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Abstract

The existence of common factors in international bond markets is an important cause for model-
ling different term structures of interest rates jointly. This paper investigates the common factors
of US and UK treasury yields in the period of 1983 to 2012. A principal component analysis moti-
vates the type of joint ATSM for modelling the yield curves of two distinct economies. In sum, two
common factors explain 85% of the yield variation and the model factors have a solid economic
intuition.
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1. Introduction

Investors are aware of the importance of common factors in international bond markets. If yields across coun-
tries depend on each other investing abroad does no longer diversify domestic interest rate risk away. Therefore,
international investors immediately benefit from identifying and modeling these factors.

This paper provides an economic analysis of common factors of two major government bond markets. A
principal component analysis of US and UK treasury yields in the period of 1983 to 2012 identifies and inter-
prets the factors that drive the international variation. | propose a joint affine term structure model (joint ATSM)
to match these factors and study the interaction of empirical and model factors.

[1] applies a principal component analysis to US bond returns and find three factors which correspond to the
“level”, “slope” and “curvature” of the yield curve. [2] finds that “level”, “spread” and “steepness” determine a
large part of the variation in bond returns from the US, Germany and Japan. [3] studies treasury yields from the
US, UK and Germany and concludes that “level” and “slope” govern the most of their variability.
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[4]-[6] propose joint ATSM’s to match these common factors in two-currency term structure models. [7] adds
an additional risk driving factor to capture the volatility of exchange rate movements. In contrast, [8]-[10] in-
clude time variation in the risk premium to cope with the difference in variation of interest rates and exchange
rates. [11] provides a classification for completely affine ATSM’s in the [12] sense.

The contribution of the present paper is twofold: Firstly, | provide a factor analysis of US and UK treasury
yields in the period of 1983 to 2012. In sum, two common factors explain 85% of the variation of these two ma-
jor bond markets. | propose a joint ATSM and, to the best of my knowledge, | am the first to provide an eco-
nomic intuition of the latent factors.

The remainder of the paper is organized as follows: Section 2 provides a factor analysis of the treasury yields.
Section 3 proposes a joint ATSM to match the common and local factors. Section 4 links the empirical and
model factors and the paper concludes with Section 5.

2. Data

The US and UK zero coupon bonds are provided by the US Federal Reserve and the Bank of England, respec-
tively. The period of 1979 to 1982 is known to be econometrically precarious because of the so called US Fed-
eral Reserve experiment [13]. Hence, | investigate the period from January 1983 to July 2012. In line with [11],
I use daily observations of 6-month, 2-, 5- and 10-year treasury yields.

Table 1 reports descriptive statistics of US and UK treasury yields. The average US and UK vyield curve is
normal (upward sloping) and the short ends are more volatile than the long ends. The correlations within nation-
al bond markets are high (ranging from 52% to 95%). The cross country correlations are lower but still signifi-
cantly positive. These high correlations imply that both yield curves are driven by a limited number of common
factors. A principal component analysis provides information on how many factors the yield curve variation is
depending [14]. The eigenvalue decomposition in Table 1 shows that a small number of factors describes a
large share of the yield curve variation. In sum, two factors account for 85% and four factors for 96% of the
yield curve dynamics.

Table 1. Summary statistics.

us UK
6m 2y 5y 10y 6m 2y 5y 10y
Mean 4.88 5.47 6.05 6.49 6.77 6.84 7.06 7.17
Std 2.68 2.77 2.59 2.40 331 2.99 2.76 2.61

Correlations

6m 1.00 0.79 0.69 0.62 021 031 0.30 0.27
2y 1.00 0.94 0.86 0.18 031 0.33 0.33
5y 1.00 0.95 0.15 0.30 0.34 0.36
10y 1.00 0.3 0.28 0.33 0.38
6m 1.00 0.80 0.68 052
2y 1.00 0.92 0.73
5y 1.00 091
10y 1.00

Eigenvalue Decomposition

Factor 1 2 3 4
Eigenvalue 0.56 0.29 0.07 0.04
Cumulative value 0.56 0.85 0.92 0.96

