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Abstract

In the present work we investigate some classes of graphs and disjoint union of some classes of
graphs which admit prime labeling. We also investigate prime labeling of a graph obtained by
identifying two vertices of two graphs. We also investigate prime labeling of a graph obtained by
identifying two edges of two graphs. Prime labeling of a prism graph is also discussed. We show
that a wheel graph of odd order is switching invariant. A necessary and sufficient condition for the
complement of W, to be a prime graph is investigated.
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1. Introduction

We begin with simple, finite, undirected and non-trivial graph G =(V,E) with the vertex set V and the edge
set E. The number of elements of V , denoted as [\/| is called the order of the graph G while the number of
elements of E, denoted as |E| is called the size of the graph G. In the present work C_ denotes the cycle
with n verticesand P, denotes the path of n vertices. In the wheel W, =C, + K, the vertex corresponding
to K, is called the apex vertex and the vertices corresponding to C, are called the rim vertices. For various
graph theoretic notations and terminology we follow Gross and Yellen [1] whereas for number theory we follow
D. M. Burton [2]. We will give brief summary of definitions and other information which are useful for the
present investigations.

Definition 1.1: If the vertices of the graph are assigned values subject to certain conditions then it is known as
graph labeling.

For latest survey on graph labeling we refer to J. A. Gallian [3]. Vast amount of literature is available on
different types of graph labeling and more than 1000 research papers have been published so far in last four
decades. For any graph labeling problem following three features are really noteworthy:
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¢ aset of numbers from which vertex labels are chosen;
* arule that assigns a value to each edge;
* acondition that these values must satisfy.

The present work is aimed to discuss one such labeling known as prime labeling.

Definition 1.2: A prime labeling of a graph G of order n is an injective function f:V —>{1,2,-~-,n}
such that for every pair of adjacent vertices u and v, gcd ( f(u),f (v)) =1. The graph which admits prime
labeling is called a prime graph.

The notion of prime labeling was originated by Entringer and was discussed in A.Tout [4]. Many researchers
have studied prime graphs. It has been proved by H. L. Fu and C. K. Huang [5] that P, is a prime graph. It has
been proved by S. M. Lee [6] that wheel graph W, is a prime graph if and only if n is even. T. Deretsky [7]
has proved that cycle C, isa prime graph.

Definition 1.3: A vertex switching G, of a graph G is the graph obtained by taking a vertex v of G,
removing all the edges incident to v and adding edges joining to every other vertex which is not adjacent to v
in G.

Definition 1.4: A prime graph is said to be switching invariant if for every vertex v of G, the graph G,
obtained by switching the vertex v in G isalso a prime graph.

Definition 1.5: For two graphs G, =(V,,E,) and G, =(V,,E,) their cartesian product G,xG, is defined
as the graph whose vertex set is V,;xV, and two vertices (u,,v,) and (u,,v,) in G xG, are adjacent if
u, =u, and v, isadjacentto v, or u, isadjacentto u, and v, =v,.

Definition 1.6: C_ x P, is called prism graph.

Bertrand’s Postulate 1.7: For every positive integer n>1 thereisaprime p suchthat n<p<2n.

2. Some Results on Prime Labeling

Theorem 2.1: If G, is a prime graph with order n, where n isevenand G, isa graph with order 3 then
disjoint unionof G, and G, isa prime graph.
Proof: Let u,,u,,u,,---,u, be the verticesof G, and v,,v,,v, be the vertices of G,.Let G be a disjoint
unionof G, and G,.Now G, isa prime graph, so there is an injective function
f:{u;,U,,uz,+-,u,} = {1,2,---,n} such that for any arbitrary edge e =u,u;, we have gcd(f (up), f (uj)):l.
Define a function g :{u,,u,,us,---,u;,v;,V,,Vy} = {1,2,---,n,n+1,n+2,n+3} as follows:

f(u, foru=u,i=12---,n;
g(u):{nii) foru=v,i=
u=v,i=123.

Clearly g isan injective function.

