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Abstract

For a one-dimensional conservative system with position depending mass, one deduces consis-
tently a constant of motion, a Lagrangian, and a Hamiltonian for the nonrelativistic case. With

these functions, one shows the trajectories on the spaces (X,V) and (X, p) for a linear position
depending mass. For the relativistic case, the Lagrangian and Hamiltonian cannot be given expli-
citly in general. However, we study the particular system with constant force and mass linear de-

pendence on the position where the Lagrangian can be found explicitly, but the Hamiltonian re-
mains implicit in the constant of motion.
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1. Introduction

Position depending mass systems have been relevant since the foundation of the classical mechanics and modern
physics [1]-[5] (see reference there in). Actually, the interest for these type of problems has grown in modern
physics due to fabrication of ultra thin semiconductors [6] [7], inhomogeneous crystals [8], quantum dots [9],
quantum liquids [10], and neutrino mass oscillations [11] [12]. We also need to mention that this topic is im-
portant due to its relation with the foundation of the classical mechanics [13], and its not invariance under
Galileo or Poincar-Lorentz transformations [13] [14]. Most of the approaches dealing with position depending
mass problems use an intuitive way to write down a Lagrangian or Hamiltonian for the system, and then solve
the corresponding equations [15] [16]. In this paper, one obtains a constant of motion, a Lagrangian, and a
Hamiltonian in a consistent way for conservative nonrelativistic systems and study the harmonic oscillator with
position depending mass as an example. For relativistic systems we point out the difficulty to get the same func-

How to cite this paper: Velazquez, G.L. and Martinez Prieto, C.R. (2014) About One-Dimensional Conservative Systems with
Posi- tion Depending Mass. Journal of Modern Physics, 5, 900-907. http://dx.doi.org/10.4236/jmp.2014.59093



http://www.scirp.org/journal/jmp
http://dx.doi.org/10.4236/jmp.2014.59093
http://dx.doi.org/10.4236/jmp.2014.59093
http://www.scirp.org/
mailto:gulopez@udgserv.cencar.udg.mx
mailto:CARLOSR@iteso.mx
http://creativecommons.org/licenses/by/4.0/

G. L. Velazquez, C. R. Martinez Prieto

tions.

2. Dynamical Functions
A non relativistic conservative system with position depending mass is described by Newton’s equation
d ;
a(m(x)x):F(x), 1)
where % denotes the velocity of the body with position depending mass m(x), and with a force F(x) act-
ing on it. This problem can be written as the dynamical system
F
— (X) _ﬂVZI (2)
m(x) m

X=V, v

where m, is the differentiation of the mass with respect the position. A constant of motion of this system is a
function K=K (x,v) [17] [18] which satisfies the following first order partial differential equation

oK 1 ,710K

—+——| F(x)-myv* |—=0. 3
ox m(x)[() i Jav @)
This equation can be solved by the characteristics method. The equations for its characteristics curves are

dx _ m(x)dv _dK

v F(x)-my* 0 @

From the last term, one knows that the solution of (3) must be of the form
K(x,v)=G(C(x.v)), (5)

where C(x,v) is the characteristic curve obtained from the first two terms of (4), and being G and arbitrary
function. This characteristic curve can be found arranging these two terms of the form

dv
m(x)v— = F(x)-m,v?, 6
(x)vg, =F(x)-m, (6)
and defining a new variable, &=V, to get the equation
m(x)d—§+2mX§:2F(x) )
dx
which can readily be integrated to obtain the characteristic curve
2
C(x,v)zmT(X)vz—J'm(x)F(x)dx. (8)

Choosing the initial conditions x(0)=0, v(0)=0,and m(0)=m,, and selecting the functionality
G(C(x,v))=C(x,v)/m, , the constant of motion is

K(xv)= mzz(x)v2+veff (), 9)

