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Abstract

In this paper, we shall establish an inequality for differentiable co-ordinated convex func-
tions on a rectangle from the plane. It is connected with the left side and right side of
extended Hermite-Hadamard inequality in two variables. In addition, six other inequa-
lities are derived from it for some refinements. Finally, this paper shows some examples
that these inequalities are able to be applied to some special means.
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1. Introduction
Throughout this paper, let A:=[a,b]x[c,d] be double intervals with a<b, c<d in R?, and a partial

derivative of second order s;_af is denoted by f, for brevity.
X
The inequality
a+b 1 b f(a)+ f(b)
f <— | f(t)dts———2, 1
[ 2 j b—aL ®) 2 o

which holds for all convex functions f :[a,b] - R is known as Hermite-Hadamard’s inequality [1] or simply
Hadamard’s inequality.
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For some results which generalize, improve, and extend the Inequality (1), please refer to [2]-[17].

Based on the convex functions on A, Dragomir proposed the concept of co-ordinated convex functions in [3],
defined as follows:

Definition 1. A function f:A — R issaid to be convex on the co-ordinates on A if the partial mappings

f(uy):[a,b] >R, vy e[c,d], f(x,v):[c,d] > R,Vvx e[a,b]

are convex.
Definition 2. A function f:A — R issaid to be convex on the co-ordinates on A if the inequality

f(tx+(1-t)y,su+(1-s)w) <tsf (x,u)+t(1-s) f (x,w)+s(1-t) f (y,u)+(1-t)(1-5) f (y,w), )

holds for all t,s<[0,1] and (x,u), (x,w), (y,u), (y,w)eA.

Clearly, we can observe that every convex function f:A — R is convex on the co-ordinates, but in some
special cases, some co-ordinated convex functions are not convex (please refer to [3]). For more relevant co-
ordinated convex functions, please refer to [5] [6] [8]-[10] [12].

The following extended Hadamard’s inequality for co-ordinated convex functions on A in two variables was
proved in [3]:

Theorem 1. Suppose that f : A — R is co-ordinated convex on A. Then the following inequalities hold:

a+b c+d 10 1 b c+d 1 . (a+b
f , <= f dx + f Yy |d
( 2 2 j 2[b—aL ( jx aok ( 2 y) y}

g—l j:j:f (x, y)dxdy

(b-a)(d-

<%[—jf (x.c) dx+—jf (x.d) dx+—j f(ay dY+—f f(by dy}
PR

)
b

a,c)+ f(a,d)+f (b, c)+f(b,d).

4

The above inequalities are sharp.

In [10], Latif and Dragomir established the following Hadamard-type inequalities that gave an estimate of the
difference in the left side of the Inequalities (3) for differentiable co-ordinated convex functionson A.

Theorem 2. Let f:A— R be a partial differentiable mappingon A.

Q) If | fxy| is convex on the co-ordinates on A, then the following inequality holds:

1 a+b c+d
——— [ | f(x y)dydx+f| —,— |-
et Gy
(4)
<(b—a)(d—c) fo (a,0)|+| T, (a,d)[+|f,, (b.c)|+|f, (b,d)| |
B 16 4 '
2) If fxyq is convex on the co-ordinates on A and p,q>1, 1+l=1, then the following inequality
P q
holds:
1 b pd a+b c+d
— || f(xy)dydx+f| —,— |-
gl 552 852
q ’ ' aTa )
(o2 [ty (@ef [ty @) <], (be) |, (o)
4 1
4(p+1)p
) If fxyq is convex on the co-ordinates on A and (=1, then the following inequality holds:

()
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1 b rd a+b c+d
oLt (35258

(6)

E-RE

fy (a1,c)|q +

f, (a,ol)|q +
4

f, (b, c)|q +

- 16

<waxdw{ nﬁde]

where

1 b c+d 1 (d,(a+b
= flx dx + f .Yy |dy.
4 b—a-[a [ 2 j d—cJ.C ( 2 yj y
Remark 1. The Inequality (6) shows the result of giving the Inequality (5) an improved and simplified constant.
In [12], Sarikaya et al. established the following results that gave an estimate of the difference in the right side

of the Inequalities (3) for differentiable co-ordinated convex functionson A.
Theorem 3. Let f:A— R be a partial differentiable mappingon A.