If e=uu; isanyedgeof G then gcd(g(ui),g(uj))zgcd(f(ui),f(uj))zl.If e=vyv, then
ged (9(v).9(v,))=ged (n+1,n+2)=1.If e=v,v; then gecd(g(v,),9(v;))=ged (n+2,n+3)=1.If
e=vy, then ged(g(v,),g(v;))=ged(n+1,n+3)=1 as n iseven.

Thus G admits a prime labeling. So G is a prime graph.

Theorem 2.2: If G, is a prime graph with order n, where n is divisible by 6 and G, is a prime graph
with order 5 then disjoint union of G, and G, isa prime graph.

Proof: Let u,,u,,u,,---,u, be the vertices of G, and v,,v,,v;,v,,v; be the vertices of G,.Let G be the
disjointunionof G, and G,.Now G, isa prime graph, so there exists an injective function
f:{uy, Uy, Uz, U, } = {1,2,---,n} such that for any arbitrary edge e=uu; of G, gcd(f(ui),f(uj)):l.
Also G, is a prime graph, so there is an injective function g:{v;,v,,v;,v,,v;} —{1,2,3,4,5} such that for
any arbitrary edge e=vy, of G,, gcd(g(vi),g(vj)):l. Define a function
ho{ug, Uy, U,V Vg, Vs } = {1,2,---,n+4,n+ 5} as follows:

h(u) f(u) for u=u,i=12--,n;
u)=
n+g(v) for u=v;,i=1234,5.

Clearly h isan injective function. To prove h isa prime labeling of G we have the following cases:
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Case 1: If e=uu; isanyedgeof G, then ged (h(u;),h(u;))=ged(f(y), f(u;))=1.

Case 2: Suppose e =V,v; is any edge of G, and gcd(h(vi),h(vj)): ged <n+g(Vi),n+g(V]~ )):d . Here
d is an odd natural number as n is even and at least one of g(v,) and g(vj) is odd. As d|(n+g(vi ))
and d|(n+g(vj)) S0 d|(g(vi)—g(vj)). But possible values of ‘g(vi)—g(vj )‘ are1,2,3and4,and d is

odd. So d=1 or d=3.1f d=3 then 3(n+g(v;)) and 3|(n+g(vj)).AIso 3)n, therefore 3| g(v;) and

3/g(v; ), which is not possible as gcd(g(vi),g(vj)):l.Thus d =1, hence gcd(h(vi),h(vj)):l.

Thus G admits prime labeling. So G is a prime graph.

S. K. Vaidya and U. M. Prajapati [8] has proved that if n, >4 is an even integer and n, is a natural num-
ber, then the graph obtained by identifying any of the rim vertices of a wheel W, ~with an end vertex of a path
graph P, isa prime graph. But in the following theorem we have prove that if n, is odd then also it is prime.

Theorem 2.3: If n +n,=p, where p is prime then the graph obtained by identifying one of the rim
vertices of W, withanend vertexof P, is prime.

Proof: Let u, be an apex vertex of W, and u,,u,,u,,- Uy be consecutive rim vertices of W and
Vi, Vo, Vg, ooV, are consecutive vertices of P . Without loss of generality we can assume that G(V E) be the
graph obtained by identifying a rim vertex u, of W, with anend vertex v, of B, . Define f:V —>{1 2, |V|}
as follows:

p for u=u,;
f(u)=+i foru=u,,i=12,---,n;
n+j-1 foru=v;, j=23n,

Clearly f is an injective function. Let e be an arbitrary edge of G. To prove f is a prime labeling of
G we have the following cases:

Case 1: If e=u,y, then gcd(f(uo),f(ui)):gcd(p,i)zl, Vi=12,n
Case 2: If e=u.u., then gcd(f(ui), ui+l)):gcd(i,i+1)=1, Vi=12,-,n-1.

iFi+l

Case 3: If e=v,v;,, then gcd| f

j+1

f(
vj),f(vm)):gcd(n1+j—1,nl+j):l, Vj=2,,n,—1.
Case4: If e=uy, then ged(f(u,), f(v,))=ged(1,n +1)=1.
Case5: If e=u,u, then gcd(f(unl),f(ul)):gcd(nl,l):l.

Thus G admits a prime labeling. So G is a prime graph.

Theorem 2.4: A path P,, and m copies of cycle C, are given, then the graph obtained by identifying
each edge of P, withan edge of a corresponding copy of the cycle C, is prime.

