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Abstract

Using Weierstrassian elliptic functions the exact geodesics in the Schwarzschild metric are expressed in a
simple and most transparent form. The results are useful for analytical and numerical applications. For ex-
ample we calculate the perihelion precession and the light deflection in the post-Einsteinian approximation.
The bounded orbits are computed in the post-Newtonian order. As a topical application we calculate the
gravitational red shift for a star moving in the Schwarzschild field.
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1. Introduction

Schwarzschild geodesics are elliptic functions, therefore,
they should be written as such. For this purpose the
Weierstrassian elliptic functions are most useful because
they lead to simple expressions. The reason for this is
that the solution of quartic or cubic equations can be
avoided in this way.

In a recent paper [1] an analytic solution for the geo-
desic in the weak-field approximation was given. As
pointed out in that paper the progress in the astronomical
observations call for better analytical methods. In this
respect it is desirable to have the exact geodesics in a
form most suited for applications. For the orbits in polar
coordinates (next section) this goal can be achieved by
using Weierstrass’ P-function for which many analytical
and numerical methods are known [2]. Considering the
motion in time (section 4) the related ¢ - and o -func-
tions of Weierstrass appear.

Jacobian elliptic functions have been used by Darwin
[8] for the form of the orbits. After some transformation
our result (2.13) agrees with his. But in his second paper
he abandons the elliptic functions because they were “not
so well adapted to a study of the time in those orbits”.
Obviously the Weierstrass functions are better suited for
the problem. Indeed, expressing them by Theta functions
one gets the natural expansion of the geodesics in powers
of the Schwarzschild radius, this expansion involves
elementary functions only. The Weierstrass functions
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have also been used by Hagihara [11]". But he has cho-
sen the variables and constants of integration in a manner
which leads to less explicit results. So it is difficult to
derive the post-Newtonian corrections to the geodesics
given here from his formulas. As a topical application we
finally calculate the red shift for a star moving in the
Schwarzschild field. The geodesics are also needed for
the study of modifications of general relativity ([10],
section 5.13).

2. The Orbits in Polar Coordinates r=r(p)

We take the coordinates x°=ct, x'=r, x*=9,
x’ =¢ and write the Schwarzschild metric in the form

ds? ="l g T g (d..gz +sin’ Lgd(l?z) (2.1
r r—r,

is the Schwarzschild radius. We shall

where 1, =—
c

assume c¢ =1 in the following. The geodesic equation
d’x“ dx” dx”

- 4T —— =
ds* 7 ds ds

o

0 2.2)

with the Christoffel I'y leads to the following three
differential equations

'T am indebted to C. Lémmerzahl and P. Fiziev for bringing this refer-
ence to my attention
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dt ,dedr
v oo
ds® ds ds

2 ’ 2 ’ 2 2
d—f+ie“ (ﬂj —i(ﬂ) —re’ (d—‘”) —0 (2.4)
as? 2 lds) 2\ds ds

2
dp 2drdo_,,

2.3)

— 2.5
ds*  rds ds )
Here we have used the standard representation
1-f=er (2.6)
r

and have chosen $=m/2 as the plain of motion. The
Christoffel symbols can be taken from the Appendix of

[3].
Multiplying (2.3) by expv we find

i(ev ﬂj =0
ds\' ds

t
e’ d— =const.= £
ds

so that

dt
—=Ee". 2.7
5 Ze 2.7

Next multiplying (2.5) by »* we get
2 do

r*——=const.= L,
ds

hence

o

do_ L
ds
For the constants of integration we use the notation of
Chandrasekhar [4].
Finally, substituting (2.7) and (2.8) into (2.5) and mul-

tiplying by 2exp(—v)xdr/ds we obtain

2 2
d e’ [QJ —152e*V+L—2 =0. (2.9)
ds ds r

Consequently, the square bracket is equal to another
constant = b. Then the resulting differential equation can

be written as
2 2
[QJ =E*+¢" (b—L—zj.
ds r

The constant b can be arbitrarily adjusted by rescaling
the affine parameter s. Below we shall take b=—m’
where m is the rest mass of the test particle. This will
enable us to include null geodesics (light rays)
with m*> = 0. Each geodesic is characterized by two con-
stants of the motion: energy £ and angular momentum L.

