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Abstract

The support of a localized three-dimensional neuronal current distribution, within a conducting
medium, is not identifiable from knowledge of the exterior magnetic flux density, obtained via
Magnetoencephalographic (MEG) measurements. However, this is not true if the neuronal current
is supported on a set with dimensionality less than three. That is, the support of a dipolar current
distribution can be recovered if it is a set of isolated points, a segment of a curve, or a surface
patch. In this work we provide an analytic algorithm for this inverse MEG problem and apply it to
the case where the current is supported on a localized disk having arbitrary position and size
within the brain tissue. The proposed recovery algorithm reduces the identification of the charac-
teristics of the current to the solution of a nonlinear algebraic system, which can be handled nu-
merically.
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1. Introduction

Magnetoencephalography associates a neuronal current within the functional brain with the magnetic flux den-
sity and it creates outside the head. In particular, the direct problem consists of the calculation of the exterior
magnetic field when the primary neuronal current is given, and the inverse problem seeks to identify the current
that generates a given exterior magnetic field. The main difficulty with the inverse problem of Magnetoence-
phalography is due to the fact that, besides the excitation of the neuronal current within the conductive brain tis-
sue, a secondary induction current is generated which, in a sense, makes the primary neuronal current less “visi-
ble” by the exterior magnetic field. The induction current is supported on the conductive brain tissue and there-
fore it depends on the geometry of the brain-head system. Even for relatively simple geometrical models such as
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a triaxial ellipsoid the calculations are very complicated [1]. An excellent review of the electromagnetic activity
of the human brain can be found in [2], while the standard book for an introduction of the brain imaging modali-
ties of Electroencephalography and Magnetoencephalography is the book by Malmivuo and Plonsey [3].

The most important question for the inverse problem is the question of uniqueness, that is, whether it is possi-
ble to recover the complete information about the current from the exterior magnetic data. The answer to this
question is negative. The fact that a current within a conductor cannot be identified, from measurements of the
exterior magnetic field it generates, was known to Helmholtz 160 years ago [4]. However, the problem of deter-
mining exactly what part of the current can be recovered was a topic of intense investigation during the last de-
cade, and the final answer was given in [5]. A complete discussion of all the existing results on the topic can be
found in [6]. Today we know that, no matter what the geometry of the brain-head system is, complete know-
ledge of the electric potential on the surface of the head can give us no more than one third of the neuronal cur-
rent, and complete knowledge of the exterior magnetic field can give us no more than two thirds of the neuronal
current, one of which is the one obtained from the electroencephalographic measurements. Hence, even in the
very difficult situation where we have complete and synchronous data from both electroencephalographic and
Magnetoencephalographic data, still one third of the current cannot be identified.

The next question one can ask, in connection to the inverse problem of Magnetoencephalography, has to do
with the possibility to identify the position and the extent of a localized current. Albanese and Monk [7], have
shown that this is not possible if the support of the current is a three-dimensional set. However, this is possible if
the support of the current is a two-, one-, or zero-dimensional set. That is we can identify a localized current if it
is supported on a set of isolated points, on a segment of a curve, or on a surface patch.

The purpose of this work is to provide a concrete example of the Albanese-Monk result. In particular, we con-
sider a neuronal current that is supported on a small circular disk, orthogonal to the radius that passes through its
center, and we construct an algebraic algorithm that solves the inverse Magnetoencephalographic problem. In
fact, the identification of the location and the size of the supporting disk is reduced to the solution of a nonlinear
algebraic system which can be solved numerically.

The paper is organized as follows. The solution to the problem of calculating the exterior magnetic potential
for a single dipolar current within a conductive sphere is briefly described in Section 2. This solution plays the
role of the fundamental solution for the problem of Magnetoencephalography in spherical geometry. Section 3
contains the calculations that lead to the magnetic potential in the case where the source current is distributed on
a small disk. Finally, Section 4 develops the algorithm for the inversion of the measured data in the case des-
cribed in the previous section. An Appendix at the end of the paper provides some explanations about the long
and tedious calculations that are used in Section 3.

