Applied Mathematics, 2014, 5, 1741-1749 #%%* Scientific
Published Online June 2014 in SciRes. http://www.scirp.org/journal/am .02:0 Research
http://dx.doi.org/10.4236/am.2014.512167

Fractional Langevin Equation in Quantum
Systems with Memory Effect

Jing-Nuo Wu?, Hsin-Chien Huang?, Szu-Cheng Cheng?!*, Wen-Feng Hsieh?*

1Department of Optoelectric Physics, Chinese Culture University, Taiwan

2Department of Photonics and Institute of Electro-Optical Engineering, Taiwan

Email: jingnuowu@gmail.com, hchuang@faculty.pccu.edu.tw, *sccheng@facultv.pccu.edu.tw,
*wfhsieh@mail.nctu.edu.tw

Received 18 April 2014, revised 21 May 2014; accepted 29 May 2014

Copyright © 2014 by authors and Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).

Abstract

In this paper, we introduce the fractional generalized Langevin equation (FGLE) in quantum sys-
tems with memory effect. For a particular form of memory kernel that characterizes the quantum
system, we obtain the analytical solution of the FGLE in terms of the two-parameter Mittag-Leffler
function. Based on this solution, we study the time evolution of this system including the qubit ex-
cited-state energy, polarization and von Neumann entropy. Memory effect of this system is ob-
served directly through the trapping states of these dynamics.
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1. Introduction

Application of the fractional calculus on physics has attracted an increasing attention this decade including
physical kinetics [1], anomalous transport theory in solid-state physics [2], and nonlinear dynamics [3]. These
applications aim to explore the nonlocal quantum phenomena found for either long-range interactions or
time-dependent processes with long-time memory effect. Fractional space and time derivatives are used to
describe these systems with nonlocal dynamics, e.g. anomalous diffusion or fractional Brownian motion [4] [5].
Recently, the fractional time derivative is given a physical interpretation by lomin which describes an effective
interaction of a quantum system with its environment [6]. Here we will introduce the practical quantum system
with long-time memory effect [7].
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Quantum information systems are currently attracting enormous interest for their fundamental nature and
potential applications to computation and secure communication. Many novel methods have been proposed to
generate controllable qubit states through the environment of the qubits [8]-[10]. When a qubit made of a two-
level atom is embedded inside a structured reservoir with memory effect, the correlation between the qubit and
environment will affect the dynamics of the qubit [7] [11] [12]. In this case, the effective interaction of the qubit
with the photon modes of the environment is expressed as a memory kernel. In this paper, we take a particular
memory kernel of an anisotropic photonic crystal (PhC) as an example to illustrate the method and suitability of
applying fractional calculus to this qubit system. We find that the Kkinetic equation can be expressed as a
fractional generalized Langevin equation (FGLE) when the fractional time derivative is used to express memory
kernel term. The expression of FGLE opens a new route for the application of fractional calculus to quantum
information systems.

This paper is organized as follows. In Section 2, we present a FGLE for the quantum system with memory
effect. The general solution of this FGLE is expressed in terms of two-parameter Mittag-Leffler function
through the methodology of Laplace transform. In Section 3, a particular memory Kkernel characterizing the
quantum system of a qubit in an anisotropic PhC is used to illustrate the solving procedures of the FGLE. Based
on the analytical solution of this FGLE, we study the dynamics of the qubit energy, polarization and von Neu-
mann entropy. Finally, we summarize our results in Section 4.

2. Fractional Langevin Equation

When the quantum system with memory effect is considered, the general form of the kinetic equation can be
derived from the time dependent Schrédinger equation as
dA(t
#:—I:K(I—T)A(T)dr (1.1)

where A(t) denotes the time evolution of the quantum system and K(t—z) the memory kernel of the
reservoir. This kinetic equation reads that the future of the system is determined by the memory of the reservoir
in its previous state.

To solve Equation (1.1), we introduce the Laplace transform. When the Laplace image of the memory kernel
K (t) is considered, we need to construct a Cantor set with infinite number of divisions of time interval because
no characteristic time scale exists in this memory kernel. As the Cantor set is constructed, we could choose the
entire time interval as T with unity height. When the central part of the time interval is removed, the interval
leaves two intervals with length &T (§<]/2). In order to keep the integral memory, the heights of the two
intervals must be increased from unity to the value T/(2§). In the next stage, each remaining interval with
length &T is subjected to the same division process. As the division process is performed n times, the
memory kernel in Laplace image will be represented by a set of 2" intervals with length &"T and height
T/(Z.f)n . The integral of the memory kernel in Laplace image is approached as the division time n is taken to
be infinity. This approach leads to the Laplace transform of the memory kernel has the form of
K(s)= :e‘S‘K(t)dt o (sT)" with v being the fractal dimension of time blocks participating in the
construct of the Cantor set. ~