(2.10)
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Taking the square root of (2.10) and dividing by (2.8)
we get

2 2 2
((:_r—\/—E LZm r4+rZ—zrsr3—r2+rer f(r) (2.11)
®

Now ¢ = go(r) can be written as an elliptic integral.
However, it is better to consider the inverse r=r(¢p)
in terms of elliptic function by using a formula of Weier-
strass ([5], p.452). Let the quartic  f (r) be written as

1 (r)=apr* +4ar” +6ay® +dayr+a,,  (2.12)

and let 7 be a zero f(rl ) =0, then a solution of (2.11)
is given by
r=r+ ) o
AP(p:8,.8,)— 1" (1)/6
Here P(go; 2> g3) is Weierstrass’ P-function with
invariants

g, = aya, —4a,a, +3a; (2.14)

(2.15)

— 3 2 2
g, = aya,a, +2a,a,a, —a; —aya; —a, a,.

In our case we havea, = 0. For the convenience of the
reader we reproduce the short proof in the Appendix.

The result (2.13) is not yet the solution of our problem
because it contains too many constants: the invariants
g,,8, and the derivatives of f depend on E, L, but in
addition the zero 7 appears. Of course one could cal-
culate 7 as a function of E, L by solving the quartic
equation f (r) =0, but this gives complicated expres-
sions. It is much better to use 7 and a second zero r,
as constants of integration instead of E, L. This is even
desirable from the astronomers point of view because the
zeros of derivative (2.11) are turning points of the geo-
desic, for example in case of a bounded orbit they can be
identified with the perihelion and aphelion of the orbit.
In order to express E, L by #,r, we write our quartic in
the form

f(r):aor(r—r,)(r—rz)(r—r}) (2.16)

and compare the coefficients of 7°,7°,r with (2.12).
This leads to

2

4a, = —a, (rl +r +r3) :T_Qr:v

6a, = a, (rr, +rr +nr)=-1 2.17)
4a, = —a,nnr =1,
Since
E>—m?
a, = 7 (2.18)
we can solve for
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M= AThTh (2.19)
A R
mzr
E'—m’=——— (2.20)
I’i + V2 + I"3
In addition we obtain the third zero
r=r, —2 2.21)

g .
hh —hl, =hl

The relations (2.19-21) allow to express everything in
terms of #,r, . For the invariants we find

2

I m" , 1 r, rn+n+trn

ssah Ts (@22
TR TR Ay O
1 m? 2 dy 5
g3 :_3__2rY s K
4" 16
o (2.23)

s

:L_L(i’1+rz+r3)rs +L 72

3 .
6> 48 nr +nn+nr 16 nr +nn +nrn

Here 7 has to be substituted by (2.21). For the deriva-
tives f'(r), f"(r) which appear in our solution
(2.13) we obtain

—ri (i =n) (i -n)

f'(n)=
Ry + R Ty

(2.24)

)=z =n)i (i mn) (=) - o)

nn Hhn+ns

With these substitutions the result (2.13) gives all possi-
ble geodesics in the form r=r(@;r,r). This will be
discussed in the next section.

As a first check of the solution (2.13) we consider the
Newtonian limit. Let the two zeros 7, », be real and
large compared to the Schwarzschild radius 7, in abso-
lute value. Then neglecting O(r,) in the invariants
(2.22-23) the P-function becomes elementary ([2], p.652,
equation 18.12.27):

P( L _3j:_i+;:_i+;
1 12 4sinf g2 12 2(1-cosg)’
(2.26)

The leading order in the derivatives of fis given by

F(r) == =)

)
”n rl
f(n)=-2[3+-2]|. (2.27)
)
It is convenient to introduce the eccentricity & by
1—
h_27¢ (2.28)
r, l+e&
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Using all this in (2.13) we find the wellknown conic
_ (1+¢)n

. (2.29)
I+¢&cosp

Assuming both zeros r,r, positive and r <r, we
have & <1 and the orbit is an ellipse with perihelion #
and aphelion 7. In the hyperbolic case &>1 we see
from (2.28) that if # is positive 7, must be negative.
Then there is only one physical turning point # which
is the point of closest approach. The latter always corre-
sponds to @ =0. The relativistic corrections to (2.29)
are calculated in the following section.