2. The MEG Problem for a Single Dipole

Quasi-Static theory of Electromagnetism Magnetoencephalography [8]-[10] assumes that the time derivatives of
the electric and magnetic fields are very small and therefore the corresponding terms in Maxwell’s equations can
be neglected. Then, it can be shown that the magnetic field, generated by a dipolar current at the point r, hav-
ing moment Q, is given by the Geselowitz formula [11]

r—r o NP ) o ,
B(r;r,)= 'uOQ |r—r00| 'Lj’n @Su(r,ro)n(r)xmds(r), reQ’ (1)

where U is the electric potential on the boundary S of the conducting medium € representing the brain-
head system. In Formula (1), Q@ Q° denotes the exterior domain, ¢ is the constant conductivity of the brain
tissue, x4, is the common magnetic permeability both inside and outside Q and A stands for the outward
unit normal on the boundary S .

If Q isasphereofradius a, then we know from the solution of the corresponding Electroencephalography
problem [12], that the electric potential on the boundary of the sphere is given by

, 1 =on+l ' 1 % ey (7Y
u(rin) = (@Y, SR () <@V S LB NS @

n=1lm

where Y," stands for the normalized complex spherical harmonics
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—{m|)! .
Y (F) = /22;1%an (cos 3)e™ ®)

and P" denotes the Legendre functions of the first kind.

Inserting expression (2) in the Formula (1) and performing the indicated integration we obtain the magnetic
field outside the sphere. However, since the magnetic field B in the exterior to the sphere is both solenoidal
and irrotational it follows that there exists a scalar magnetic potential U , which is also harmonic, such that [10]

B(r;r,)=VU(r;r,), r>a. 4)

Then, utilizing the orthogonality properties of the spherical harmonics we can calculate the magnetic potential
and arrive at the following expression [12] [13]

U (rin)=#(Qxn 'Vro)i I ATOAN(A) :%(QX fo 'Vro)iL .

o p (7).
n:lm:_n(n+1)(2n+1) r”*l " n:ln+1 rn+1 (r rO) ( )

The above expression provides the magnetic potential in the exterior of the sphere due to a single current
dipole {r,, Q3}. Therefore, it can be considered as the fundamental solution of the MEG problem for the sphe-
rical geometry [14]. Consequently, any discrete, or continuous, current distribution can be obtained through sum-
mation, or integration, respectively, of the above fundamental solution [15]. Then, Formula (3) gives the exterior
magnetic field.

3. The Field of a 2-D Current Distribution

Suppose now that the neuronal current JP is supported on a small part of a smooth surface which is located
around a central point r, . Let this little surface be represented by the equation

r=r(sit), (s,t)e[s,s|x[tut], r(sete)="r (6)
where 1, issome interior point of this surface. Then the current is described by the function
JP=3%(r(s,1)), (s.t) €[-50.50 %[0 1o ] @)

which, if it is assumed to be small, it can be represented by the linear part of its Taylor expansion

037 (r(s.t)) tO)a\lp(r(s,t))

IP(r(s,t)) = 37 (r(se,5))+(s-5,) +(t-

0s ot
(s0:t0) (s0.to) )
GAR(A 83" (ry)
=J° - O (t-t, ) ——22,
(r0)+(s So) s +( 0) ot

In particular, if the surface that curies the current is a small disk of radius ¢, which is centered at r, and
has the vector r, perpendicular to its plane, then, this disk is defined by

(r-r,)r,=0|r-r|<e ©

Utilizing the freedom we have to select a coordinate system we choose the direction F, to coincide with the
X;-axis. Then a parametric representation of the circle is given by

o o o 2 2 2
F=XX +XX, +hX;, X +X <¢ (10)

and r, =r,X,. In this case, the third Cartesian coordinate of r is always equal to r,, and the linear Taylor
approximation assumes the form

aJP(r aJP(r aJP(r
J”(r)zJ”(rO)+(x1—O)—(°)+(x2—0) (°)+(x3—r0) (%)
X, OX, OX, (1)
ARAEY aJP(r
=JP(h)+% 6)((10)“‘2 a><(20)=Q+><1D1+x2D2

where D!, D? denote the constant vectors
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: Doy 03°(n)
D'=(D;,D,,D; )= , 1=1,2 12
(B1,02,05)=—5 (12)
and Q=(Q,,Q,,Q;)=J"(r,) denotes the average moment over the small circle. In order to interpret Formula

(11) in an invariant form, we introduce a third vector D® = (Df, D;, D§’), which is also constant, as well as the
dyadic [16]

