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Abstract 
A nonlinear transformation of the Whitham-Broer-Kaup (WBK) model equations in the shallow 
water small-amplitude regime is derived by using a simplified homogeneous balance method. The 
WBK model equations are linearized under the nonlinear transformation. Various exact solutions 
of the WBK model equations are obtained via the nonlinear transformation with the aid of solu-
tions for the linear equation.  
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1. Introduction 
The Whitham-Broer-Kaup model equations (WBK) [1]-[5] in the shallow water small-amplitude regime are that 

0,t x x xxu uu v uβ+ + + =                                     (1) 

( ) 0,t xx xxxxv uv v uβ α+ − + =                                   (2) 

where ( ),u u x t=  represents the horizontal velocity, and ( ),v v x t=  the height deviated from the equilibrium 
position of the liquid, α  and β  are constants. The WBK models (1) and (2) are very good models to describe 
dispersive waves. If 0, 0,α β= ≠  Equations (1) and (2) describe a shallow water waves with diffusion; if 1,α =

0,β =  Equations (1) and (2) become the variant Boussinesq equations. In the latest paper [6], the multiple so-
liton solutions of Equations (1) and (2) have been obtained by using the simplified form of Hirota’s direct method. 
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In the present paper, we will apply a simplified homogeneous balance method to investigate the WBK model 
Equations (1) and (2), by this method a nonlinear transformation that from the solution for a linear equation to 
the solution for the WBK model equations is derived, and more type of solutions than those given in [6] are ob-
tained via the nonlinear transformation successfully. 

2. Derivation of the Nonlinear Transformation  
Considering the homogeneous balance between xuu  and xxu  in Equation (1), and between ( )xuv  and xxxu  
in Equation (2) (2m + 1 = m + 2, m + n + 1= m + 3, which implies that m = 1, n = 2), we can suppose that the 
solution of Equations (1) and (2) is of the form 

( ) ( )ln , ln ,x xxu A v Bφ φ= =                                    (3) 

where we use lnA φ  and lnB φ  instead of the undetermined functions ( )f φ  and ( )g φ  appearing in the 
original homogeneous balance method (HB) [7]-[9] to simplify the original HB, constants A  and B , and the 
function ( ),x tφ φ=  are to be determined later. The aim of the simplified HB is to find A  and B , and the 
function ( ),x tφ φ=  such that the expressions (3) exactly satisfies Equations (1) and (2). 

Substituting (3) into the left hand sides of Equations (1) and (2), yields 

( ) ( ) 2

2

1
2t xx x

t x x xx

x

B BAA Au uu v u A
φ β φ β φ

β
φ φ

 + + − − + + + = + 
  

                     (4-1) 

( )
( ) ( ) 2

2

1
2t xx x

t xx xxxx

xx

A AAB Bv uv v u B
α αφ β φ β φ

β α
φ φ

 + − − + + − + = + 
  

                 (4-2) 

In order to determine A  and B , we set the coefficients of the terms with 
2

2
xφ
φ

 appearing in expressions (4) 
to zero, yields algebraic equations for A  and B  

1 10, 0.
2 2

ABA A
A B

αβ β− − = − + =                                  (5) 

Solving the algebraic equations we have 

( )2 2 22 , 2 .A Bα β α β β α β= ± + = + +                              (6) 

Substituting (6) into (3), yields 

( ) ( )( )2 2 22 ln , 2 ln .x xxu vα β φ α β β α β φ= ± + = + +                         (7) 

Using (5) and (6), the expressions (4) become 
2

22 0,t xx
t x x xx

x

u uu v u
φ α β φ

β α β
φ

 ± +
 + + + = ± + =
  

                          (8-1) 

( ) ( )
2

2 22 0,t xx
t xx xxxx

xx

v uv v u
φ α β φ

β α α β β α β
φ

 ± +
 + − + = + + =
  

                    (8-2) 

provided that the function ( ),x tφ φ=  satisfies the linear equation 
2 0.t xxφ α β φ± + =                                          (9) 

Based upon (7), (8) and (9), we come to the conclusion that inserting each solution of the linear equation (9) 
into (7), we can obtain the exact solution of the WBK model Equations (1) and (2), and the expressions (7) with 
linear Equation (9) can be looked upon as a nonlinear transformation that from the solution for linear Equation 
(9) to the solution for WBK model Equations (1) and (2), because every solution of linear Equation (9) under (7) 
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is transformed into the solution of the WBK model Equations (1) and (2), therefore the WBK model Equations 
(1) and (2) can be linearized by the linear Equation (9), according to [10], the WBK model equations are C-inte- 
grable equations. 