3. Discussion of the Solution

The solution r = r(go) (2.13) is an elliptic function of
@ which implies that it is doubly-periodic ([2], p.629 or
any book on elliptic functions). The values of the two
half-periods @,®’ depend on the three roots of the
fundamental cubic equation

4¢’ —g,e—g, = 0. 3.D

Again it is not necessary to solve this equation because
the solutions e, j=1,2,3 can be easily obtained from
the roots 0,7,7,r, of our quartic f(r)=0. To see
this we transform /() to Weierstrass' normal form as
follows. First we set =1/x so that from (2.16) we get

f(r)= xi“<4a3x3 +6a,x” +4a1x+a0)

Next we remove the quadratic term by introducing
l—x—i(e—a—zj. (3.2)

This gives the normal form of Weierstrass
a
(e - 12(12 )4

with the above invariants (2.14-15). That means roots of
f(r) are simply related to roots of (3.1) by the trans-
formation

f(r)= (4¢' —gre-g;), (33

%=&+&=£“iz (3.4)
r 2 4rj. 12

The cubic equation (3.1) with real coefficients has ei-
ther three real roots or one real and two complex conju-
gated roots. The first case occurs if the discriminant

A=g5-27g: (3.5)

is positive, in the second case A is negative. In terms of
the roots A is given by ([2], p.629, equation 18.1.8)

A:l6(el—ez)2(ez—e3)2(e3—el)z. (3.6)
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The physically interesting orbits correspond to the first
case of real roots. If we have two complex conjugated
zeros r, =7 then (2.28) implies that the eccentricity
¢ 1s imaginary. Such orbits have been discussed by
Chandrasekhar ([4], p.111). Now we discuss the various
cases.

3.1. Bound Orbits

In this case we have two positive turning points
r,>1r >0, consequently there are three real roots
e >0>e, >e, givenby

o= =__ 3.7
" 4n 12 6 4 rp SR
1 1
0, = —— i, e =t (3.8)
12 4r, 12 4r

Our convention is chosen in agreement with [2]. The real
half-period @ of the P-function is given by ([2], p.549,
equation 18.9.8)
% K(k*
0= dr _ K (3.9)
@ \/4t3—g2t—g3 \/61_63
3r,n+r, N 32

o=n1+—2
{ 4 rnn

The perihelion precession is given by Ap=2(w-m).
Then the order », in (3.12) is Einstein's result and the
O(rf) gives the correction to it. The accurate computa-

8(rr,)

e [ CR e F Ry | S P
8

where K (kz) is the complete elliptic integral of the
first kind with parameter
pR=2"%_, h—h

r, 2e ( 3—5]1
== 1-r, .
nl+e Cl+e
As a first application let us give the post-Einsteinian
correction to the orbital precession. If k* (3.10) is

small we can use the expansion ([2], p.591, equation
17.3.11)

KW)_g{H@ e e(12) } G

From the roots ¢,,e, we find
2+

2
2
S | PP +§,,S2 it +O(rf).
Vvé 64 2 nn 8 nr

This finally leads to the half-period

1 377 18+¢&7
+
2n l+e 187 (1+¢)

+0(r] )} (3.12)

(3.10), they give the natural expansion in powers of the
Schwarzschild radius v, . Now the P-function is given in
terms of Theta functions by ([2], eq. 18.10.5)

tion of the half-period is necessary to control the orbit in ( ) ( )
the large. P(p)=e, 3 ( )
To compute the relativistic corrections for r(¢) (0 ) ()
from (2.13) we express the P-function by Theta functions 1 7
([5], p.464) ERTATRY Sn2¢ [1+4q cos’p—1)+0(q )]
3 (z,9)=24" (sinz—q2 sin3z +¢° sinSZ—'--) (3.15)
here
% (z.9)=2q"" (cosz+q2 cos3z+qﬁcos52+---) v
n
4, (z,q):1+2q(c0522+q cos4z+q° cos6z + ) ¢:%¢‘ (3.16)
9, (z,q)=1 Zq(cos2z—q3 cos4z+q° cosbz— ) Using
(3.13) , e 1 3e+ée
. f'(r)=2n| —-=>——5
Here ¢ is the so-called Nome ([2], eq. 17.3.21) l+e 7 (1+¢)
k2 Y _ A2
q= +8( ] oo (3.14) fr(n)= 22 e h e mE 5y
16 16 l+¢& 5 (1 T g)
These series are rapidly converging since k° is small this leads to
” 2
p(p)-L 1) 1+ e=2esin’g ;(—3—£(1—cos¢)++253+gsin2¢j +o| 2. (3.18)
24 4(1+¢)sin’ ¢ 7 1+ ¢&cos2¢ 2 I+e 7
Copyright © 2011 SciRes. JMP
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Substituting this into (2.13) gives the desired orbit to O(r;)