As the inverse Laplace transform is performed on the kernel K(s); s, we obtain the memory kernel
approximately as

K(t-7)~(t-7)" /T (v) (1.2)

with Gamma function F(x) . Substituting this memory kernel into Equation (1.1), we have the Kinetic equation as
dA(t) 1 t v-1

— == t— A(r)dz. 1.3

a Ty Rt A ¢3

Comparing the right-hand-side term of this equation with Riemann-Liouville fractional derivative

df(t) 1 .

= t— f(r)dr, 1.4

dt—v F(V) Io( T) (T) T ( )
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we could express the kinetic equation as a differential equation with fractional order, i.e.,
dA(t) . dA(t) B
dt at”

In order not to lose the initial conditions of the quantum systems, we apply the integral operator (d’l/dt’l) to
this equation and obtain

(1.5)

d At
AW-a©)+ LAY 2o, 0
This differential equation with negative fractional order could be further processed through manipulating the
fractional differential operator. This manipulation yields
t—v—l

dV+1A(t) A(t)=A(0)r(v).

dtv+1
Here we have expressed the kinetic equation of this quantum system with memory effect as a FGLE through
using the fractional time derivative for the memory kernel.
When we proceed to solve the FGLE through Laplace transform, we need the formula of Laplace transform in
fractional order

1.7)

d“ © —st d” v 'S k u-k-1
L{Wf(t)}zjoe Wf(t)dtzs L{f (1)} X" D¢ (0)] (1.8)

k=0
with Laplace variable s. Here the operator of fractional calculus ,D," is defined as
d'/dt",  Re[v]>0
D =11, Re[v]=0 (1.9)
[[(dr)", Re[v]<0

with Re[v] being the real part of the order v and the fractional derivative d” /dtV being defined through
the Riemann-Liouvile form in Equation (1.4). And the Laplace transform of exponential order t™* could be
obtained from elementary calculus as

-v-1 | _ F(_V) dn —v+n—- | _ _ —-v-1

if —v+n>0. With these two formula, the Laplace transform of the FGLE has the algebraic form as
- L m N dn m+v+1
A( ) V +1 (ZS tn pn-mivil A(O)]

This algebraic form could be expressed as a sum of partial fractions as

]: I(-v)s™™ (1.12)

t=0

A(S):Zn:—(sv _ax v (1.12)

with expansion coefficients a, and X, being the roots of the indicial Equation (1.11).
When the inverse Laplace transform is performed on these fractional expansions of A(S), we need the
formula

S —Xn) =

Ll{(v;}:ixrflﬁ(jv—l,xn“) (1.13)

with positive integer g =1/v and the two-parameter Mittag-Leffler function E, (a, a) . The analytical solution

of the FGLE is obtained as
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q

A(t)=Ya, > X E (jv-1.X) (1.14)
n j=1

which is a linear combination of the two-parameter Mittag-Leffler functions. These two-parameter Mittag-
Leffler functions are defined as

4 e ()
E (a,a)=——e% =t“ 1.15
(e2) dt”’ ZI“(oc+n+1) (1.15)
with the derivative formula
d#
dt_/‘Et ((l,a)ZEl (a—y,a). (116)

n
©

o Oﬁ through

They are related to the one-parameter Mittag-Leffler function E ( ) Z

E, (at*) =" a"E (na,a®) with positive integer q=1/a [4].

n=0

3. A Particular Memory Kernel

In this section, we consider a quantum system of a qubit in an anisotropic photonic crystal (PhC) with a parti-
cular memory kernel as shown in Figure 1. The Hamiltonian of this quantum system is

H = a0y, + Y hoata +inyg, (a oy -oya ) (1.17)
k k

k

Here the atomic operators o, =i)(j| (i, j=0,1) obey the commutation relation of | oy, 0, | = 8,0y, — 50
with the Kronecker delta function &; . And the photon operators a. and aA follow the commutatlon rules of
[a;.a,]=0, [a;,a;]=0 and a‘,aa] 8. . The frequency 6010 stands for the atomic transition frequency

from excited state |1> to ground state |0) and o, for the photon mode frequency of the reservoir with wave-

vector k. The coupling strength between the atom and the photon (electromagnetic field) is characterized by

K ho | 20V
constant e, and polarization unit vector éE of the photon mode with frequency o .