Means and standard deviations (Std) are reported in p.a. percentage points. Factor analysis is done via eigenvalue decomposition of the yield correla-

tion matrix.
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Figure 1 provides insides into the economic interpretation of these factors. The first factor [Common Factor 1]
has almost the same loading for both countries and all maturities. It is identified as a common factor and inter-
preted as “level”. For the second factor [Common Factor 2] the difference in loading of both countries across all
maturities is close to constant. Therefore, | identify it to be the second common factor, interpreted as “spread”.
The factor loading of the third factor [Local Factor US] is different for the US and UK term structure. The load-
ings of the UK vyield curve are close to zero. Hence, | identify the third factor to be US specific. Since it is a de-
creasing function of time to maturity it is interpreted as “slope”. The last plot draws the precisely opposite pic-
ture of the fourth factor [Local Factor US]. Whereas US yields play a minor role, the factor loading is a de-
creasing function of time to maturity of UK yields. Hence, I interpret this local UK factor as “slope™. The factor
analysis leads to the conclusion that the yield curve variation corresponds to two common factors and one local
factor each.

3. Model of the Joint Term Structure

Significant improvements have been made in modeling single term structures for pricing bonds, interest rate de-
rivatives and bond portfolios’. Two country models are a significant extension of single country models in
jointly modeling the dynamics of term structures of interest rates. The previous section suggests that two com-
mon factors and one local factor each match the variation in US and UK treasury yields best. That isan A, (4)
model of the joint term structure in the [12] sense.

I follow [11] [12] in defining the price of a zero coupon bond. Let two economies be described by the proba-
bility space (Q,]—' , P) where P denotes the physical measure. Q and Q" shall be the equivalent martingale
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Figure 1. Factor analysis. Factor loadings for US and UK yield curves. A principal component analysis is applied to changes
of yields of 6 months, 2, 5 and 10 years time to maturity.

The economic interpretation of the factors of international term structure models as “level”, “spread” and “slope” is in line with [3]. [2] find
that “level” and “spread” are highly correlated across countries whereas the “slope” factor is country specific.

2See [13] [15] for literature reviews.
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measures for the US and UK, respectively®. In the absence of arbitrage, the time-t prices of an US and UK ze-
ro-coupon bond that matures at t+z P(t,z) and P"(t,z) are given by

P(t,r)=E2 [exp(—f” r(u)du)} (1)
and
P*(t,7r)=EY [exp(—.[:” r* (u)du)] )

where E? and E® denote . conditional expectations under Q and Q°. A joint ATSM is obtained un-
der the assumption that the instantaneous short rates, r(t) and r’ (t) are affine functions of a vector of latent
state variables X (t)=[ X, (t), X, (t), X;(t), X, ()] :

r(t)=30,+8'X(t) 3
and
r(t)=d +5"X(t). (4)

In Equations (3) and (4) &, and &, arescalarsand &' and &" are 4x1 vectors. X (t) nests the local
and common factors that drive both economies. Common factors enter both expressions of r(t) and r” (t)
through non zero &'s and S§*'s . Furthermore, the weighting of the factors for the specific country is expressed
in the value of ¢ .If &, tends to zero for the common factor, the dynamics of the short rate are (almost) exclu-
sively driven by the local factor. If, in contrast, & is equally weighted for both countries, there is a common
factor that drives the dynamics of both economies. This has important implications for international investors. If
the short rates share risk factors investing abroad does no longer diversify domestic interest rate risk away.
Hence, it is important to account for them in the model.

The local factors are forced to be mutually independent, since they would not be local otherwise. However,
they may depend on each other through the correlated common factors. The one joint ATSM can be decom-
posed in two single ATSM’s if the local factors are mutually independent [11]. The joint dynamics of X (t)
follow a Gaussian affine diffusion of the form:

dX ()= K[ 9= X (t)]dt+ZadW (t). (5)

w (t) is a 4-dimensional independent standard Brownian motion under P and K and X are 4x4 pa-
rameter matrices, and ¢ and « are 4x1 parameter vectors. i.e. 3 is the level of mean reversion. The pa-
per aims to provide an economic intuition of the model factors. Therefore, | define the risk premium to be non
time-varying and use a completely affine Gaussian setup®. The domestic risk premium for US bonds is defined
as A=a-4, where 4 isa 4x1 parameter vector. The risk premium is country-specific and independent
from the foreign risk premium, i.e. the risk premium parameter of the foreign factor is zero. Likewise, the UK
risk premium is defined as A" =« -4, where 4  isa 4x1 parameter vector.