rlp) _  1+e Ly 2sin” ¢ 1
n l1+&cos2¢ r 1+ecos2g

It is important to insert the period @ in ¢ (3.16)
according to (3.12) in order to describe the perihelion
precession correctly.

If the two roots 7 =r, coincide, it follows from
(2.24) that f"(r;)=0. According to (2.13) we then have
circular motion r=y . If all three zeros coincide
rn=r=r then (2.21) gives r, =3r, which is the
innermost circular orbit.

3.2. Unbound Orbits

In this case there is only one physical point, the point of
closest approach 7 . The other root r, is negative,
therefore, it is better to use the eccentricity ¢ (2.27) as
the second basic quantity. With », given by (2.21) we
then have

1+¢

> n>0>n =0, (3.20)

because & >1. The periodicity of (2.13) in ¢ is now
realized by a jump to an unphysical branch with » <0.
In reality a comet moves on one branch only, but it is a
tricky problem to decide on which one. This is due to the
fact that the period differs a little from 2m as in the
bounded case. Consequently, neighboring physical
branches » >0 are a little rotated against each other
and the distinction between them is not easy. The quan-
tity of physical interest is the direction ¢, of the as-
ymptote. It follows from the original equation (2.11) by
integrating the inverse over » from 7 to o

(P:I dr
mqm~

This is an elliptic integral which can be transformed to
Legendre’s normal form

(3.21)

@)
do

g, == [ —— (3.22)

\/Z 0 \/l—k sin” ¢

by the transformation ([6], vol.II, p.308)
sinf@ =227 g, =570 (303

h—nr—-n n-n

The parameter k° in (3.22) is given by

R (3.24)
hn—n

and
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1+&cos2g

& 3+¢ ., 3+¢&
3+—(1—cos¢g)—2¢ sin - . 3.19
[ 2( ¢) 1+¢& 4 1+5} ( )
y=;. (3.25)
h(n-n)

The integral (3.22) is an incomplete elliptic integral of
the first kind

9, == F(®,k)
N
which has the expansion ([6], vol.II, p.313)

F(®,.k*)=, +k7:(q>2 —%sin 2<1>2J+ o(k*).(3.27)

(3.26)

For small r,/r, we find

2¢
This gives
1 -1
cos2d, = —_f7h
& €
and

(000 :2CDZ +£( 3

& .
——®,-——sin2d, |. (3.28
e+l 7 2642 Zj (3.28)

It is convenient to calculate

— 2_
L 5 [8—1+3g—1qn2J+0(¢3). (3.29)

COS%:_E_Z 2¢  e(e+1)

The leading order is the Newtonian asymptote of the
hyperbola.

3.3. Null Geodesics

For m> =0 there is only one constant of integration in
the quartic (2.11)
4
f(r)=%—r2 +rr
which is the so-called impact parameter
L

== (3.30)
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Now it is necessary to calculate the roots of f (r) =0.