D=3>DiX®X,. (13)
Then, the absence of a term involving x, in Formula (11) can be interpreted as the constrain
%,-D =(Df,D;,D3)=(0,0,0) (14

which means that, the left contraction of the dyadic D with the direction normal to the disk vanishes. Conse-
quently, in the general case of an arbitrary oriented system, we should have the condition

i,-D=(0,0,0) (15)
which gives the three scalar conditions
%o, D) + X, D7 + %5 D] =0 (16)
%o, D; + X, D7 + Xz D5 =0 (17)
%o, D3 + X0, D2 + x5 D2 = 0. (18)

Consequently, the approximate current (11) is now written as
JP(r)=Q+r-D. (19)
We can utilize the coordinate invariance principle to simplify our calculations. We actually want to calculate
the total magnetic potential, given in (5), which is generated by the approximate current (28). Since our ultimate
goal is to invert the MEG data that will give us the quantities Q, r, and & we will calculate as many terms

of the expansion (5) as we actually need.
For the generic excitation dipole {r’, J (r’)} , Formula (5) is written as

1 PN 1 ~ A
U (r;r’ :Ai—oa(\] P(r')x r’){?Vr, (re(F- r’))+?vr, (r2p, (7))

+%Vrr(r’3P3(|’:'|’:’)):|+O(r_5)

and through some direct calculation with the Legend polynomials [17] we obtain the following relations, which
are written in dyadic form [16] in order to isolate the factors that are going to be integrated

(20)

v, (FR (F-F) = F (21)
V. (1R, (7)) =(3F ®F - T)-r' (22)
V(R (FF) =S (P eFOF -2l @F-F@T):rer (23)

The symbol T denotes the identity dyadic, “:” defines the double contraction [16]
(a®b):(c®d)=(b-c)(a-d) (24)
and similarly the triple contraction [16] is defined as
(a®b®c)(d®e® f)=(c-d)(b-e)(a- f). (25)

Furthermore, the exterior magnetic potential given in (29) can be written in its Cartesian form [13], [15] as

follows
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U ()=t H;?M“ﬁﬁ”ﬁjﬁr)}o(rw (26)
where the coefficients
Hl(r):%r.(ap(r')xr') (27)
H,(r)=r®r:r'®(3°(r')xr’) (28)
Ha(r)=§(5r®r®r—r2r® Nir@r'®(3°(r)xr’) (29)

are homogeneous harmonic functions [15].

In order to obtain the magnetic potential, generated by the neuronal current which is distributed over the disk
D, of radius &, we need to substitute the expressions (19) in (27), (28) and (29) and integrate the resulting
equations over the disk D,. We perform the calculations in the special case where f, =X, and express the
results in terms of X,. Then, in the resulting expressions we replace X, by the arbitrary vector r, to obtain
the corresponding generic results. The final expressions are given in the sequel

Hl(r):%r'¢Dg|:er'+ r’-(lf)xr’)]ds(r’):%:Zr-(4Q><ro ~&*d) (30)
H,(r)=rer :<_$D€r'®[Q><r’+ r’~(Dxr')]ds(r’):Z—‘:§(32 —4r7)(rer):[r®(rxQ)]
\ ’ (31)
_%[(ro ®r):(Dxr)+(rer):(r, ®d)}

H3(r):§<5r®r®r—r2r® 1), r’®r’®[Qxr’+r’~(f)><r’)}ds(r')
=?3’)72[—f02[r02r2(4r02 —5,92)—5(r~r0)2(4r02 —ng)J(r-ro xQ) (32)

+ éfr} (6r02 —gz)r{rozrzd -5(r-r,)°d +10(r-1,)(r- Dxro)J

where

d =iZ::iZ:D} (% x%;)=(Dj -D7 )%, +(D] —D}) %, +(D; — D7 ) % (33)

is the vector invariant [16] of the dyadic D.

The actual calculations that led to the above expressions, and especially to the Formula (32), are involved and
quiet long. In order to facilitate the reader we provide, in the Appendix, an outline of the basic steps that lead
the above expressions.

If we insert the above expressions of the harmonic functions H,,H,,H, in the expansion (26) we arrive at
the Cartesian representation of the exterior magnetic potential U up to the terms of order r~>. That solves the
forward MEG problem for a neuronal excitation that is supported on a small disk.

