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Abstract

In this paper we introduce the notion of common property (EA) in fuzzy metric spaces. Further we prove
some common fixed points theorems for hybrid pair of single and multivalued maps under hybrid contractive
conditions. Our results extend previous ones in fuzzy metric spaces.
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1. Introduction

In 1965 Zadeh [1] introduced the theory of fuzzy sets.
Many authors introduced the notion of fuzzy metric
space in different ways. George and Veeramani [2] modi-
fied the concept of fuzzy metric space introduced by Kra-
mosil and Michalek [3] and defined Haussdorf topology
in fuzzy metric space. Several authors [4-11] studied and
developed the concept in different directions and proved
fixed point theorems in fuzzy metric spaces.

In 1986 Jungck [12] introduced the concept of compa-
tible mappings and utilized it to improve and generalize
the commutativity conditions employed in common fixed
point theorems. This induced interest in non-compatible
mappings initiated by Pant [13]. Recently Aamri and
Moutawakil [14] and Liu et al. [15] respectively defined
the property (E.A) and the common property (E.A) as a
generalization of non-compatibility and proved some
common fixed point theorems in metric spaces. The aim
of this paper is to define the common property (E.A) in
the settings of fuzzy metric space and utilize the same to
obtain some common fixed point theorems in fuzzy me-
tric spaces.

We begin with some definitions and preliminary con-
cepts.

2. Preliminaries
Definition 2.1. [16] A binary operation *:[0,1]x[0,1]

—[0,1] is called a continuous t -norm if ([0,1],*) is an
abelian toplological monoid with unit 1 such that
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a*b<c*d whenever a<c and b<d forall
a,b,c,d €[0,1].

Examples of t-normarea*b =aband
a*b=min{a,b}.

Definition 2.2. [3]. A triplet (X,M,*) is said to be a
fuzzy metric space if X is an arbitrary set, * is a
continuous t-norm,and M isa fuzzy set on
X?x[0,00) satisfying the following conditions: for all
X,¥,ze X andall s,t>0,

1) M(xy,0)=0;

2) M(x,y,t)=1 forall t>0 ifandonlyif x=y;

3) M(xy,t)=M(y,xt);

4) M(Xy,t)*M(y,z,5) <M (x,z,t+5s);

5) M(x,y,.):[0,0) >[0,1] is left continuous;

6) IimtaooM (X! y!t) =1.

M is called fuzzy metric on X . The functions
M (x,y,t) denote the degree of nearness between x
and y withrespectto t respectively.

Definition 2.3. Let (X,M,*) be a fuzzy metric space.

A sequence {x,} in X is called Cauchy sequence
if and only if lim,_..M (x t) =1 foreach p>0,
t>0.

A sequence {x,} in X is converging to Xx in X
ifand only if lim,..M (x,,x,t)=1.

n+p’Xn'

A fuzzy metric space (X,M,*) is said to be com-
plete if and only if every Cauchy sequence in X is con-
vergentin X.

Definition 2.4. [8] Let CB(X) denote the set of all
nonempty closed bounded subsets of X . Then for every
AB,CeCB(X) and t>0,
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M, (A B,t)=

min{min MY (a,B,t),min,_sM" (A,b,t)}

acA

where M"Y (C,y,t)=max{M (z,yt):zeC}.

Remark 2.5. Obviously M, (A B,t)<MV(a,B,t)
whenever ae A and M, (A B,t)=1 ifand only if
A=B.

Definition 2.6. [9] Two mappings f and g are
compatible if and only if lim,_,.M(fg(x,).of (x,),t)=1
for all t>0, whenever {x,} is a sequence in X
such that limn_..f (X,) = limasaeg (X, ) =%, € X .

Lemma 2.7. Let f,g be two compatible mappings
on X. If f(x)=g(x) for some x in X, then
fg(x)=gf (x).

Definition 2.8. [10,11] Maps f,g: X — X are said
to satisfy the property (EA) if there exists a sequence
{x,} € X suchthat limn.fX, =lima.0x, =te X .

Definition 2.9. [11] A point in X is a coincidence
point (fixed point) of f and T if

F)=T)(T(x)=f(x)=x).

Definition 2.10. [11] A point x in X is a coin-
cidence point of f:X X and T:X > CB(X) if
f(x)eT(x). We denote the set of all coincidence
pointsof f and T by C(f,T).

Definition 2.11. [16] Maps f: X +— X and
T:X > CB(X) are weakly compatible if they com-
mute at their coincidence points,that is, if fTx =Tfx

whenever fxeTx.

Definition 2.12. [18] Maps f: X — X and
T:X > CB(X) are said to be (Z7) commuting at
xe X if fTxcTfx whenever fxeTx.
Definition 2.13.[19] Maps f: X — X and
T:X > CB(X) are said to satisfy the property (EA)
if there exists a sequence {x,}e X ,some te X and
AeCB(X) suchthat lima..fx, =teA=1lima.TX,.
Definition 2.14. [19] Let T:X + CB(X). The map
f: X+ X issaidtobe T weakly commuting at
xe X if fixeTfx.