This is easily done by means of a power series expansion

— 2
r=cyd+cr, ey +e

We find
r1=d(l—é—§52+0(53)j
2 8
o 3 3
r = d[1+5——5 +0(5 )j (3.31)
=d(5+5°),
where
p
s== 3.32
P (3.32)

and we have ordered the zeros in the same way as in
(3.20). Then as in the last subsection we can calculate the
direction of the asymptote (3.21) which now is equal to

= pdF (@, k%) (3.33)
with @, given by (3.23)
13 ;
sin® @, 75+25+0(5 ) (3.34)
and k> by (3.24)
k2=25(1—5 8552) (3.35)
and g by (3.25)
2(. 5 9
=Z]1-24257 3.36
u= d( >t J (3.36)

We want to calculate the light deflection in the post-
Einsteinian approximation. Using again the expansion
(3.27) we have

5 9 ) 1
=2[1-=+=¢7 +—(1-0)| ®, ——=sin20, ||.
v [2 j{ "3 )(12 H
From (3.34) we obtain
o, =Zi2510(6).
4 4
Then up to 0(52) we find
0, =i+ 3:30)8
2 4 16
The deflection angle is given by

3
Ap=2|p —=|=25+| =+ 5. 3.38
0= [% 2) [2 8nj (3.38)

(3.37)

Instead of the impact parameter d in 6 (3.32) we
would like to use the distance of closest approach #

Copyright © 2011 SciRes.

(2.24) in the form

5 = (3.39)

= |V_\

The two are related by
1
5= —553 +0(57)
which leads to

Ap =26, +G+%nj53. (3.40)

The first term 29, is Einstein’s result.

4. The Motion in Time ¢=1(p)

By dividing (2.7) by (2.10) we find

SNT V2
d_p {Ez—(l—ij[m2+L—2H
dr r—r, r r

E_r©
L(r=r)J7(r)

We choose =0 at the point of closest approach

r=r and ge
3
_£ f ‘s J 4.2)
i X
This is a sum of elliptic integrals of first, second and
third kind. The coordinate time is given as a function of »
by calculating these. However, we want ¢ as a function of
@ and, therefore, use the substitution (6.7) of the Ap-
pendix again

4.1)

{xz +rX+r+

(4.3)

where the last relation follows from (2.11).

The last integral O(rf) in (4.2) is a small correction
and we neglect it at the moment. Then integrals of the
following form remain to be calculated

f u
= j—" (4.4)
0 (P(u)—P(v))
where we have set
fﬂ(ri)
P(v)= 4.5
()=, (4.5)
Such integrals are known ([7], vol.4, p.109-110)
JMP
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J (p) P’l(v) 2§(v)go+log% (4.6)
J,(p)= [S(p+v)+<(9-v)

P(v) @.7)
+2P(v)p+P"(v)J, (o) ].

These results are easily verified by differentiating and
using addition formulas. Of course JO(;o) is just the
polar angle ¢ . Then (4.2) leads to the desired result for

t((p)=%{ro(p+rl.]1 (0)+ s (0)}+0(). 48)

where

Ty = AT (4.9)

nor
T, =|—+= 7 4.10
=(24%)r) @.10)

f/Z(ri)
= 4.11
7 16 ( )

Again we evaluate this for bounded orbits in the
post-Newtonian approximation by means of the expan-
sion in Theta functions.

The quantity v in (4.8-11) is given as the zero of
(3.18). Introducing

T
V=— 4.12
0 (4.12)
we find
cosay =L L3l 4 (4.13)
e n 2e
Since ¢<1, V iscomplex:
ZV=ﬂ+ilog(ﬂ+w/ﬂ2—1)zn+2ib (4.14)
Using ([2], eq.18.10.6)
V 0
Py B A0IENA)S0)
40’ 9,(0)8,(0)8,(0)5' (V)
© cosV )
=————+0
40’ sin“VJr (q)
we obtain
, 2_11/2
Py O +o(r?)
(B+1) (4.15)
_lixll £ [H_r 3¢ +4g—5J
2(1+¢)\ 1 1-¢

Copyright © 2011 SciRes.

Similarly we calculate ¢ (v) from ([2], eq.18.10.7)

v, n (V)
A 416
¢(v)= w+2w9( V) (4.16)
where
n L91’”(0)
- (w)=—2_2) 4.17
1=¢l@)= 0, 9(0) 17
and o(z) from ([2], eq.18.10.8)
2
a(z)=2—“’exp hz M, 7="2_ (4.18)
n 20 ) 9/(0) 20
This implies
logo-(v_(p) = —2lv¢+log sin(V—CD) +0(q2)
o(v+o) o sin(V +®)
n cos(ib—®d)
=-2-= 1 4.19
rorioe cos(ib+®d) (+-19)
n A
= 2 ,
wv¢+ ia(p)
where « is given by
a(@) = arctan (tan @ tanh b). (4.20)