Q) If fXy ! is convex on the co-ordinates on A, then the following inequality holds:
1 bed f(ac)+f(ad)+f(bc)+f(bd)
- f _
‘(b—a)(d—c)jajc (x,y)dydx+ 1 5
()
_b-a)(d )|ty (ac)+|ty (ad)f+[ 1, (bo)l+|f, (b.a)]
- 16 4 '
2) If fXy ! is convex on the co-ordinates on A and p,q>1, l+1:1, then the following inequality
P q
holds:
1 b f(a,c)+f(ad)+f(bc)+f(bd)
—— | | f(xy)dyd =
st o ;
] q . Ta ®)
_(b-a)(d—c) By (@) +|t, (ad) +|f, (b.c) +|f, (0.d)] |
—_ 2 1
4(p+1)e 4
) If fXy ! is convex on the co-ordinates on A and (=1, then the following inequality holds:
1 bed f(ac)+f(ad)+f(bc)+f(bd)
—— f(x,y)dyd =
st Lo :
] ’ ] aTa ©)
_(b=a)(d—c)| [y (ac) +[f, (ad)[ +|f, (b.c) +[f, (b.d)|
- 16 4 '
where

5:E[ﬁﬁ’[f (x,c)+ f (x,d)]dx+d—ic.f:[f (ay)+f (b,y)]dy}.

Remark 2. The Inequality (9) shows the result of giving the Inequality (8) an improved and simplified constant.

The goal of this paper is to establish an inequality which could be connected with the left side and right side
of the extended Hadamard’s Inequality (3) and improve and generalize the Theorem 2 and Theorem 3. Also, the
paper aims to note some consequent applications to special means.
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In order to show our main results, we need the following identities (1)-(V1):
() For a<A<e, c<C<e,, the following four identities hold:

212 1= A (y =) (& =x) (e ~ y)dxdy = (A=) ((p+2)e, ~(P+1)a—A)+ (e~ A)"]
<[ (€=c)"((p+2)e,~(p+1)c—C)+(e,~C)"" ],
P12 1=A)(y =) (& =x)(y—c)dndy = [ (A-a)"" ((p+2)e, ~(p+1)a—A)+ (e~ A)"|
<[(C=¢)"" +(e;-C)"*((P+1)e, ~(p+2)cC)],
712 1=A)(y =) (x=a)(e; ~ y)dxdly = | (A=2)""" +(e,~ A)""((P+1)e, ~(p+2)a+A) |
x[(c=¢)"*((p+2)e, ~(p+1)c—-C)+(e,~C)"* ],
[E12 1= Ay =0 (x=a)(y—c)dxdy =[ (A=a)"* +(e, = A)"* ((p+1)e, ~(p+2)a+A)]
x[(C=¢)"*+(e;~C)"((p+1)e, ~(p+2)c+C) ]
(I For a<A<e, e, <D<d, the following four identities hold:
[ 2 10c=A)(y=D)f" (e, =x)(d - y)dxdy =[ (A-a)"" (P +2)e,~(p+1)a— A)+ (e, A)"]
x| (D~e,)"*((p+2)d ~(p+1)e,~D)+(d -D)"* |,
[ 1= Ay =D (e =x)(y—e, )axdy =[ (A-a)"* ((p+2)e, ~(p+1)a—A)+ (e, A)"*]
x[(D~e,)"?+(d=D)"*((p+1)d~(p+2)e, +D)],
L2 10c=A)(y=D)* (x-a)(d - y)dxdy =[ (A-a)""" +(e, = A)"* ((p+1)&, ~(p+2)a+A)
x[(D-e,)"" ((p+2)d~(p+1)e,~D)+(d ~D)"* ],
[ 2 10c=R)(y=D)" (x-a)(y—e,)dxdy =[ (A-a)"*+ (&, = A)"" ((p+1)e,~(p+2)a+A)]
x[(D-e,)"* +(d=D)™"((p+1)d ~(p+2)e, +D)].
() For e <B<bh, c<C <e,, the following four identities hold:
[2121<=B)(y=C)[" (b=x)(e, — y)dxdly =[ (B-e,)"" ((p+2)b~(p+1)e, ~B)+(b-B)"" |
x[(€=c)"((p+2)e,~(p+1)c-C)+(e,~C)"" ],
[71x=B)(y=C)" (b-x)(y-c)axdy = (B~e,)"" ((p+2)b~(p+1)e, ~B)+(b-B)""]
<[(C=¢)" +(e;-C)™((P+1)e, ~(p+2)c+C)],
[2110x=B)(y=C)[" (x~e,)(e, —y)dxdy = | (B—&,)"* +(b—B)"" ((p+1)b—~(p+2)e, + B)
<[ (€=c)"((p+2)e,~(p+1)c—C)+(e,~C)"" ],
712 c=B)(y=C)f (x—e)(y—c)dxdy =[ (B—&)" " +(b-B)"" ((p+1)b—(p+2)e,+B)
x[(C=¢)"*+(e;~C)™((p+1)e, ~(p+2)c+C)].