M,

where V,, is the effective potential due to the position depending mass,
Vi (X) = =— [m(x) F (x)x, (10)
mO

and this constant of motion has the right expression when constant mass is considered. Using now the known
expression [19]-[21] to get the Lagrangian from a constant of motion,
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v K ,
L(x,v):vj‘% , (11)
The Lagrangian, generalized linear momentum and Hamiltonian are given by
2
L(x,v):mz—(x)v2 ~Vy (%), (12)
0
m? (X
p(x,v)= m( )v, (13)
0
and
H (%, P) =5 p* +Vy (X). (14)
2m?(x) ‘

The above expression for the dynamical functions show that there are two main modifications from the usual
expression when position depending mass is considered. Firstly, an effective potential is created which depends

on m(x) (10). Secondly, the kinetic energy like term is not of the form p*/2m(x) but it is of the form

m, p’ / 2m?(x) . These two modification are really important to deal correctly with an specific mass position
depending conservative problem.
3. Harmonic Oscillator m(x)

Consider the harmonic oscillator, F(x)=-kx, with a linear position depending mass, m(x)=m,+mXx.
Thus, the effective potential, constant of motion, and Hamiltonian are given by

k m,k
V., (x)==x*+—2=x, 15
o (X) 2" 3m, (19)
2
m, + m, X
K(X,V):MVZ_FKXZ_}_m_lkX?" (16)
2m, 2 3m,
and
H (xp) = 10— p? i ¢ e an
2(m, +mx) 2 3m,

Figure 1(a) and Figure 1(b) show the trajectories on the spaces (x,v) and (X, p) generated by the
constant of motion and the Hamiltonian above with m, =200 and for m, >0 (m,=200; m =0 (1),
m =5 (2), m =10 (3), m =20 (4)). Figure 2(a) and Figure 2(b) show also the trajectories on those spaces
with m, =1000 and m; <0 (m, =0 (1), m =-1 (2), m, =-15 (3), m, =-2 (4)). From Figure 2(a) one
notes a singular behavior in the velocity which comes from (16) and does not appears in the Hamiltonian
formulation (17).

Note that due to relation (10), it is not possible to know the potential (effective) without the acknowledge of
the position depending mass previously.

4. Relativistic Case

The relativistic motion [22] of a body with position depending mass is not invariant under Poincaré-Lorentz
transformation [13], but it still can be described by the equation

2\ 12
9 (im(x)%) - F (3, 7:(1_2_2j , 9

where ¢ is the speed of light, and it can be written as a Newton's equation with a velocity depending force of
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Figure 2. Trajectories for m, <0,

the form
d’x x*m, e\
m(X)F= F(X)——)z [1——2J :

In turns, this equation defines the dynamical system
X=V,
. 1 2 -3
v_—[F(x)—yv mey :

m(x)

(19)

(20)

(21)

As before, a constant of motion of this autonomous system is a function K =K (x,v) satisfying the equation

oK 1

s e K
V&‘FW[F(X)—}/V mX]}/ —=0.

ov

(22)
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The equations for the characteristics are

dTX: m(x)dv :d_K. 23)

[F (X)—yvsz](l—\éijw °

Thus, this constant of mation is an arbitrary function of the characteristic obtained from the first two term of
this expression, K = G(C(x,v)) , and from the first two terms one gets the following equation in terms of the

variable 7=v?/c?,

m(x)c® dy metp | e
> &_{F(X) —l—n}(l n)". (24)

The constant of integration of this equation will represent the characteristic curve C(x,n). Of course, in
general the solution of this equation is not expressed in close form. This means that the Lagrangian and the
Hamiltonian of the system can not be found in general. However, there is a particular case where one can do
something analytically, and this case consists of having a constant force with mass linearly dependence on the
position.