So far the model describes the joint dynamics of both term structures of interest rates. | can also model the
country specific dynamics of each country, separately. Under the risk neutral measure Q and Q" the affine
diffusion X of the US and UK read, respectively:

dX (t) = K[ 92 - X (t) ]dt + ZardW (1) (6)
and
dX (£) =K [ 97 =X (1) [dt+ Zadw® (1). )

dw?(t)=dw (t)-A, dw < (t)=dw (t)-A", 9% and K©® represent the risk neutral measure. Having out-

%In the following a * shall indicate the foreign economy.
“116] argue that investors even prefer simple (completely affine) to more complex (essentially affine) models.

&)
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lined the short rates r(t) and r"(t) and the underlying diffusion processes X (t), I can now turn to the zero
bond prices. Under the risk-neutral measure Q and Q" the price of an US and UK zero-coupon bond read

P(t,\tau):exp(—A(z-)—B(r)' X (t)) ®)

P*(t,\tau) = exp(—A* (r)-B(z) X (t)) ©)

where A(-), B(-), A"(-) and B’(-) satisfy ordinary differential equations (ODEs) with the usual boundary
conditions [12]. The solutions to the ODEs for the process X (t) are available in closed form. P(t,7) and
P*(t,r) correspond to the yield data that has been presented in Section 2. [17] give a very practical closed
form solution for US (UK) zero coupon bonds in vector notation.

A=)

’

(m, -z 1)K 5" +%6’(*)K’1 (my, —zx'm, —m, 3% +735)K Vs —zs)) | (10)

B =1, 60 (11)
T
where m, . and m,_ equal
m,, =-K™¥ (exp(-K'z)-1) (12)
m,, = -vec (K ®1)+(1 ®K))  vec(exp(-K 7)E=exp(-K'z —£5')). (13)

A" B" are functionsof K, x, £, &, &, and the risk neutral and physical parameters correspond in
the following way:

K=K -3A (14)
e K’l(KQ(*)yQ(*> _x A) : (15)

To avoid over-identification, | follow the restrictions of [12]. To that end | restrict K to be lower triangle
and X to be the identity matrix. Under the physical measure the diffusion process is given by:

Xit Ky 0 0 0 || =Xy W,

d X _| K Kz 0 0 || -Xy dt+d W, . (16)
Xat Ky Ky Ky 0 || =Xy W,
Xat Ky Ky 0 Ky || =X, W,

Without loss of generality X, and X, are assumed to be the common factors. X, is the US local factor
and X, isthe UK local factor. As both local factors are required to be mutually independent x,, =0.

4.Yield and Model Factors

Section 2 has shown that two common factors and one local factor each describe the variation in US and UK
treasury bonds best. The corresponding joint ATSM has been presented in Section 3. The following section stu-
dies the interaction of yield and model factors. Since my model relies on a completely affine Gaussian setup, |
follow [18] in using Kalman filtering with a straightforward direct maximum likelihood estimation. All maturi-
ties are observed with a certain error (see [19] [20]).

Table 2 reports the parameter estimation results. Each standard error is given in parenthesis. The first panel
reports the model parameters. i =0 are the short rate constants. i=1,---,4 indicate factor specific parameters.
Note that the local parameters US (UK) are set to zero with no standard error for =4 (i = 3) . The model esti-
mates equally rely on the common factors with values from 0.0097 (=%, ) t0 0.0133 (=4,,) and the local
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Table 2. 4-factor joint TSM parameter estimates.