3. Exact Solutions of the WBK Model Equations 
According to the superposition principle for a linear problem, the linear Equation (9) can admit many solutions, 
for example, 

2
1

1
1 e , , 1, 2, , .i

N

i i i i
i

c k x k t i Nηφ η
=

= + = =∑                               (10) 

2 2
2

1
1 e cos , ,i

N
t

i i i i
i

c k x kωφ ω α β±

=

= + = +∑                             (11) 

2 2
3

1
1 e sin , ,i

N
t

i i i i
i

c k x kωφ ω α β±

=

= + = +∑                              (12) 

( )3 2 2
4 6 2 1,x x x x tφ α β= + + + + +                                (13) 

and so on., where integer 1N ≥ , ( ), 1, 2, ,i ik c i N=   are constants. 
Substituting (10) into (7), we have the multiple soliton solutions of the WBK model Equations (1) and (2) as 

follows 

2 21
1

1

e
2 , , 1, 2, ,

1 e

i

i

N

i i
i

i i iN

i
i

c k
u k x k t i N

c

η

η
α β η=

=

= ± + = =
+

∑

∑
                         (14-1) 

( )
2

2

12 2 1
1 2

1 1

ee
2 .

1 e 1 e

ii

i i

NN

i ii i
ii

N N
i ii i

c kc k
v

c c

ηη

η η

α β β α β ==

= =

  
  

  = + + −  + +    

∑∑

∑ ∑
                       (14-2) 

If 1, 2,3N =  the expressions (14) become the 1—soliton solutions, 2—solliton solutions and 3—soliton so-
lutions for the WBK model equations, respectively, these results coincide with those obtained by using the sim-
plified form of Hirota’s method in [6] one by one. In particular, when 1 11, 1,N c k k= = = , (14) becomes 

( )2 2 211 tanh ,
2

u k kx k tα β α β = ± + + +  
  

( ) ( )2 2 2 2 2 21 1sech
2 2

v k kx k tα β β α β α β= + + +  , 
where u  represents a single kink solitary wave, and v  a single bell solitary wave of the WBK model Equa-
tions (1) and (2). 

Substituting (11) into (7), we have the periodic solutions in space variable x  for the WBK model Equations 
(1) and (2) 

2 2 21
2

1

e sin
2 , ,

1 e cos

i

i

N
t

i i i
i

i iN
t

i i
i

c k kx
u k

c k x

ω

ω
α β ω α β

±

=

±

=

= + = +
+

∑

∑
  

( )
2

2

12 2 1
2 2

1 1

e sine cos
2

1 e cos 1 e cos

ii

i i

NN
tt

i i ii i i
ii

N Nt t
i i i ii i

c k k xc k k x
v

c k x c k x

ωω

ω ω

α β β α β

±±

==

± ±

= =

  
  

  = − + + +  + +    

∑∑

∑ ∑
 . 
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Similarly, substituting (12) into (7), we also have the periodic solutions in space variable x  for the WBK 
model Equations (1) and (2) 

2 2 21
3

1

e cos
2 , ,

1 e sin

i

i

N
t

i i i
i

i iN
t

i i
i

c k kx
u k

c k x

ω

ω
α β ω α β

±

=

±

=

= ± + = +
+

∑

∑
 

( )
2

2

12 2 1
3 2

1 1

e cose sin
2

1 e sin 1 e sin

ii

i i

NN
tt

i i ii i i
ii

N Nt t
i i i ii i

c k k xc k k x
v

c k x c k x

ωω

ω ω

α β β α β

±±

==

± ±

= =

  
  

  = − + + −  + +    

∑∑

∑ ∑
 . 

Substituting (13) into (7), we have rational solutions for the WBK model Equations (1) and (2) 

( )

2 2
2

4 3 2 2

3 2 1 6
2 ,

6 2 1

x x t
u

x x x x t

α β
α β

α β

+ + +
= +

+ + + + +





 

( )
( )

( )
( )

2
2 2

2 2
4 23 2 2 3 2 2

3 2 66 22
6 2 1 6 2 1

x x txv
x x x x t x x x x t

α β
α β β α β

α β α β

+ + += + + − 
+ + + + +   + + + + +    









 

We point out that the solutions ( ) ( ) ( )2 2 3 3 4 4, , , , ,u v u v u v  to the WBK model equations have not appeared in 
[6]. 

4. Conclusion 
In this paper, the original HB is simplified by using a logarithmic function instead of the undetermined function 
appearing in the original HB. The nonlinear transformation that from the solution for the linear equation to the 
solution for the WBK model equation is derived by using the simplified HB. The WBK model equations are li-
nearized under the nonlinear transformation. The multiple soliton solutions, periodic solutions in space variable 
and rational solutions of the WBK model equations are obtained in terms of solutions for the linear equation. 
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