3. Main Results

We begin with the following definition.

Definition 3.1. [11] Let (X,M,*) be a fuzzy metric
space and f,g.F,G:X > X . The maps pair (f,F)
and (g,G) are said to satisfy the common property
(EA) if there exist two sequences {x,},{y,}€X and
some t in X such that

limnsGY, =
[iMnseFX, = liMnse0Y, = limas.fX, =te X

Definition 3.2. Let (X,M,*) be a fuzzy metric
space, f,g:X+—> X and F,G:X+>CB(X) . The
maps pair (f,F) and (g,G) are said to satisfy the
common property (EA) if there exist two sequences
{X,}.{¥.} € X ;some teX and A BeCB(X) such
that

limnseFX, = AlimnsaGY, = By limase X, = limao.0y, =t€ ANB.

Theorem 3.3. Let f,g be two self maps of the
fuzzy metric space (X,M,*) and let F,G be two
maps from X into CB(X) such that

1) (f,F) and (g9,G) satisfy the common property
(EA);
2)forall x=zy in X,

MY (fx,Fx,t)+MY (gy,Gy,t) MY (fx,Gy,t)+M"(gy,Fx,t)

M, (Fx,,Gw,t) > min{M (fx,, gw,t),

If fX and gX areclosedin X, then

1) f and F have a coincidence point;

2) g and G have a coincidence point;

3) f and F have a common fixed point provided
that f is F weakly commuting at v and ffv= fv
for veC(f,F);

4) g and G have a common fixed point provided
that g is G weakly commuting at v and ggv=gv
for veC(9g,G);

5 f,F,g and G have a common fixed point pro-
vided that both (c) and (d) are true.

e e

Proof. Since (f,F) and (g,G) satisfy the com-
mon property (EA), there exist two sequences {x,}

and {y,} in X, ueX and ABeCB(X) suchthat
limnoFX, =A and [im...Gy, =B,

Iimnﬁocfxn = Iimnﬁmogyn =Ue ANB

By virtue of f(x) and g(x) being closed, we have
u=fv and u=gw for some v,we X . Now we shall
show that fve Fv and gweGw. The condition (2)
implies that

M, (Fx,,Gw,t) > minM {( fx,, gw,t),
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MY (fx,, Fx,,t)+ MY (gw,Gw,t) MY (fx,,Gw,t)+M" (gw, Fxn,t)}
’ 2
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Taking the limitas n— oo, we get

MY (fv,At)+ M"Y (gw,Gw,t) MY (fv,Gw,t)+M" (gw, A,t)}
2 2

MV(A,GW,t)zmin{M(fv,gw,t), :

Since u = fv=gw, we obtain

M, (AGW,t)> min{l, M (u A L)+ MY (u.Gwt) M (u.Gwt)+ Mv(u,A,t)}

2 2
] 1+MV(u,Gw,t) _ Combining the inequalities (3) and (4) we get
That is, MV(A,Gw,t)zf, since ueA. 1+ M (u,Gw,t) < 2M, (A Gw,t) <2M" (u,Gw,t)
:)ZMV(A,GW,t)Z{l-‘rMV(U,GW,t)} 3) This implies 1+ MY (u,Gw,t) <2M" (u,Gw,t)

=>M"(u,Gw,t)>1 =M"(u,Gwt)=1

Hence u=gweGw
That is 2M, (A Gw,t)<2M" (u,Gw,t) 4) On the other hand by condition (2), we have

But from (2.5), we have M, (A ,Gw,t) <M " (u,Gw,t)

MY (fv,Fv,t)+ MY (gy,,Gy,,t) MY (fv,Gy,,t)+M" (ay,, Fv,t)}

MV(FV,Gyn,t)>min{M(fv,gyn,t), 5 : 5

Taking limitas n— o, we get

\% \% v v
MV(FV,B,t)zmin{M(fv,gw,t),M (fv,Fv,t)+M (gw,B,t),M (fv,B,t)+M (gw,Fv,t)}

2 2
That is, (b).
M, (Fv,B,t) By virtue of condition (c), we get ffve Ffv. Thus
v v u=fueFu. This proves (c). Similarly (d) can be
> min 1,M (fv, FV’t)+1’1+M (gw, Fv,t) proved. Then (e) follows immediately.
2 2 Corollary 3.4. Let f be a self-map of fuzzy metric

space (X,M,*) andlet F beamapfrom X into
CB(X) such that

1) (f,F) satisfies the property (EA);

2)forall x=y in X,

Similarly, we obtain
MY (fv,Fv,t) =1 which implies that fve Fv. Thus f
and F have a coincidence point v. g and G have
a coincidence point w. This ends the proof of (a) and

M, (Fx,Fy,t) > min{M (1, ) M PO M (BP0 M (PO M (B Fx't)}

2 2
If fX isclosed subset of X, then Corollary 3.5. Let f be a self-map of the fuzzy
1) f and F have a coincidence point; metric space (X,M,*) and let F and G be two
2) f and F have a common fixed point provided maps from X into CB(X) such that
that f is F weakly commuting at v and ffv= fv, 1) (f,F) and (f,G) satisfy the common property
for veC(f,F). (EA);
Proof. Let F=Gand f =g, then the result follows. 2)forall x=y in X.