Oy Oy Ky K, Ky K, Ay Ay
i=0 0.1188 0.2500
(0.0456) (0.0604)
i=1 0.0127 0.0097 0.3314 0 0 0 0.0055 -0.1609
(0.0069) (0.0060) (0.5168) - - - (1.5463) (1.0456)
i=2 0.0133 0.0131 -0.1719 0.1000 0 0 —1.5654 —0.9873
(0.0068) (0.0079) (0.1396) (0.6555) - - (0.5936) (1.8319)
i=3 0.0103 0 -0.1977 0.0841 0.1000 0 0.6850 0
(0.0076) - (0.1295) (0.2149) (0.6982) - (0.7471)
i=4 0 0.0136 0.1717 —0.0405 0 0.8161 0 -1.6639
- (0.0061) (0.1956) (0.1199) - (0.4397) - (1.2250)
6m 2y 5y 10y
£ 0.0000 0.0015 0.0000 0.0017
(0.0000) (0.010) (0.0000) (0.0011)
& 0.0000 0.0015 0.0001 0.0031
(0.0000) (0.0011) (0.0001) (0.0018)

The table reports the estimation results from the four-factor joint ATSM. The estimation is done using daily US and UK treasury yield data from Jan-
uary 1983 to July 2012. | report the parameter estimates and the standard errors in parentheses. A * indicates parameters for the UK market. € is the
standard deviation of observational error associated with the 6 months, 2-, 5- and 10-Years treasury yields from the US and the UK. All other coeffi-
cients for the model are described in the text.

factors with values from 0.0103 (: 5X3) to 0.0136 (: Oy, ). K defines the factor dependence structure of
the joint ATSM and each parameter « is the same for both countries. Yet, the local factors i=3,4 are mutually
independent and the factor dependence is set to zero (K'43). In the last panel the standard deviation of the ob-
servational error is reported. The model matches the data well. | obtain the biggest observational error for 10
year UK treasury yields with ¢" =0.0031.

For a standard three factor ATSM there is consensus in the literature to interpret the first three factors as “lev-
el”, “slope” and “curvature” (see [1] [18] [21] et al.). However, the case is a little more precarious in the present
multi country model. The fitted common and local factors and treasury yields are reported in Figure 2. The first
common factor is fitted to the “level” of US treasury yields. The second common factor is fitted to the spread of
US and UK 5 year treasury yields in the second graph. These two common factors will explain the common
movements of both economies, which correspond to 85% of the overall variation (see Table 1). The variation in
yields that can not be explained by the common factors will be explained by the local factors. The local factor
US is fitted to the “slope” of US yields which equals the spread of the 10 year treasury yield minus the 6 months
treasury yield. The last graph of Figure 2 fits the local factor UK to the “slope” of UK yields. This is the varia-
tion in the UK data that can not be matched by the common factors. The local factors explain additional 11% of
the total yield variation. All factors exhibit a very high correlation (i.e. up to 0.9848 for Common factor 1 vs
“level™) to their economic intuition. These findings are line with [2] [3]. [2] find that “level” and “spread” are
common factors whereas the “slope” factor is country specific.

Figure 2 shows that common and local factors are not only an empirical phenomenon. Joint ATSM’s per-
fectly match the variation of international yields. Furthermore, the latent factors of the joint ATSM gain eco-

nomic intuition which can be interpreted as “level”, “spread” and “slope”.

5. Conclusion

Investors are aware of the importance of common factors in international bond returns. However, little is known
about the linkage and economic interpretation of latent factors of joint ATSM’s. In this paper, | have tried to close
that gap and provided a comprehensive study of common factors in US and UK treasury yields. In sum, two
common factors already explain 85% of the yield variation of both markets. | propose a joint ATSM and provide
a solid economic intuition of the model factors. The two common factors can be interpreted as “level” and

&)
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Figure 2. Fitted factors in the four-factor joint ATSM and US and UK Treasury yields. The figure shows the
local and common factors of the estimated joint ATSM. Each factor is plotted with its corresponding treasury
yield. The first common factor is fitted to the “level” of US treasury yields (10 year US treasury bond). The
second common factor and the spread between the 5 year US and UK treasury yields are plotted in the second
graph. The third graph shows the local factor US and the slope of the US treasury yields (10 year - 6 months).
The last graph shows the local factor UK and the slope of the US treasury yields. Factors and treasury yields run
from the 2nd of January 1983 to the 31st of July 2012.
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“spread”. In contrast, the “slope” factor is country specific and corresponds to the local factors in the joint ATSM.
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