

2 _
\ 2,[ |: asgo——2€{€+—a5(ala2 a3)_a3}:|ndn2—a5 ° yz,
a, (e, —as) a,a, —as da, (o, —o)
provided that

a0, 205 (o, —
$26 €+¥_a3 .
da, (oo, —as e, — o

w| f
V3:iW2+2,[0 {ﬂ—az}adazaiwz, by (iii).
1

oy o
From iv) we find

v, =2, {@—%}gd; >0.
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Summing up the four inequalities obtained from v,,---,v, into (2.7), we have

2 2
Y z{u +a1w+mz+5y} +a4—5"2(z+ﬂy]

0o, — 0 e, —a) a,
X 1) €
A ?+2¢["h(£)d %% 2w 2.8
+A, (W+ayz) + ejo (&) §+4a4(a1a4—a5)y +a1W (2.8)

+2{ij2+22]] w2 9)d¢9ds+2pjj u?(6)déods.

oo, —og

Clearly, it follows from the first six terms included in (2.8) that there exist sufficiently small positive con-
stants D, (i=1---,5), such that

2V 2 DH (x)+2D,y* +2D,z* + D,w’ + Dyu? +2{M] yz

(o, —as (2.9)
+2/1j j w2 dads+2pj j u®(6)deds.
Now we consider the terms
v, =D,y + 2{0630[4 ~ %% j yz + D,7°%,
oa, — g
which are contained in (2.9) and by using the inequality |yz| (y +2 ) we obtain
V; > D,y’ + D,7? —e[wj(yz +28)2 Dy (Y +7°),
oa, — g
1 . .
for some D, >0, D, =§m|n{D2, D,} , if
o,a, —Q,
e<—22 5 _min{D,,D,!.
2(ay, — 015 {02 Dy}
By using the previous inequality, we get from (2.9) that
2V =DH (x)+ (D +Dg)y?+(D;+D )22+Dw2+D5u2
(2.10)

+2/1H w2 deds+2pjj u?(8)dds.
As a result, since the integrals
2] [! w?(#)deds and 2o’ [ u?(9)deds

are non-negative, it is obvious that there exists a positive constant D, which satisfies the following inequality
V (X, ¥er 2 W, U, ) > Dy {H (X)+y*+z27+w’ +u2}, (2.11)

where
D, =%min{D1,D2 + D4, D; + D51D4vD5} :

Now by a direct calculation from (1.2) and (2.5) one finds
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av

S — (%, Yoy W, Uy ) = — [z//(x(t—r),y(t—r),z(t—r),w(t—r),u(t—r))—a1]u2
Jadte L anton L,

oo, —ag

_ _054 (ala2 _a3) ¢(ZZ) —{5062 +(alg,(y)_a5)}:| z

| aa,—a

I g(y)_aa(alaz_as)

-5
y o0, —Cy

h’(x)} Y —ay[w (XY, 2,w,u)-e |wu

0‘4(0‘10‘2 a3 [

v (X Y,2,W,u)-a |2u
a, a,— o

—aoy| g (x)]yz-

~[as =N (x)Jwy - 5[ w (%Y, zw,u)—g |yu

_5w_az}wy_a4<wz—%>{f<w>_4wz

oo, — 0 w

+uj f'(w(s ds+u.[ ¢'(z(s))w(s)ds

+a1WJH 'w(s)) ()ds+ozleH (z(s))w(s)ds

+%zfr f(w(s))u(s)ds
+a4(a1a2 a;) Itr¢ 2(s))w(s)ds (2.12)

o0, —a;
+5yJ' (w(s))u(s) ds+5y.[t ¢ (z ))w(s)ds
+ pu’r — p.[ u®(s)ds+Aw’r - ij' w2 (s)ds.
Making use of the assumptions ii)-vi), (2.3) and (2.6), we get
w(x(t=r),y(t=r),z(t=r),w(t-r),u(t-r))—a = 2¢,
f(W)_{a a1a4(ala2—a3)_5}

“ w o o0, — O
:a{m_az}r{%az_a3+5_%0!4 (alaz—a3)}26,
w o0, — O

a4(a1a2—a3)¢(z) ,
oo, — Oy z _{5a2+(alg (y)_as)}
o0, — a0 ) o, —a
Z( %3~ & 5)( 1% 3)—{alg'(y)—a5}—ea2
o0, — O

>2ea, —ea, =€a,,

and

y 00, ooy —as Ny~ s

S5 g (y) ez (051“2 _0‘3) h'(X)} >ca, + 040y (0510‘2 _0‘3) s (0‘1% _0‘3)



A. M. A. Abou-El-Ela et al.

By v), vi) and (2.6).