4. Inversion of MEG Data

In the previous section we defined the functions H,, H, and H, which are homogeneous harmonic
polynomials of degree 1, 2 and 3, respectively. These functions assume the forms

Hl(l‘)=A1X1+A2X2+A3X3 (34)
H, (r) = lelz + BZX§ + Bsx32 +BpoX X, + ByaXo Xg + By XX (35)

with

@,
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B,+B,+B;=0 (36)
and
Hy (1) =C¢ +C,%5 +CyX§ + CpX X, +CpyXa X, +CopgXo Xy + Cyy X5 X, @7
+Cyy XX + CiaX Xy + Crpa X, Xy Xg

with
3C,+C, +C,, =0 (38)
C,+3C,+C;, =0 (39)
Cpy +Cpy +3C, = 0. (40)

In the present work we assume the idealized case where the exterior magnetic potential U is known. This
means that expansion (26) is known and therefore the coefficients A, B and C are also known. Conse-
quently, if we rewrite the polynomials H,,H, and H, in terms of the Cartesian monomials that appear in
(34), (35) and (37), then we can utilize their linear independence to equate each monomial with the corres-
ponding known coefficient A,B or C. In doing so for the first degree polynomial, we obtain from (30) and

(34
A =7 (Qt = Qo )~ (D5 - 3 ) (41)
A =" (@t~ Q)02 - ) (42)
A = Qi ~ Qo )~ (D5 - D) (43)

or
A=(AA,A)= (4er0—sd) (44)

where d is the vector invariant of the dyadic D, deflned by Equation (33). Equating the coefficients of the
harmonic polynomials of the second degree, given in the Equations (31) and (35), we arrive at the relations

£
B =—ne’| | 4-T5 (szoa_stoz)Xm_gz(XmDaz_X01D§+X02Dé_X03D;) (45)

£
B, =~ n¢’ d-—— (Q3X01_Q1X03)X02_52(X02D13_X02D;+X03D12_X01D32) (46)

&
B, =—mne 4__2 (leoz _Q2Xo1) Xo3 - (XosD; — Xoz Dl2 + X01Dz3 — Xg2 Df) (47)

1 Z
B, i (4_ ][(stm QX3 ) X1 +(Qz%os _Q3X02)X02:|
r7 (48)

—%n&“ [xm(Df —2D} )+ X, (2DZ = D} )+ o5 ( D} — D )]

1
By :an [ ][(leoz Q, %01 ) %05 +(Q3X01_Q1X03)X°3]
(49)

—%ns“[xcz (D3 2D )+ X (2D} - D} )+ %, (DF - B3 )|
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1 2
B31 = anz [4 _(:_ZJ [(szos - anoz ) X3 + (leoz - Qz Xo1) Xo1]
0 (50)

—%ng“ [ %5 (D3 —2D3 )+ %, (2D} - D7 )+ %, (D3 - D} )

where the constrain (36) is easily verified.
Next we consider the cubic polynomials (32) and (37). The coefficients of the cubic monomials x%,i=1,2,3
provide the equations

2

3 3x
C, =—=ne” (QXg —stoz){sgz (1—r—2°1]—4(r02 —5x§1)}

32
2 i (51)
3
+3—2ng4 [1—5?][@; ~ D3 )(r -5, ) ~10%, (%,,D3 - xosD;)]
2
C, = 3327:32 (Qu%o, — QiXos )[552 (1— 3X§2 J— 4(r; —5x, )}
" 2)
3 2
+3—2ng4 (1-%}[(@3 — D3 )(r? 5%, ) ~10%,, (%557 - x01D§)]
3 3x2
Cy =2=m" (Quls - szol){sf (1—%} —4(r? —5x§3):|
0
(53)

2
+%ne4 (1—6%2][(@ ~D?)(rZ ~5%% ) ~10%; (%, D3 ~ X, Df)}

The coefficients of the monomials involving the cross-product terms xij , 1= ], 1,]=12,3, provide the
following equations

3 3%y 15 3¢’
Cp = 5“’52 (stm _leos)|:5€2 (1—%)—4(%2 ~5%3, )} +En‘92 (szos _Q3X02)(4_r_2J Xo1Xo2
0 0

2
+3—321tg4 [1—%}[@5 D} )(1y =5%5; ) ~10(D3 — D3 ) X Xg ~10%, (%02 D3 = XgD; ) 54)