(IV) For e <B<b, e, <D <d, the following four identities hold:
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[ |(x=B)(y=D)[" (b=x)(d ~y)dxdy =| (B~e,)™" ((p+2)b~(p+1)e, ~B)+(b—B)"" |
x| (D~e,)"*((p+2)d ~(p+1)e,~D)+(d ~D)"* |,
jejj;|(x_s)(y_ D)’ (b-x)(y~e,)dxdy =| (B~e,)"" ((p+2)b~(p+1)e,~B)+(b-B)""*]
x[(D=e,)"+(d=D)"*((p+1)d~(p+2)e, +D)],
J:.[:J(X—B)(y— D)’ (x-&)(d - y)dxdy =| (B~e,)"* +(b~B)"*((p+1)b~(p+2)e +B)]
x| (D-e,)"*((p+2)d ~(p+1)e,~D)+(d -D)"* |,
jejj;|(x_s)(y_ D)|* (x—e,)(y —e,)dxdy :[(B_el)p*z +(b-B)**((p+1)b—(p+2)e, + B)]
x[(D~€,)"+(d=D)"*((p+1)d ~(p+2)e,+ D) .

2. Main Results

In this section, let the mapping s (x,y) forall (x,y)e A be defined as follows:

e
_J(x=A)(y-D), (x,y)elae[x(e,d
SV (6 B)(y-C), (xy)e(eblx[ce,] 0

[
(x=B)(y-D), (xy)e(e,b]x(e, d]

In order to prove our main results, we need the following lemma:
Lemmal. Let f:A— R bea partial differentiable mapping on A . Then the following inequality holds:

g ’s X Y) oy (X y)dxd
(b—a)((i_c)jcf: b( y)- Ty (%, y)dxdy ”
:WLLf(x,y)dxdy+P—N
where
P=(b_a)l(d_C)[(B—A)(D—C)f(el,e2)+(A—a)(D—C)f(a,e2)+(B—A)(C—c)f(e1,c)

D-C d-D
1 e f(xe)+ q

f(x,d)}dx+dicj:{s:: fay)+o o f(eny)

—c
Proof. It suffices to note that
j:j:s (X, y)- f, (X, y)dxdy = J'cezj':l(x— A)(y-C) f, (x y)dxdy + LZJ':I(X— A)(y-D) f,, (x,y)dxdy

+Lez‘[:(x— B)(y-C) f, (x y)dxdy+‘[:2f:(x— B)(y—-D) f,, (x, y)dxdy (12)
=L +L+1;+1,.