Proof: Let v,,v,,v,,---,v,,, be the vertex of P, ., and u,;,u,;,u,;,---,u,; be the vertices of i copy of
cycle C, where i:1,2 ,m. Let G be a graph obtained by identifying an edge u,;u,; of i" copy of
cycle C, with an edge vyv,,, of path P , where i=12,---,m. Let V be the set of vertices of G then

IV|=m(n-1)+1. Define a function f:v —>{1,2, [\/|} asfollows:
1+(i-1)(n-1) foru=v,,i=12,--,m+J
- (i-1)(n-1)+j foru=u;,i=12-,m j=273--,n-1

ji

Clearly f is an injective function. Let e be an arbitrary edge of G. To prove f is a prime labeling of
G we have the following cases:

Case 1: If e=vy,, then ged(f(v),f(v,))=gcd(1+(i-1)(n-1),1+i(n-1))=1,for i=12,--,m
f

_CaseZ If e=uju,,, then gcd(f(u“), (uJ+1 )) ged ((i-1)(n=1)+ j,(i-1)(n-1)+ j+1)=1, for
j=2,3,---,n-2 and i=12,

Case 3: If e=vu,; then gcd(f( i),f(uzyi))=gcd (1+(i-1)(n-1),2+(i-1)(n-1))=1.
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Case4: If e=ug, V., then gcd(f(u(nfl)vi),f( I+l)) ged (i(n-1),1+i(n-1))=1.

Thus G isaprime graph. So G isa prime graph.

Theorem 2.5: Acycle C, and m copies of a cycle C, are given, then the graph obtained by identifying
each edge of C_ with an edge of corresponding copy of the cycle C, is prime.

Proof: Let v,,v,,vy,---,v, be the vertices of C and u,;,u,;,u;;,---,u,; be the vertices of i copy of
cycle C, where i=12,---,m. Let G be a graph obtained by identifying an edge u,;u,; of i" copy of
cycle C, with an edge v, of cycle C , where i=12,---,m-1 and an edge ulmunm of m" copy of
cycle C, with an edge v,v, of cycle C_ . Let V Dbe the vertex set of G then |V| —1). Define a

function f:V —>{1,2,-~-,|V|} as follows:
1+(i-1)(n-1) foru=v,,i=12-m
( :{(i—l)(n—l)+ j foru=u;,j=12--n-1i=23:-.-m
Clearly f is an injective function. Let e be an arbitrary edge of G. To prove f is a prime labeling of

G we have the following cases:
Case 1: If e=vy,, then ged(f(v), f(v.,))=ged(1+(i-1)(n-1),1+i(n-1))=1,for i=12,.,m-1.
Case 2: If e=v,v, then ged(f(v,),f(v,))=gcd(1+(m-1)(n-1),1)=1
_Case3: If € =UjU ), then gcd(f f( (1) ))_gcd -1)(n- 1)+J( )(n—1)+j+1):1,for
j=2,3,-,n-2 and i=12,-
Case 4: If e=Ug, ;) Vi1, gcd( (u(n—l),i)’f( I+1)) ged (i(n-1),1+i(n-1)) =1, for i=12,--,m-1.

Case5: If e=u,, v then ged (f (u(nfl)’m), f (vl)) =ged(m(n-1),1)=1.

Case 6: If e=vu,, then ged(f(v,), f(u,,))=ged (1+(i-1)(n-1),2+(i-1)(n-1)) =1, for
i=12,---,m

Thus G admits a prime labeling. So G is a prime graph.

S. K. Vaidya and U. M. Prajapati [9] have proved that switching the apex vertex in W, is a prime graph and
switching a rim vertex in W, is a prime graph if n+1 is prime. But in the following theorem we have proved
that W, is switching invariant if n is even.

Theorem 2.6: W, is switching invariant.

Proof: Let v,,v,,v,,---,V,, be rim vertices and v, be an apex vertex of W, . According to the degree of

vertices of W, we can take the following cases.
Case 1: Let G be a graph obtained by SW|tch|ng arimvertex v, .Let p bea largest prime less than 2n.