Then J,(¢) (4.6)is equal to

O
T [ -1 i

To expand this in the post-Newtonian order we first
calculate () from

tana = /l_gtanq)+igg,fl_—gtand).
I+¢& n l-¢" Nl+e

Introducing
l-¢
y = 2arctan tan ® 4.21)
I+¢

v nelvde

J1(¢)=

we get

a sin
2 5 41-¢° v

As before in (3.19) we do not expand @ in (4.21).
However, if one does so one finds a contribution

o(r,/n)

w = 2arctan /1 tan((p/z) 3njl-e o
1+ 21 \Nl+el+ecose

(4.22)

where the first term, say , , is the parameter which
appears in Newtonian mechanics (Kepler’s equation, see
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G. SCHARF 281
below (4.29)). Now the expansion of J, ((p) is given by which also follows directly from the definition (4.4).
- To expand
J(p)=J° = J!
1 1 (4.23) PE(v)L \@
+& +¢&
J?((”):z_(‘ﬂ\/——(ﬂ] n sin2® )
1— ——————+P"(v)J,
¢ ¢ w cos2d+ (v) 1(¢)
I :l 3 1+3¢ l+_£ . —JO +£J1
T (9) g{ o(7+30)+e) /l_gsml// 2 (#) p 2 (9)
2 f1+g 5—4g-3¢’ we need g
v l-¢ 1-¢ ’ P”(V):6P2(V)_72
For ¢ — 0 we have the simple finite limit g 2¢e-1 L4t 11-18¢—5¢&*
=— |
2 (1+5)2 21 (2e-1)(1+¢)
2w r, . !
J(0),0 = T(“_ SXJ(%D ~sin20) This finally leads to
4(1+e)’ [ (1+&)sin2®  2)-1
JO =_ - J? 4.25
: () z 1= |7 1+ scos20 2(1+¢) " (¢) (4.23)
1 2(1+6) [ 15-126-1127  sin2® (1+4c+38>  17-136-125°
S (p)== ¢ R +
¢ l-¢ l-¢ 1+ &cos2® |\ 1+ scos2d l-¢
(4.26)
6-15¢+8¢” — &’ 1-2¢
+J) (o) ————"—-J, .
v (#) (o) (1-2) 1(40)1”}

Again we do not expand @ (3.16) in order to keep
the perihelion precession as precise as possible. The limit
for € >0 isequalto

J, ((0)

&=

= 22(1+6L‘j(6(1)—4sin2<D+sinZCDcos2<D).
7\

In the final result (4.8) for the time

((9) =t () +1(¢) (4.27)
1
the pre-factor E/L also gives a correction:
E = 2 1_ rtv
L \rn(l+e) r(l+e)
£ 25 1 1 &+5
- T o)———2""
4(0) t0(¢)1+g+g r(l+e) [1+5 1% 2(1+¢)

As in (3.19) the post-Newtonian correction vanishes
for circular motion £=0.

5. Gravitational Red Shift

The study of Schwarzschild geodesics is relevant for the
investigation of the recently discovered S-stars near the

Copyright © 2011 SciRes.

J10 ((p)—i—

which follows from (2.19-21). In ¢, the terms propor-
tional to ¢ cancel

21 l+e 174 esin2d
_ _ (428
to (9) rs(1+8)1_g(\/1_52 1+gcos2®J (4:28)

Approximating 2d by ¢ this is in agreement with
Kepler’s equation

2}’13
7, (1 - 6‘)3
The post-Newtonian corrections in (4.27) come from

various places. To show this we write the result in the
form

(o) (v —esiny). (4.29)

g 3+e

J ((p)}. (4.30)

O ey

4(1+g2

Galactic Center ([1] and references given there). These
stars move in the strong gravitational field of the central
black hole so that general relativistic effects are observ-
able and the Schwarzschild metric g, is a fairly good
description of the situation. The measurable quantity of
interest is the red shift of spectral lines in the light emit-
ted by the moving star. Therefore we finally consider
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this.