Integration by parts, we have
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l,=(e,~C)[(&,~A) f(e,.6,)+(A-2) T (ae,)]+(C—c)[(e~A)f(e,c)+(A-a)f(ac)]
—j:l[(ez—c)f(x,ez)+(C—c) x,c) Jdx — L[el A)f(e.y)+(A-a)f(ay)]dy

+ j:zj:lf (x, y)dxdy,

I, =(d-D)[(&,—A) f (6,d)+(A-a) f (a,d)]+(D-¢,)[(e,~A) f (e8,)+(A-a) f (ae,)]
~[*[(d-D)f(x.d)+(D-¢,)f (X,ez)]dx__[;[(el—A) f(e,y)+(A-a)f(ay)]dy

+feij:1f (x,y)dxdy,
I3=(e2—C)[(b— ) f(b.e,)+(B-¢)f(e.e)]+(C—c)[(b-B)f(bc)+(B-e)f(e.c)]

—j [(e,~C) f(x.&,)+(C—c) f (x.c)]dx—[*[(b-B) f (b,y)+(B-e) f (e, y)]dy

+L Lf X, y ) dxdy,
and
l,=(d-D)[(b-B)f(b,d)+(B el) (e,d)]+(D- ez)[(b B)f(be)+(B-e)f(e.e)]

~JS[(@-D)f (x.d)+(D-e,) f (xe,)Jax— [ [(b- J+(B—e) T (e y)]dy

deb
+L2L1f (x, y)dxdy.
By summing the above four identities 1, 1,, I, and 1, and simplifying the result, it follows that
—c)f(ec)

[*[f (x.y)dxdy +(B~A)(D-C) f (g,,6,) +(A-2)(D-C) f (a,e,) +(B~A)(C
+(B—A)(d-D)f(e,d)+(b-B)(D-C)f(be,)
+(A-a)(C-c)f(ac)+(A-a)(d-D)f(ad)
+(b- B)(C c)f(b,c)+(b—B)(d-D)f(b,d) (13)
~[’[(C~c) f(x.c)+(D-C) f(x.e,)+(d~D) f (x,d)]dx
—J'[A a) )+(B—A)f (el,y)+(b—B)f(b,y)]dy.
Then, multiply both sides by (b—a)(d—c) in (12). From (12) and (13), we get the equations P and N.
]

This proof of the identity 11 is complete.
Now, we are ready to state and prove the main results.

Theorem 1. Let f be defined as Lemma 1. If q>1 and the mapping |ny|q is convex on the co-ordinates

on A, then

1 4 b

‘(b_a)(d—c)jcjaf(X'y)dXdy+P_N
gq-1 .
R(A,B,%;C,D,ez)}q{E(A,B,el;C,D'eZ)T ) N
, ifg>1,0<p<q,
<{ (b-a)(d-c) (b-a)(d-c)
E(AB.e;C.D,e,) o
(b-a)(d-c) oot

where

)
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R(AB,e;C,D,e,)

2
_(_a-1 _ \(2a-p-D)/(a-1) _ a\2a-p)/(a-D) _ o \(2a-p-1)/(a-1) 20-p-1)/(a-1)
_(Zq_p_lj (A-a) (e - A) +(B-e) +(b-B) ]

[(C _ C)(qupfl)/(qfl) n (ez _ C)(qupfl)/(qfl) " ( D-e, )(Zq—p—l)/(Q—l) +(d _ D)(Zq—p—l)/(Q—l) }

and
E(AB,e;C,D,e,)
1

(p+1) (P+2) (e, -a)(e; —c)
><{|fy -a) ((p+2)el—(p+1)a—A)+(e1—A)p+Z}
[(C cpl ((p+2)e,- (p+1)c—C)+(e2—C)’”2]
+|fy a,e, | [ (A-a) pl((p+2)e1—(p+1)a—A)+(e1—A)‘”2]
[C c)"*+ pl((p+1)e2—(p+2)c+C)}
+| (&) [(A a)"*+ (e~ A)" ((p+1)e,—(p+2)a+A)]
x[(€=¢)"*((p+2)e, ~(p+1)c—C)+(e,~C)"" ]
+[ (e, ) [(A_a)p*z+(el_A)p*1((p+1)e1_(p+z)a+A)}
x[(c_c)‘”z+(e2_c)"“((p+1)e2_(p+z)c+c)]}
1

(p+1) (I0+2)( a)(d-e,)
X{| y [(A-2)"*((p+2)e,~(p+1)a-A)+(e,—A)" ]
><|:(D &) " ((p+2)d-(p+1)e, - )+(d—B)p+2]
+|fy a,d | [ -a)’ ((p+2)e1—(p+1)a—A)+(e1—A)p+2]
x[(D-€,)"*+(d~D)"*((p+1)d~(p+2)e, +D)]