0
—10xp, (Xos Dil - X01D§) —10xp, (on D32 — Xoa Dz2 )J

2

3 3X 15 3¢’
Cp =——me” (QyXg5 — QX ){552 [1—%] ~4(r7 -5x5, )} + EMZ (Q3Xoy — Qi Xos )[4 —r—zj Xo1 X0

2732 % :

2
210 £ (0202 96,001 Bt S0 (0 i) 69
0

_10X02 (Xoa Dz2 — X2 D32 ) _10X02 (X01D§ - X03D11 ):|

3 3x2 15 3&?
Cy = 3—211352 (QX —Q, xm){ng (1—%] - 4(r02 -5%, )} +=me? (QuXy — QuXeg )(4 —iz] X4 Xo3
r, 16 ry
3 2
+3—2ng4 (1-%}[(@ ~D?)(r¢ 5%, ) ~10(D} — D} ) Xgp X5 ~10%g5 (X5 DF — X, D? ) (56)
0

—10xq, (X01 Dz2 %o D12 ) —10xq, (Xos Dl3 —Xo1 De? )J

@
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3 3%; 15 3¢?
C, = 3—21152 (Qs%g — QX )[552 (1_r_23j —4(ro2 —5%%, )} +En82 (QX —Q, xm){4—r—2J Xop Xo3
0 0

_ 3 e {1—;%][@; — D7 )(r2 ~5x3 ) ~10( D7 — D} ) X Xgs — 10y, (%, D — %, D3 ) (57)

0

—10x4, (X01D§ - X03D13 ) —10x4, (on D12 - X01D22 ):|

3 3%y 15 3¢?
Ca = 5“52 (szos _Q3X02)|:552 [1_%] _4(r02 ~5Xg, )} +—me’ (leoz _szm)["’__zj Xo1%o3
ry 16 I
3 &
+§n54 (1_WJ[( D - D3 )(1y —5%55 ) ~10( D} — D} ) XgqXgs ~10Xy; (X01 D5 — %5, D7) (58)
0

—10%p, (on D?? — Xoa Dg) —10xg, (X01D; —Xp2 Dil )]

2

3 3% 15 3&?
Cpy =——me? QX — QX )| 567 | 1-=2 —4(r02 —5x§1) +=me? (QuXos — QuXop )| 4= | XoXos
32 I, 16 r

_3 e [1-5%}[( D2 - D} ) (12 =52, ) ~10( D — D2 ) Xy Xy ~10g, (%5503 — X, D3) (59)
0

—10xp, (on Dl1 - X01D;)_10X01 (Xoe,Dz3 — Xo Dg )J

where it is straightforward to verify the constraints (38)-(40). Finally, from the equality of the coefficients of the
product terms  x,x,X, in Equations (32) and (37) we obtain

15 &?
Cis = En‘gz (4 - 3r_2] [(leoz —Q, X1 ) X1 %05 +(QaXor = Qi Xs) X1 X3 +( Qa5 = QsXos ) %o Xos}
0

15

2
_5“54 (1_%J[( D; - D12)X01X02 +(D32 - D23)X02X03 +(D13 - Dé)xmxos (60)
0

2 2 3 3 1 1 3 3
+ X01(X01D2 —Xoo Df + X5 D = X5, D )+ Xoz (X01D2 — Xo2 Dy + %5, D5 — XoaDz)
1 1 2 2
+ Xo3 (Xole - X01D3 + Xz D3 - X03D2 )}

The solution of the above nonlinear system of algebraic equations determines the position, the orientation and
the size of the disk that supports the primary neuronal current. A series of numerical tests to obtain the solution
of this system show that there exists a unique real solution.
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Appendix

The four basic integrals we need to calculate are

I, =¢_rds

I, :g5D£r®rds
I =<f>Dgr®r®rds

|4=<.f>Dgr®r®r®rds.