Let v, be the frequency of a given atomic line from
the star and v, the frequency of the same line observed
in the rest frame of the galaxy. If dx” / dr is the velocity
of the star, the two frequencies are related by ([9] p.83,
equ. 3.5.6)

o s 1/2
g (x)dxidxi
v, \"PY e de
—= 3 5.
Yo &oo (X)

We assume that the observer at X is far away from the
center such that the denominator can be approximated by
1. For a star moving in the plane 9=m/2 we have

dx” dx” arY’ z(d(pj
=== | -2 (52

Zap (%) a dr e(dtj "ar (52)
From (2.10) and (2.7) we find

v 2
dr = 1-5 (m2+L—]

E E? r
and (2.8) gives
do _Le
dt  Er*

Substituting all this into (5.1) we see that L drops out and
we end up with the simple result

Ww_m ,_m. T
Z Ee E(l r(w)j. (5.3)

By (2.20) we can express E by the perihelion 7 and

aphelion r,
E=m?|1- T
ntntn

where 7, is the small correction (2.21). Then we finally

get
-1/2
| E— L (54
Vo r((o) 7'1+7'2+7'3

The lowest order O(r,) is equal to

Vi s 7 2
—=l-—tt—"——40(7 ). (5.5
v, r(gp) 2(1”1 +r2) ( )

Copyright © 2011 SciRes.

Since the last term is always smaller than the second one
we indeed have red shift 4, > A4;. Of course, it is maxi-
mal at the perihelion where » =7 is minimal. The total
observed red shift is obtained by multiplying (5.5) with
the Doppler factor (1+v, )71 where v, is the compo-
nent of the relative velocity along the direction from the
observer to the star ([9], p.30).
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Appendix: Integration of the Differential
Equation

We closely follow Whittaker and Watson ([5], p.452).
With the notation of the paper (2.11), let

¢t dx
== (1
! /(%)
where # is any zero, f(r)=0. By Taylor's theorem,

we have

2

f()c)=4A3(x—rl)—i-6A2 (x—r,)
+44, (x=r) + 4 (x—n)",
where
A, =a,, A4 =ay+a
A4, = a1’ +2a5 +a,,
A, = ayr? +3a,1] +3a,0 +a,.
Introducing the new integration variable
s=(x—r1)_1, s1=(r—r1)_1, )
we have

o= T[4A3s3 +64,57 +ads+ 4] ds.

5

Copyright © 2011 SciRes.

To remove the second term in the cubic we set

K —L[z—éj, S —L(z, —éj 3)
4, 2 A, 2

9= T[4z3 ~(343 -44,4,)z
; 0
~(24 4,4~ 4 - 4,4 )]7”2 dx

and we get

The coefficients of z and z° are just the invariants
g,,8; (2.14-15) of the original quartic.

Now the inversion of the integral gives Weierstrass’
P-function

z, = P(p:8,.8;)- ®)
From (6.2) and (6.3) we have
r=r +L 6)
z,—4,/2
and hence
A e
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Abstract

Using Weierstrassian elliptic functions the exact geodesics in the Schwarzschild metric are expressed in a simple and most transparent form. The results are useful for analytical and numerical applications. For example we calculate the perihelion precession and the light deflection in the post-Einsteinian approximation. The bounded orbits are computed in the post-Newtonian order. As a topical application we calculate the gravitational red shift for a star moving in the Schwarzschild field.

Keywords: Schwarzschild Geodesics, Red Shift

1. Introduction

Schwarzschild geodesics are elliptic functions, therefore, they should be written as such. For this purpose the Weierstrassian elliptic functions are most useful because they lead to simple expressions. The reason for this is that the solution of quartic or cubic equations can be avoided in this way.


In a recent paper [1] an analytic solution for the geodesic in the weak-field approximation was given. As pointed out in that paper the progress in the astronomical observations call for better analytical methods. In this respect it is desirable to have the exact geodesics in a form most suited for applications. For the orbits in polar coordinates (next section) this goal can be achieved by using Weierstrass’ P-function for which many analytical and numerical methods are known [2]. Considering the motion in time (section 4) the related 
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-functions of Weierstrass appear.