+|f e.8) [(A a)"" +(g, - A)° ((p+1)e1—(p+2)a+A)}
((

X

[D &,)""((p+2)d—(p+1l)e, - D)+( ]
+|f e, d |q[A a)’’+ )" ((p+1)e, (p+2)a+A)J
[(D &)’ +(d - D)pl((p+1)d (p+2)e2+D)J}

1

(p+1)" (p+2)"(b-&)(e; ~¢)
x{|fxy(el,c)| [(B-e,)""((p+2)b—(p+1)e,~B)+(b-B)""]
x[(C-¢)™((p+2)e, ~(p+1)c—C)+(e,~C)"" |

()
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p+1)e,~B)+(b-B)""]

—(
( )‘”2+(e2 C p+1( (p+1l)e,—(p+2 )c+C)}
(

Ty (p+2) (b-e)(d~e,)

[y (et ) [ (B-e)"" ((p+2)b~(p+1)e,~B)+(b-B)"|
(D-¢,)"*((p+2)d~(p+1)e,~D)+(d~D)"" |
fy(e.0)'[(B-&)"" ((p+2)b—(p+1)e,~B)+(b-B)"" |
x| (D—g,)"" +( pl((p+1) (p+2)e,+D)

|1, (b.e,) [(s—) +(b-B)""((p+1)b—(p+2)e,+B)]
x[(D-e,)"*((p+2)d~(p+1)e,~D)+(d-D)""|

#[fy (0.0)'[(B-e)"*+(b-B)"" ((p+1)b~(p+2)e,+B)]
«[(D-e,)"* +(d=D)""((p+1)d ~(p+2)e, +D) 1.

Proof. By using the identity (11), we have

X

X

+

—(b—a)l(d —c)-[cdj.:f (x,y)dxdy+P-N SW:L((J{—C)I:J.: S(

If g>1, 0< p<q, itfollows from the power mean inequality that

N e T R M N NIERY

We denote R(A,B,e;C,D,e,) and E(A B,e;C,D,e,) by
R(AB,e;C,D,e,) H|s | ) dxdy

|y (%, y)| dxdy.

1
o (X, y)‘ dxdy) . (15)

and
E(AB,e;C,De,)= Ldj':|5 (X, y)|p | fy (X, y)|q dxdy
respectively, and then
R(AB,e;C,D,e,)= I:ZI:1|(X— A)(y—C)|(q7p)/(q71) dxdy + J':J:l|(x— A)(y- D)|(q—p)/(q—1) dxdy
2 =B)(y=0) " oy + [ [ [(x-B)(y-D)f """ Vaxty  (16)
=J,+J,+J;+J,

By using the integration techniques, we have

)
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J, = J'CCJ-:[(A_ X)(C - y)J(q—p)/(q—l) dxdy+J-22J-aA[(A_ X)(y_c)}(q—p)/(qfl) dxdy

¢ (a-p)/(a-1) X -
=AY C=y) T iy + 2 [ (x= A)(y=C) ] ey
2
- q—_l _ \(2a-p-1)/(a-1) _ a\(2a-p-1)/(a-1) \(2e-pD)/(a-) IR
_[Zq—p—J [(A Y &= JX[(C ¢) +(e,~C) ]

and similary we get,

2
J, = [q—_lJ [(A— a)(ZQ-P-l)/(q-l) (e - A)(Zq—p—l)/(q—l) } » [( D-e, )(Zq—p—l)/(q—l) +(d- D)(Zq—p—l)/(q—l) ]

2
J, = [q—_lj [(B —e )<2q*P*1)/(q*l) +(b- B)(qupfl)/(qfl) } « [(C _C)(zqufl)/(qfl) (e, - C)(qupfl)/(qfl) }

2

3, = q-1 [(B g, )(Zq—p—l)/(q—l) + (b _ B)(Zq—p—l)/(q—l) } N [( D-e, )(Zq—p—l)/(q—l) . (d _ D)(Zq—p—l)/(q—l)]
2q-p-1