MY (fx,Fx,t)+ MY (fy,Gy,t) MY (fx,Gy,t)+M"(fy, Fx,t)}

MV(Fx,Gy,t)>min{M(fx, fy,t), 5 , 5
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If fX isclosed subsetof X ,then

1) f,G and F have a coincidence point;

2) f,G and F have a common fixed point provided
that f isboth F weakly commuting and
G weakly commutingat v and ffv= fv, for
Ve C( f,F).

Proof. Let f =g, then the result follows.

If both F and G are single valued maps in theorem
3.3, then we have the following corollary.

Corollary 3.6. Let f,g,F and G be four self-
maps of the fuzzy metric space (X,M,*) such that

1) (f,F) and (f,G) satisfy the common property
(EA);

2)forall x=y in X,

MY (fx, Fx,t)+ MY (gy,Gy,t) MY (fx,Gy,t)+M"(gy, Fx,t)

M, (Fx,Gy,t) > min{M (fx, gy,t)

If fX and gX are closed subsets of X ,then

1) f and F have a coincidence point;

2) g and G have a coincidence point;

3) f and F have a common fixed point provided
that f is F weakly commuting at v and ffv= fv
for veC(f,F);

4) g and G have a common fixed point provided
that g is G weakly commuting at v and ggv=gv
for veC(g,G);

5 f,F,g and G have a common fixed point
provided that both (c) and (d) are true.

)

The next theorem involves a continuous function
¢:[0,1][0,1] satisfying the following conditions:

(A)e isnonincreasing on [0,1],

(A)e(t)>t foreach te(0,1).

Theorem 3.7. Let f,g be two self maps of the
fuzzy metric space (X,M,*) and let F,G be two
maps from X into CB(X) such that

1) (f,F) and (g9,G) satisfy the common property

EA);

2)forall x=zy in X,

Mv(Fx,Gy,t)zq)(min{M (fx, gy,t), MY (fx,Fx,t),M" (gy,Gy,t),M" ( fx,Gy,t),M" (gy, Fx,t)})

If fX and gX areclosedin X, then

1) f and F have a coincidence point;

2) g and G have a coincidence point;

3) f and F have a common fixed point provided
that f is F weakly commuting at v and ffv= fv
for veC(f,F);

4) g and G have a common fixed point provided
that g is G weakly commuting at v and ggv = gv
for veC(9g,G);

5 f,F,g and G have a common fixed point
provided that both (c) and (d) are true.

Proof. Since (f,F) and (g,G) satisfy the com-
mon property (EA), there exist two sequences {x,}
and {y,} in X, ueX and ABeCB(X) such that
"mn»ooFXn =A and |imnaooGyn =B,

liMnoe X, = limnse0y, =Ue ANB.

By virtue of f(x) and g(x) being closed, we have
u=fv and u=gw for some v,we X . we claim that
fve Fv and gweGw. Indeed condition (2) implies
that

M, (Fx,,Gw,t) > (p(min{M (fx,, gw,t),MY (fx,, Fx,,t),M" (gw,Gw,t),M " (fx,,Gw,t),M" (gw, Fxn,t)})

Taking limitas n— oo, we obtain

My (AGw,t)> p(min{M (fv,gw,t),M" (fv,At),M" (gw,Gw,t),M" (fv,Gw,t),M" (gw, At)})

Since fv=gwe AnB, we get

M (fv,gw,t) =M (fv,At)=M" (gw,At)=1.
Therefore
My (AGw,t) = p(MY (fv,Gw,t))>M" (fv,Gwt).

Thatis M (A,Gw,t)>M" (fv,Gw,t).
This contradicts 2.5 and hence M, (A ,Gw,t) =1. This

implies that A =Gw . Therefore fv=gwe Gw.
On the other hand by condition (2) again, we have

MV(FV,Gyn,t)zqy(min{M (fv, gy,.t), MY (fv,Fv,t),M" (gy,,Gy,.t),M" (fv,Gy,,t),M" (ay,, Fv,t)})

Copyright © 2011 SciRes.

AM



P. VIJAYARAJU ET AL 599

Similarly, taking limitas n — o, we obtain

M, (Fv,B,t)=1

Thus, we get Fv = B.
Since fv=gweB,

fve Fv.

Thus f and F have a coincidence point v, g and
G have a coincidence point w. This ends the proof of
part (2) and part (b). The rest of proof is similar to the
argument of theorem 2.3.
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