Define a function f:V(G)— { |V |} as follows:
1 fori=0;
F(v)= p+i fori=12,---,2n—p+1
' i—-2n+p fori=2n-p+2,2n—-p+3,---,2n-1;

p fori=2n.

Clearly f is an injective function. Let e be an arbitrary edge of G. To prove f is a prime labeling of
G we have the following cases:

* If e=vy, i=2n then ged(f(vy), f(v))=gcd (L, f(v))=
« If e=vy,,, i=12-,2n—p then ged(f(v),f(v,))=ged(p+i,p+i+1)=1.

Vil
© If e=Vy, 50V ey then ged (f (V(2n_p+l)), f (V(2n_p+2))) =gcd(2n+1,2)=1.
e If e=vyv,,, i=2n-p+2,2n—-p+3,---,2n-2 then

ng( (i)’f(l+l)) ng( 2n+p,i—2n+p+1):
* If e=vy,, i=23.-,2n-2 then gcd(f(v), f(v,,))=gcd(p+i,p)=ged(i,p)=1,as p isthe

largest prime less than 2n.
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Case 2: Let G be a graph obtained by swnchmg an apex vertex V.

Define a function f:V(G)— { |V |} as follows:
f(vi)={| for_|=1,2,~--,2n;
2n+1 fori=0.

Clearly f isan injective function. It can be easily verified that f isa prime labeling.

Thus from both the cases it follows that G is a prime graph.

Theorem 2.7: The complement of W, is prime if and only if 3<n<6.

Proof: We can easily see that W, is prime for n=3,4,5 and 6 from Figure 1.

Now if n>7 then (n-3)>4 and every rim vertex of W, is adjacent to other (n—3) rim vertices. We

n+1 . . . Lo
have total [T} even numbers to assign n+1 vertices. If one of the rim vertices is labeled as even number

then other n—3 vertices can not be labeled as even number. Also remaining two rim vertices are adjacent, so
only one of them can be labeled as even number. The apex vertex can also be labeled as even number. Thus
maximum three vertices can be labeled as even number. But if n>7 then we have 4 or more even numbers to
label. So it is not possible. Thus W._ is not prime for n>7.

Theorem 2.8: Let p>3 be a prime number and take p-2 copies of C_,, then the graph obtained by
identifying one vertex of each copy of C_,, with corresponding pendant vertex of K,  , is prime.

Proof: Let u, be an apex vertex and Uy, Uy, g, U be pendant vertices of K, Lp2 - Also let

Vi Vig Vigioo Vi, DE the vertices of i copy of Cp+1 Now let G be the graph obtained by |dent|fy|ng a
pendantvertex u of K, , withavertex v, ., of i" copy of Cpﬂ,where i=12,--,p-2.
Define a function f:V(G)—>{1,2,--,V|}, where |V|=(p-2)(p+1)+1 as follows:
1 foru=u,;
f(u)=1i(p+1)+1 foru=u=v, ., i=12-,p-2

(i-1)(p+1)+j+1 foru=v,,i=12--,p-2 j=12,,p.

ij?
Clearly f is an injective function. Let e be an arbitrary edge of G. To prove f is a prime labeling of
G we have the following cases:

Case 1: If e=ugu, =V, ,.,;, ged(f(up), f(u))=gcd(Li(p+1)+1)=1,for i=1,2,-.,p-2.

Case 2: If e=v, v, ,,, gcd( (vip) f( u+1)) ged ((i-2)(p+1)+ j+1,(i-1)(p+1)+ j+2)=1 for
i=1,2,---,p—2 and j=1,2,---,p.

Case3:If e=v,v, ., thenfor i=1,2...,p-2 and j=1,2,---,p,

gcd( (Vi) f (,pﬂ)) ged ((i-1)(p+1)+2,i(p+1)+1)
=ged ((i-1)(p+1)+2,i(p+1)+1-(i-1)(p+1)-2)
=ged((i-1)(p+1)+2,p)
=ged ((i-1)(p+1)+2-(i-1)p, p)
(i

+1,p)

=gcd (i
=1 (a5|<p 1soi+1< pand pisa prime.)

®

@
® ® O @

Figure 1. Prime labeling of W,
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Thus G admits a prime labeling. So G is a prime graph.