By using the assumptions f’(w(s))| <M and |¢'(z(s))| <L of the theorem and inequality 2|ab|<a’®+b?,

we obtain the following inequalities

uf' f(w(s))u(s)ds <=~ ruz(t)+%:r
ayM

2 t-r

u?(s)ds,

oM

oclwt f7(w(s))u(s)ds <—=rw?(t)+ u®(s)ds,

oulenty o) fV(W(S))u(s)dSSMan(t)+MMr 1 (s)ds,
oo, — o e oo, oy 2 oo, —oy 2T

sy[. t'(w(s))u(s )ds<—ry (t)+—.[ u?(s)ds,

L Lt

ufl_#(2 (s)w(s)ds <—ru? (t)+= [ w(s)ds,

anf, ¢'<z<s>)w(s)dsS'%LﬂN2 (0 S v (5)cs

0(4(05102 J‘ ¢ ( )dsg054(“10!2_aa)krzz(t)_‘_04(0!10(2—063)£'[1 Wz(s)dsl
o0, —a; tor a0, —o5 2 o, —ag 27T
and

vt 5Lt )

5yJL, ¢ (2())w(s)ds < ZEry? (6)+ 2|1 w(s)ds.

Replacing the last equality and the preceding inequalltles into (2.12), we obtain

dV _%_Mr y? - ﬂ_a4(L+M)(ala2—a3)r 22
dt 6 2 7 2(oqa, — )

O O

where

1
A ::g(l//—al)u2 +ay (v -y )wu +%W2,

v, S y—ay)u’ {@—%}uz +%zz,

:8(

vy =y +5[¢(Z) }yz+ﬂz2
6 z 7

) 2+0{4(a1a2—0!3)(

. 1 Eaz 2
Vo i==(y—ay)u w—oy )uz+—212°,
8 oo, — o 7

1
Vi :=§(1//—a1)u2 +5(1//—al)uy+%y2,

(2.13)
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Vyp = =W +0[“(0!1052 ~a) { f \(NW) —az}wz Jr%z2

f
vy, = W +5{ \(NW) —ozz}wy+m4 y%,

Vi ::%W2 +[a,—a'(y)|wz +%zz,

Vi, ::%y +aoy[ o —h'(x) ]yz+ 6?2 72

and

€a,

Vys 2=%W2+[a5 ]wy+—y

It is clear that the expressions given by vg,---,v,, and v,; represent certain specific quadratic forms, respec-
tively.

Making use of the basic information on the positive semi-definite of a quadratic form, one can easily conclude
that vy >0, v, 20, v,20, v,20, v, 20, v, 20, v,20, v,20, v,>0 and v, 20 provided that

ca, (o, — o )2

e (ya)< L
W-a)< e W-a) 1402 (e, ;) (V=)< 57
¢(Z) 26 a,a, ¢(Z) _ i < £6%

%l T T BT

{ f(w) _%T 2 (e, — o) | { f(w) _%T _ca,

w 2102 (e, - )

[as_h,(x)12_26a2a4 [s_h( ]

21at
and

2 2
[a—o'(0)] <=5

respectively.
Thus in view of the above discussion and inequality (2.13), it follows that

d_V<_{ﬂ_Mr} y2_[ﬂ_a4(L+M)(alaz_a3)r:lzz

ad | 6 2 7 2(aqa, — o)
~ E_{Oﬂ(L+M)+/1}r:|wz_|:eo_(L+M +pjr}uz
_6 2 2

B i—{£+%+&+a4(ala2_%)|-}:l b ?(s)ds

(2.14)

2 2 2(a1a4—a5) t-r

—| p- M+_a1M +m+—a4(ala2—a3)M t u®(s)ds.
2 2 2 2(ma,-a) t-r

So we can choose the constants 4 and p as the following
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Lal ol a(an-a)

A
2 2 2 2wma-a)

L

and

M+a1M +ﬂ+a4(a1az_a3)

My
22 2 2(ma,-a)

p:

then the inequality in (2.14) implies that
v < _{ﬂ Mr} y? _l:ﬂ % (L+ M )(alaz _0‘3) r}zz

dt 6 2 7 2(a,0, —x
S (2.15)
L+M
. M+A riw?— 60_(L+M+p riu’.
6 2 2
Hence one can easily get from (2.15) that
C({j—\t/(xt, Yo, 2, W, U, ) £ =D, y? — Dyz* - D,yw? — D,,u’ <0, (2.16)
for some positive constants D,, (i = 8,---,11) , provided that
. €Q, €a, (0!16X4—0!5) € €
r <min , , , .
65(L+M) 7o, (L+M) (g, —3) 60 (L+M)+121 L+M +2p

V(o)

d
Finally, it follows that Z—\t/=0 ifandonlyif x, =y, =z =w, =u, =0, T<0 for ¢ =0 and

V(p)2u (|§0(0)|) >0.

Thus all the conditions of Theorem 2.2 are satisfied. This shows that the zero solution of (1.1) is globally
asymptotically stable.
Then the proof of Theorem 2.3 is completed.
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