4.1. Constant Force with m(x)=m; +m,x

In this particular case, one has that m,=m, and F(x)=F =constant, and the variables can be separated for
the integration in (24), bringing about the characteristic curve

d 2
C(X,n):_[ 1 — In(my +m;x). (25)
F_ m,n (1_77)3/2 m,
Vvi-n
By selecting the constant of motion as
F 2
K (x7) =% ¢ (x,7) + 22 Inm, —m,c?, (26)
m,
that is,
2
K(x,n):mOC j dn _MmoF In(mg +mx)+ Fm, Inm, —m,c?, (27)
2 m,n 32 M m,
1- (1-7)
Fyl-n
one has the following limit
lim K (x,7) = ym,c? — Fx—m,c?, (28)

m —0

which corresponds to the relativistic case of constant mass. Now, considering the condition

mn

Fyl-n

<1, (29)

one can write the constant of motion as [23]

2 m 2
K(x,n)=ym002—Fx—m0c2+m1{FX LU LU }

k-1 ) ) (30)
mye® &l My dp (=Y Fmo(le]
+ + =,
2 & F(i-n)) @-n)" 5
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or

Fx c

2 2
+ MeC In(1—77)+i
2m, 2 1-n

k-1 (31)
2

I 3/2+2( 'F [ X]k,

k=3 F( 1—77) (1-n) mk My

where the summation represents terms of order two or higher in the parameter m,. The Lagrangian of the sys-
tem (refLa) in terms of the variable 77 is

K (x,7)=ym,c? — Fx—m,c’ +m1{

L(x7)= [j Xpdp. (32)

So, using the above constant of mation in this expression, one gets

2 2
L(x,77)=-myc? 1—77+Fx+m0c2+ml{— P +m02c [ 7 | 1+‘/7| ~In(1-7)- 1]}

e
( m,p Jkld (33)
mcf s dn' Flp = (-1) Fm, (m
4 I '[ p 3/2 ;' m;k ( My J

The generalized linear momentum in terms of the variable 7,

2\/’(9L] (34)

c \on

is given by

p=ymyCyn +

mp kild
mlmOCZ{ | 1+f| 77 } moc\/7Z \/7]77 dn’ j ( j p -
—,0

2c |1+f| 2 &0n

Now, as one can see from this expression, even a first order in m, it is not possible to obtain 7 = n(x, p)
in order to get the Hamiltonian of the system. Therefore, one can not have explicitly the Hamiltonian of the
system but it remains implicit through the constant of motion (31).

4.2. Total Force Equal to Zero

This is another important case related with neutrino mass oscillations since during the traveling of a relativistic
neutrino specie, this one change to another specie,

G
where m, >m, . Starting from (18) with F =0, one gets immediately the following constant of motion
ym(x)v = cte @37)
For the mass given by (36), we have
ymyv, = 7,M,v,, (38)

where y, = (1— B )_V2 . Assuming v, is known (measured), the normalized velocity of the particle with mass
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Figure 3. S, asa function of m,/m, .

m, is
fy=——"— (39)

Clearly, if m =m, one has that 3, =,. Figure 3 shows the behavior of S, with respect m,/m, for
B, =107 (1); B,=5x10"° (2); p=10" (3); B, =10"° (4); and B=10" (5). Note from the above
expression that the distance where this change of mass (L) happens can not be obtained from here (one
expects this point of mass change to have statistical character). In addition, for non relativistic initial velocities

(/31 <10’2), knowing the velocity /4 and measuring the normalized velocity fg,, the ratio m,/m, can be

determined from this plot, but for relativistic bodies (,6’1 210‘2) it looks a hard matter since small variation on

the measured S, implies a big variation on the ratio m,/m, . We need to point out that one can used the
constant of motion (37) in the expression (11) to obtain the Lagrangian for this system, and then, the linear
momentum can be calculated. However, as the above case, it is no possible to obtain explicitly v:v(x, p).
Therefore, it is not possible to obtain explicitly the Hamiltonian of the system.

5. Conclusion

We have shown that mass position depending problems for non relativistic conservative systems bring about a
modification to the potential and kinetic energy terms. The constant of motion and Hamiltonian of these systems
differs greatly since the generalized linear momentum depends on the position and the velocity of the body. This
differences are shown with the trajectories on the spaces (x,v) and (x, p). For the relativistic conservative
systems with mass position depending, the full integrability is not so simple in general, but we analyzed the par-
ticular case of constant force with mass linear dependence on position system. As we showed, though we can get

the Lagrangian for the system, it is not possible to obtain the inverse relation v :v(x, p), and therefore, the
Hamiltonian of this system.
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