Choosing r, =r,X, and using cylindrical coordinates, so that

r=(pcose,psing,r,), pel0,¢], pe[0,2n)

we obtain
2n pe “ . . R i
1, =[], (peos@%, + psin g%, +1,%;) pdpde = ne’r,%;.
Similarly,
2= J, T (peos @R+ psingR, +1,%) ®(pcos o, + psin o, +1,%,) pdpde
J.UZHE(p C0s” 9% ® X, + p*sin” X, ® X, +17'%; ® )A(s)pdpd(o
ne’
T(X1®x1+x2 ® R, )+ me iR, ® K,
6‘ - 2
225 ) 0,
and

I [, (pos%, + psin g, +1,%, ) ® (pcos g%, + psin X, +1,%, )
®(pcospX, + psinX, +1,X;) pdode
£

4

O
84 (xl®x1®x3+xl®x3®x1+x3®x1®x1)-|'02 cos’ pdgp

°(% ®x2®x3+x2®x3®x2+x3®x2®x2j sin pdg

+

2,3

B o .
0 x3®x3®x3j02dqo

4
_mER

[((®%+%,®%)®%+X®(XO% +X,®XK,)
+XOK®K + R, @K, ®K, |+’ X, ® Ry ® Ky

4
_me'n,

[%@T+T® %+ X O, @K + X, ®% @K, |

ne’r, (

+ 2 - 8% ) %, ® %, ® %,

Finally, for the tetradic integral [16] we obtain
2n e ~ . ~ ~ ~ . A A~
L= [, [ (pcosp, + psingX, + 1%, ) ® (pcospX, + psin X, + 1, %)

®(pCcospX, + psinpX, + 1%, ) ®(pcospX, + psineX, +1,%, ) pdode
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which involves 3* =81 tetrads. However, the only tetrads that are not multiplied by a vanishing factor are
those that contain the following five integrals
2 . 2 _ 2n 2 _
["sin® pdg = [ " cos® pdgp = n
3n

n .oy _ 2n 4 _on
J.O sin (od¢7—jo cos” pde = 2

o 2 2 _T
jo sin® ¢ cos (pd(p—4.

Therefore, we arrive at the following combination of the survived 21 tetrads

6
I, =2 [33,®% ®%, @K +3%, O, ®K, @K, + X, K ®OK, @K, +%, ®K, @K ® X,
TR OROK O+ OK, @K, Ok + %, O O, @K +%, O O ®K,]

4.2
ne'r,

[, OK®KOK+X,OKOKOK+X,OK, O, ®K+X,®K,®K, ®X,
FXOK OK OK g+ X K, K, B K+ Xy ®K RX @K, + Xy ® X, ® Xy ® X,
+X, 0%, ®K,OK+X, OK O ®K, + X, O K, OK, O K, + X, ®K, ®K, O K, |
+1E ) Ry ® Ky ® Xy ® K,

The integral 1, appears in Formula (32) in the form

<35D£r’®r'®(r’-|5xr’)ds(r’)

which, in view of the condition (14), implies that whenever the third vector of a tetrad is the base vector X, the
corresponding term vanishes. Hence,

<]5D_r'®r’®(r'~ Dxr’)ds(r’)

6
=T [(3%,® %+ X, ®%,)®(% Dx %) +(X, ®% +3% ®%,)

[R @R ®(X DR +%, - Dx%, ) +(XO%+ X OF,)

SN

®(%,-Dx Ry )+ (% @ %+ X, ® R, ) ® (X, - Dx %) |-

Substituting 1, and 1, in the integral expression of H,, as it is given in (32) and performing the indicated
algebra, we arrive at the expression

H,(r)= 15n;2r0 K%_rozj(r.f(g)z +r? (%—%J}(rig xQ)

[(r)?1)2(f+2>21®>21)+(r~>22)2(f+2>“<2®>22)

+2(r-%)(r-%,) (%, ®%, + %, ®%)]: Dxr

4.2
DT (g )[2(r %) R @ % +2(r+R,) R ® Ry + (%) []: Dxr

ne'r
- [252+3r02J(r~d).

Further manipulations show that
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(r&) +(r&) =ror:(i-%,0%)
[(r-il)z 2L®%+(r-%,) §<2@ﬁz+(r.>zl)(r->22)(>zl®>zz+>22®§<1)]:5xr:r®r:(r.5x>zg)®>zg

[(r%)%®%X +(r-%,)%,®X, |:Dxr=%,®r:Dxr.

In view of these identities the expression for H, is rewritten as

2.3
-8 )05 a2 5
r0
4 2
+5g; (roz—%j{gl’zf—?a(r-&)zf—ﬁ(r'ia)&@r}:ﬁxr'

The above intermediate calculations are used to derive Formulae (30), (31) and (32), where the special direc-
tion X, isreplaced by the arbitrary direction F, .
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