By summing the above four identities J,, J,, J, and J, and simplifying the result. Then according to

(16), we get the estimated bound R(A,B,e;;C,D,e,).
On the other hand, by using the identity mappings

G7%a4 X% ifa<x<e
e-a e-a
()= b X—e
D7X e 1 X8, ife <x<b
b-e = b-g
and
e Yo, Y=Cq  ifcsx<e,
e,—C e-—
=14y yoe
e, +—=d, ife, <x<d
d-e, d-e,
we have

JE 18 Gy [ (10, () ey

:I:ZJ:1|(X—A)(Y—C)|‘)>< fxy(2:2a+et::lel,iz:i/c+é:2e2jqdxdy

R O N O ez+§::zd]“dxdy .
2 (x-B)(y-C)" x|, E:e)ieﬁ;::b,Z:Zc+ei__Cce2Jqudy
[ L Nx=8)(y=D)" x|f,, E_";‘le1+;‘:2b,§_‘eyz e2+z:zzd]rdxdy

=Jg+Jg+J; +J.

" on the co-ordinates on A and the Inequality (2) in J., J,, J;, and Jg, then

f

By the convexit3 of |T,,

we have
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Js

1
#(e-a)(e, - )|y () +(x-a)(y=c)| 1, (e, ey

_#Z) Uf ac) [2[7](x=A)(y-C)[" (&~ x)(e, - y)dxdly
+|f (a 92 )|p el X)( )dxdy
+|f (910 ~C)" (x-a)(e, - y)dxdy

+|f (e,

2

(y O (x-a)(y-c)dxay|,

<o) o)k k -A=C) | (&= X) (e y)| by (a.0) + (e -x)(y =01, (ae,)

1 . q
3 <WH (x=A)(y-D)" [(el—x)(d—y)lfxy(a,e2)| +(e,-x)(y-&)|f, (a.d)|

#(e-a)(d-y)[fy (o) +(x-a)(y-e,)| (e ety

“ e aamey e LI Ao (a0 -y
+|ty (@ d) )= A)(y-D)f" (& - x)(y—e, )dxay
+[ty (ee)| [0 [7(x= A)(y=D)|" (x=a)(d - y)dxcly
#8, (e d ) [ 7 (x-A)( y—D)|p(x—a)(y—e2)dxdy]

1

e ol “l(x=B)(y=C)" x| (b-x)(e, =y)| b (esc) +(b=x)(y~

e)(e, C

(
+(x=6.) (e[, (0.0)f +(x=) (y=c)| 1, (0., ) | oy
= me)(e—oy L o LIx-B) =0 (b-x) (e y)oxy
(

2

)
+[t, eleZIHIX B)(y-C)|’ (b-x)
(
)

y —c)dxdy

)| (x—¢)(e, — y)dxdy

~C)f (x=e,)(y~c)onay |,

+| 1‘Xy

and
1

% ey @) el B D) <[ =)@yt (e )| (b3 (v e

(
+(x—e)(d - y)|fxy(b’ez)|q+(X—el)(y—e2)|fxy(b,d)ﬂdxdy
=Gy aey Lo @e ) LLI-B) =) (b-x)(a - )y

+[fy (e.d | Lzu(x B)(y-D)|" (b—x)(y—e,)dxdy

+[f, (e[ [0 [ l(x=B)(y-D)|" (x—e)(d - y)dxcly

)

o)[f, (eve.)f

e.d)f
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+[f, (b,d)|q _LZ_[:J(X— B)(y-D)|’ (x—el)(y—ez)dxdy}

By applying the identities (1), (I1), (111) and (1V) to the above four inequalities and then simplifying the results,
we get the estimated bound E(A,B,el;C,D,ez) and the Inequality (14) for q>1. If g=p=1, then the
Inequality (14) follows from (15) and (17). The proof of the Inequality (14) is complete. O

Corollary 1. Under the assumptions of Theorem 1 with A=a, B=b, ¢ = (a+b)/2, C=c, D=d and
e, =(c+d)/2, we have