2
g :wm—dm{i} éR -Gy with the fixed qubit dipole moment d,, =d,l,, sample volume V , dielectric

@ (b)

AT

Figure 1. (Color online) (a) A qubit with excited state |1)

and ground state |O) . The transition frequency ,, is nearly

resonant with the frequency range of the PhC reservoir; (b)
Directional dependent dispersion relations near band edge
expressed by the effective-mass approximation with the edge
frequency «, by solid and dashed curves; (c) Photon DOS

p(a)) of the anisotropic PhC reservoir exhibiting forbidden
photon mode below the edge frequency o, .
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As we assume only one photon is created or annihilated for one atomic transition (single-photon sector), the
wave function of the system has the form

(1) = At)e ™

L{o.})+D(v)]ofo, )+ X8, (t Je [o.fe, ) (1.18)

with the initial condition A(0)=¢'" cos[e2 j D(0)= sin(e—zoj and B, (0)=0. The equations of motion for

(
the amplitudes A(t), D(t) and B (t) can be obtained when we project the time-dependent Schrédinger
(t)

a
|'/’t>

equation H |y/ > on the single-photon sector of the Hilbert space as

d
aA=-2oB ()™, (119)
d i
1B (D= g:ADe™, (1.20)
and
9p)=0 (121)
dt
with detuning frequency Q. = @, —@,,. The two Equations of (1.19) and (1.20) can be combined as
%A(t) - ['K(t-7) A(r)dr (1.22)

with the memory kernel K (t—-z)=)". gfe'mﬁ(“’) . This evolution equation relates the excited amplitude A(t)
of the qubit to the reservoir memory through the memory kernel K(t—r). For the anisotropic PhC reservair,
this memory kernel has a particular form of

12 .

with the coupling constant f%? = (wlodfuf)/(16neohc3) and the detuning frequency A =, —w, of the

qubit transition frequency «,, from the band edge frequency «, [7]. With this special form of memory
kernel, the kinetic equation of the excited amplitude A(t) becomes

1/2 Nin/4
4o @yrincy =2 ) 4, (1.24)
dt Jno O (t-r)?
if the transformation A(t)=€"'C(t) is performed. Here we express this memory effect as a fractional time
derivative which describes the effective interaction of the qubit with the environmental PhC reservoir. That is,
the right-hand-side term of the kinetic Equation (1.24) is written as a Riemann-Louville fractional time deri-
vative with order v =1/2 and n=1 such that

C r(1/2) d**C(t

[ (TZ/Z dr - LH2) M( ) (1.25)
°(t-7) (-1/2) dt

This expression leads to the fractional form of the kinetic equation as

¢” 4 G ()4 257267 (1) = 1.26
) +iA WG (1) = L .

We define this fractional differential equation as a fractional generalized Langevin equation (FGLE) of this
guantum system. We solve this FGLE by applying Laplace transform and obtain

~ 1
C(s)= - .
(5) S+iA+2842e™4sY2

(1.27)
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Here C(s) is the Laplace transform of C(t) with the initial condition C(0)=A(0)=1. In order to find
the solution of this excited amplitude, standard procedures of expressing this algebraic equation as a sum of
partial fractions and performing inverse Laplace transform on these partial fractions are taken. In the first step,
we need to find the roots of the indicial equation Y?+24%2%e™*Y +iA =0, where the variable s¥> has been
converted into Y . Two kinds of roots exist in this indicial equation: one with different roots Y, #Y, and the
other with degenerate root Y, =Y, . For the case of different roots, C (s) is expressed as

1 1 1

() (5v)|(nv)

(1.28)

C(s)=

with

Y, =€ (g JB-A) (1.29)
and

Y, = '”/4( —pY - F) (1.30)

For the degenerate case, we have £ =A which leads to the indicial equation as (Y +ﬂ”2 ”‘/4) =0. The
partial fractions of C(s ) is thus written as

. 1
C = .
) (ﬁ+ﬂ”2ei“/4 )2 (31

As the inverse Laplace transform is applied to these partial-fractional forms of C(s) with fractional powers
of the variables s, we use the formulas of

L? #) =Et(—%,a2j+aEt(O,a2) (1.32)
a

and

L! 1 .
(V5-2)

with the fractional exponential function E, (a, a) , whose definition and properties are listed in Equations (1.15)
and (1.16). This procedure leads to the solution of the fractional kinetic equation being expressed as the linear
combination of the fractional exponential functions such that

)= zwe/;/—‘l A {E‘ (_%’Yf]‘ . [—%'ij%a (0.%7)-.E. (0} )} (1.34)

for the different-root case S = A ;and

= 2atE, [—% a’ j +aE, [% a J +(1+2a’)E,(0,a) (1.33)