Theorem 2.9: If n>3 isan odd integer then the prism graph C_ x P, is not prime.

Proof: In the prism graph C, x P, there are two cycles C, . So total number of vertices are 2n. So we have
touse 1to 2n natural numbers to label these vertices, and from 1 to 2n there are n even integers. If n is

n-1 . .
odd then we can use at the most — even integers to label the vertices of a cycle C,. We have such two

cycles, so we can use at the most Tl+n71 =n-1 even integers to label the vertices of C, xP,. But from 1

to 2n thereare n even integers. So such prime labeling is not possible.
Thus C, xP, isnotprimeif n>3 isanodd integer.
Theorem 2.10: If p >3 isa prime number then the prism graph C_ , xP, is prime.
Proof: In the prism graph C_ , xP,, let v;;,v;,,v, 5,V ,, be the vertices of one cycle and v, ,,v,,,
Vo, v2 o1 De the vertices of the other cycle and a vertex v,; is joined with v,, by an edge for

i=12,--,p-1. Define a function f:V(G)—{1,2,---,2p- 2} as follows:

j fori=1j=12,--,p-1
f(vi))={p+j fori=2,j=12.p-2
p fori=2, j=p-1

Clearly f is an injective function. Let e be an arbitrary edge of G. To prove f is a prime labeling of
G we have the following cases:

Case 1: If e=v, v, then gcd(f(vlj), (vlm)):gcd(j,j+1):1,for j=1,2,-,p-2.

Case 2: If e=v, v, then gcd(f(vzj) (vzﬁl)):gcd(erj,p+j+1):1,for j=12,,p-3.
Case 3: If e=v,v,,, then gcd(f(v1 ). f (vlpl)):gcd(l,p—l):

Case4:If e=v, v, , then gcd( Voo 2 v2 p_1))=gcd(2p—2, p)=1.

Case 5: If e=v,,v,,, then gcd( (vzvl),f(vzypfl)):gcd(erl, p)=

Case 6: If e=v, v, then gcd(f(vl,j),f(vz,j)):gcd(j,p+j):gcd(j,p):1,for j=12,p-2.

Case 7:If e=v,, v, , then gcd (f (Vipa) f (Vz,p—l)) =ged(p-1,p)=1

Thus G admits a prime labeling. So G is a prime graph.
Theorem 2.11: A graph obtained by joining every rim vertex of a wheel graph W, with corresponding
vertex of acycle C_ , isaprime graph, where p isa prime number not less than 3.

Proof: Let v, be an apex vertex and v;,v,,V,,---,v,, be rim vertices of W . Also u,,u,,u,,---,u,, are

the vertices of C_,. Let G be the graph obtained by joining a vertex v, of W , withavertex u of C ,
by an edge, where i=1,2,---, p—1. Define a function f:V(G)—{1,2,---,2p-1} as follows:

i foru=v,,i=12,---,p-%
f(u)=1p for u=v,;
p+i foru=u;,i=12,--,p-1.

Clearly f is an injective function. Let e be an arbitrary edge of G. To prove f is a prime labeling of
G we have the following cases:

Case 1: If e=vy,, then ged(f(v),f(v,,))=gcd(i,i+1)=1,for i=1,2,-,p-2.

Case 2: If e=vy,, then gcd(f(vl),f(vpfl))=gcd(1,p—1)=1

Case 3: If e=v,v, then gcd(f(vo),f(v.)):gcd(p,i):l,for i=1,2,---,p-1.

then ged (f (u;), f(u,,,))=gcd(p+i,p+i+1)=1,for i=1,2,.--,p-2.

Case 4: If e=u.u,

i+l
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Case 5: If e=uu, then gcd(f(ul),f(up_l))zgcd(p+1,2p—1):1.

Case 6: If e=vu, then ged(f(v,), f(u))=ged(i,p+i)=1,for i=1,2,-,p-1.
Thus G admits a prime labeling. So G is a prime graph.

3. Concluding Remarks

Study of relatively prime numbers is very interesting in the theory of numbers and it is challenging to investigate
prime labeling of some families of graphs. Here we investigate several results of some classes of graphs about
prime labeling. Extending the study to other graph families is an open area of research.
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