—(b—a)l(d c)“. f(xy) dxdy+f(aij C;d) y‘
- (b-a)(d-c) (b—a)(d—c)

where y isasgiven in Theorem 2,

(abaercher

I jk[zqqpfl}1(ba§dcqql

and
(ab“b' 'd’CZd):_ (b-a)’(d-c)” |f,(ac) +|f, (b.o) +|f, (ad) +|t, (0.d)
(b-a)(d—c) 2°° (p+1)° (p+2) 4
22(P+1(p)+](.)(p+)2) {f“[azb’cj | [b ¥) " f“(azb dj
s (5250 | (2552 |

The Corollary 1 shows that we get the new estimated bound of the Inequality (6).
Corollary 2. Under the assumptions of Corollary 1 with p =1, we have

1 a+b c+d
_— f(x y)dxdy + f
gl (25250
q-1 1
a 19
(aba+b dc;dj q E(a,b,a;b cd c;d) (19)
(b—a)(d-c) (b—a)(d-c)
where y isas given in Theorem 2,
a+b. c+d
(a0 5] (o ayan

(b—a)(d-c) B 16

(abaer C+d)/ b- a d c

and
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_(b-a)(d-c) [f, @) +[f, (o) +|f, (ad) +|f, (b.d)
' 144 4

(b-a)(d-c){|, (a+b c+d )’

+ 3144 ¢ [fxy[ . ,cj + fxy(b’Tj

+4

q q
+|f,, (ibdj + fxy(a,ﬂj
2 2

Remark 3. By using the convexity of

a+b c+d
fy T'C +|fy a,T

<2(|t, (@) +|1, (o

[a+b c+dj
£, |22, 228
2 2

|

Xy
q

q
4 fxy[a+b’c+dj
2 2

A, (b c+d)
2

+ 1, (ad) +[f, (0.0)"),

[abaer C+d)/ b a d c

q
Uty @e) ]ty (o) [, (2.d) +[1, (0.4)" (b-a)(d—c)
- 4 16
Hence the Inequality (19) improves the Inequality (6).

and then

q . . .
on the co-ordinates on A, we have the inequality

+ fxy (a_-f—b d
2

Remark 4. Under the assumptions of Theorem 1 with A=a, B=b, e =(a+b)/2, C=c, D=d,

e, = (C +d )/2 and p=q=1, we get the new estimated bound and it could improve the Inequality (4).

Corollary 3. Under the assumptions of Theorem 1 with A=B=¢, = (a+b)/2, C=D=g,
have

f(ac)+f(ad)+f(bc)+f (b,d)_ﬁ

bed
[oJ0f (xy)dydx+ 7

1 ’ ’ ’ 1 1 ’ ) ’ l

2 2 2 2 2 2 2 2 2 2 2

IN

a1
R(a+b a+b a+b c+d c+d c+dj q E[a+b a+b a+b c+d c+d c+d

2

=(c+d)/2, we

j . (20)

(b—a)(d—c) ) (b-a)(d—c)

where & isas given in Theorem 3,

) ’ ’ ’

R(a+b a+b a+b c+d c+d c+dj , ap
2 "2 ' 272" 2 "2 ,:( q-1 j{(b—a)(d—c)}ql

(b-a)(d-c) 2q-p-1

and

E(a+b a+b a+b c+d C+dy°;d)/[(b—a)(d—c)]

2 22" 2 "2
_(b=a)’(d=c)” iy (@) +[fy (b.c) +[f, (a.d)f

2 (p+2) 4

(b-a)"(d-c)” [f (a;b,c]q+fxy(b,czdjq

22‘”1(p+1)( p+2)

+[f, (b,d)|q
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q

£ (a+b,dj N £ (a+b,c+d) N (a,c+dJ
Y 2 Y 2 2 Y 2

The Corollary 3 shows that we get the new estimated bound of the Inequality (9).
Corollary 4. Under the assumptions of Corollary 3 with p =1, we have

1 (a,c)+ f(a,d)+f(b,c)+ f(b,d) s
(b—a)(d-c) 4

g-1 1
R(a+b a+b a+b c+d c+d c+d) q E(a+b a+b a+b c+d c+d c+dj a (21)
- 2 222" 2" 2 2 222" 2" 2