C (t) - (1+ 2itﬂ) E, (0' iﬂ)_ﬂl/zeinMEt (%’ iﬂj_ Zﬁslzei3n/4Et (—%, iﬂ) (1.35)

for the degenerate case S = A . Based on this analytic solution, we can obtain the reduced density matrix of the
qubit from the wave function in Equation (1.18) through tracing over the reservoir degrees of freedom as

ﬁq(t)z[pn(t) plo(t)]: |A(t)|zcosz(%j %A*(t)msm(%), (1.36)

Por(t) Poo (1) %A(t) %Sm( |A |0052(0—20]
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The elements in this matrix are associated with the information of the qubit energy and coherence. In the follow-
ing, we will study the dynamics of the excited-state energy, polarization and von Neumann entropy of the qubit.

3.1. Excited-State Probability

We show the time evolution of the qubit excited-state energy through the probability P(t)=py (t)= |A(t)|2 in
Figure 2. The energy dynamics exhibits oscillatory behavior and does not decay with time as the qubit
frequency lies inside the photonic bang gap (PBG) region (A/S <0). The memory effect of this quantum
system is observed directly through these trapping states of the qubit energy.

3.2. Polarization Dynamics

As a qubit interacts with the environment, it will randomize the polarization of the qubit. The quantum phase
information of a qubit carried by the qubit polarization will thus escape from the qubit into the environment
through this randomization of polarization and lead to the quantum decoherence. Here we show the polarization
dynamics in Figure 3 through the expression of qubit polarization P, (t)= py,(t)+ oy, (t) = Re[Up(t)] (if
¢, =0,6, =n/2). The polarization dynamics of the qubit with frequency lying inside the PBG region (A/3<0)
exhibits non-decaying oscillation. The qubit loses partial of its polarization in the very beginning period of time
and then preserves the remaining polarization through the steady oscillation. This trapping state of the qubit
polarization reveals the memory effect of the system which leads to the preservation of the qubit phase
information.

3.3. Dynamics of von Neumann Entropy

Entropy, a measurement of information amount stored in a qubit, will be changed as the qubit is correlated to the
environment. The correlation between the environment and the state will transform the initially pure state of the
qubit into a finally mixed state where the amount of information of the qubit is changed. For a qubit state with
density matrix p(t), von Neumann entropy is defined as S(t)= —Tr[ﬁ(t)log ﬁ(t)} =—> Alog 4 with 2
being the eigenvalues of the matrix [)(t) . for the density matrix in Equation (1.36), we show the von Neumann
entropy in Figure 4 for the initially excited qubit (6, =0). The entropy has its minimal value zero at t=0
and reaches its maximal value log2=0.693 at the very beginning of time. After a period of time on the order
of the decay timescale, the entropy becomes steady with nonzero value for the qubit frequency in PBG region
(A/B<0). This result shows that the initially pure system becomes maximally mixed in the very beginning
period of time. As the qubit equilibrating with the PhC reservoir, the system becomes steady with less mixed
state. The trapping state of the von Neumann entropy reveals that the amount of information stored in the qubit

1.0
09} — S/p=-10 | ]
eesess §/B=-5
08 3/B=-1
= 0.7 — S/p=0 .
= -—-.0/p=2
>, 0.6 B ]
z 05 .
<
£ 04 1
03 1
0.2 4
0.1 e
0.0 —— ]

4 5 6 7 8 9 10
time (fit)

Figure 2. (Color online) Dynamics of the qubit excited-
state probability with different detuning frequencies

8/ =(w,/B) fromthe band edge frequency «, .
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Figure 3. (Color online) Dynamics of the qubit polari-

zation for the qubit frequency lying inside (5/4<0)

and outside (§/4>0) the band gap.

07 --------------------- =
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03}

von Neumann entropy S(t)

L L L Il 1 1

01 2 34 5 67 8 9 1011
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Figure 4. (Color online) Dynamics of the von Neu-
mann entropy for different qubit frequencies.

is preserved through the steady mixed state. The memory effect of the system is observed directly through the
preservation of the qubit information.
4. Conclusion

We have used the fractional time derivative to express the kinetic equation of the quantum system with memory
effect as a FGLE. For a particular memory kernel, we obtain the solution of the FGLE in terms of the two-
parameter Mittag-Leffler function. In the study of the qubit dynamics in the particular memory kernel of an
anisotropic PhC, we observe the memory effect directly through the trapping states of the qubit energy, polari-
zation and von Neumann entropy.
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