(b—a)(d—c) ) (b—a)(d—c)

q

2
p+1

|

I:.[cd f (x, y)dydx+ f

where & isas given in Theorem 3,

R(a+b a+b a+b c+d c+d c+dj
2 2 2 2" 2" 2 ) (b-a)d-c)

(b—a)(d-c) ' 16

and

a+b a+b a+b c+d c+d c+d B B
E(z’z’z’2’2’2]/[(ba)(dc)]

_(b-a)(d—c)_ fy (ac) +|fy (bc)[ +
36 4

+(b—a)(d—c){ fxy(a;b,ch+ fxy(b,c;dj

144
(a+b c+djq [ c+djq
f[22 +|f, | a, .
YL 2 2 Y 2

a+b
o [(222)
" on the co-ordinates on A, we have the inequality

Remark 5. By using the convexity of
£ (a+b’cj N (a,c+dj £ (b,c+dj N (a+b,c+dj N (a+b’dj
U2 Y 2 Y 2 U2 2 U2

SS[ f(ac) + fxy(b,c)|quxy(a,d)|q+ fxy(b,d)|q}

f,(a.d )|q +

f, (b.d )|q

q

q

+ +

f

Xy

q q

+

q q q

and then

a+b a+b a+b c+d c+d c+d
E(z’z’z’z’z’zj/[(ba)(dC)]

q q q q
) fy (ac) +|f, (b.c) +|f, (ad) +|f, (b.d) (b-a)(d—c)
4 16

Hence the Inequality (21) improves the Inequality (9).
Remark 6. Under the assumptions of Theorem 1 with A=B=e, =(a+b)/2, C=D=e,=(c+d)/2 and
p=q=1, we get the new estimated bound and it could improve the Inequality (7).

Example 1. Let the function f(x,y) be x(@:2)fay(a:2)fa (X,y)e[O,l]z. Then the result of the right-hand
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side of (6) or (9) is (]/16)(],/4)”q (1+(2/q))2, whereas the right-hand side of (19) and (21) are

(1/16)(1/9)"° (1+(2/q))” and (1/16)(25/144)"" (1+(2/q))’, respectively.

3. Some Applications to Special Means

As in [11] we shall consider extensions of arithmetic, logarithmic and generalized logarithmic means from posi-
tive real numbers. We take

A(al,az,'--,an)=%iai, o; €R, i=1,2,---,n,

_ p-a
I_(Ol'ﬁ)_ln|ﬂ|—ln|oc|’ o =141 afp 0,

B ﬂm+1_am+1 m ~
Lm(a'ﬁ)_{—(erl)(ﬂ—a)} . meZ\{-1,0}, a,fe0,a=p,

where Z is the set of integers.
Proposition 1. Let a, b, ¢, deR, a<b, c<d, Og[ab], O¢[c,d],and m, neZ, |m>2 and
In| > 2. Then, for ge[1,%), we have

‘(A(am,bm)—Lm (a,b)m)(A(c”,d”)— Ln(c,d)”)

< |m||n|(b16a)(d _C) ><|:A(|a|(m1)q |C|(n71)q ’|b|(m71)q |C|(n71)q ,|a|(m71)q |d|(n71)q ,|b|(m—1)q |d|(n—1)q ,

a+b[™

2

c+d
2

Ja |C|(n—1)q |a|(m—l)q

1
(3 ma|c+d [ [a+b[" M c+d | Ja+b[™ P 0 |
PR R R e M

(22)

Proof. The proof is immediate from Corollary 4 with f(x,y):xmy”, X, yeR, mneZ, m=>2, n|22.

Proposition 2. Suppose a, b, ¢, deR, a<b, c<d, Og[ab], Og[c,d]. Then, for ge[l,»), we
have

(e )L @l ) L)

1
A A |ac|fzq,|bc|fzq,|ad|fzq,|bd|fzq,|ac+ad+bc+bd|72q,|ac+bc|72q,|ac+ad|72q,|bc+bd|72q,|ad+bd|72q "
| a T2 T2 2 o2
(23)
Proof. The result follows from Corollary 4 with f (x,y)=1/(xy). O
Remark 7. The Corollary 2 could also be applied to some special means.
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