1I am indebted to C. Lämmerzahl and P. Fiziev for bringing this reference to my attention

Jacobian elliptic functions have been used by Darwin [8] for the form of the orbits. After some transformation our result (2.13) agrees with his. But in his second paper he abandons the elliptic functions because they were “not so well adapted to a study of the time in those orbits”. Obviously the Weierstrass functions are better suited for the problem. Indeed, expressing them by Theta functions one gets the natural expansion of the geodesics in powers of the Schwarzschild radius, this expansion involves elementary functions only. The Weierstrass functions have also been used by Hagihara [11]1. But he has chosen the variables and constants of integration in a manner which leads to less explicit results. So it is difficult to derive the post-Newtonian corrections to the geodesics given here from his formulas. As a topical application we finally calculate the red shift for a star moving in the Schwarzschild field. The geodesics are also needed for the study of modifications of general relativity ([10], section 5.13).

2. The Orbits in Polar Coordinates 
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We take the coordinates 
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where 
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with the Christoffel 
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 leads to the following three differential equations
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Here we have used the standard representation
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and have chosen 
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 as the plain of motion. The Christoffel symbols can be taken from the Appendix of [3].


Multiplying (2.3) by 
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Next multiplying (2.5) by 
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For the constants of integration we use the notation of Chandrasekhar [4].


Finally, substituting (2.7) and (2.8) into (2.5) and multiplying by 
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Consequently, the square bracket is equal to another constant = b. Then the resulting differential equation can be written as
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The constant b can be arbitrarily adjusted by rescaling the affine parameter s. Below we shall take 
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 where m is the rest mass of the test particle. This will enable us to include null geodesics (light rays) with
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. Each geodesic is characterized by two constants of the motion: energy E and angular momentum L.

Taking the square root of (2.10) and dividing by (2.8) we get
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Now 
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 can be written as an elliptic integral. However, it is better to consider the inverse 
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and let 
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Here 
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 is Weierstrass’ P-function with invariants 
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In our case we have
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. For the convenience of the reader we reproduce the short proof in the Appendix.


The result (2.13) is not yet the solution of our problem because it contains too many constants: the invariants 

[image: image42.wmf]23


,


gg


 and the derivatives of f depend on E, L, but in addition the zero 

[image: image43.wmf]1


r


 appears. Of course one could calculate 

[image: image44.wmf]1


r


 as a function of E, L by solving the quartic equation 
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 as constants of integration instead of E, L. This is even desirable from the astronomers point of view because the zeros of derivative (2.11) are turning points of the geodesic, for example in case of a bounded orbit they can be identified with the perihelion and aphelion of the orbit. In order to express E, L by 
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and compare the coefficients of 
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we can solve for 
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In addition we obtain the third zero 
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The relations (2.19-21) allow to express everything in terms of 
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Here 
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With these substitutions the result (2.13) gives all possible geodesics in the form 
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As a first check of the solution (2.13) we consider the Newtonian limit. Let the two zeros 
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The leading order in the derivatives of f is given by 
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It is convenient to introduce the eccentricity 
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 by 
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Using all this in (2.13) we find the wellknown conic 
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Assuming both zeros 
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. The relativistic corrections to (2.29) are calculated in the following section.


3. Discussion of the Solution

The solution 
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 (2.13) is an elliptic function of 
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 which implies that it is doubly-periodic ([2], p.629 or any book on elliptic functions). The values of the two half-periods 

[image: image89.wmf],


ww


¢


 depend on the three roots of the fundamental cubic equation 




[image: image90.wmf]3


23


4=0.


egeg


--


            (3.1)

Again it is not necessary to solve this equation because the solutions 
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Next we remove the quadratic term by introducing 
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This gives the normal form of Weierstrass 
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with the above invariants (2.14-15). That means roots of 
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The cubic equation (3.1) with real coefficients has either three real roots or one real and two complex conjugated roots. The first case occurs if the discriminant 
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is positive, in the second case 
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 is negative. In terms of the roots 
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 is given by ([2], p.629, equation 18.1.8) 
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The physically interesting orbits correspond to the first case of real roots. If we have two complex conjugated zeros 
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 is imaginary. Such orbits have been discussed by Chandrasekhar ([4], p.111). Now we discuss the various cases.


3.1. Bound Orbits

In this case we have two positive turning points 
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Our convention is chosen in agreement with [2]. The real half-period 
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 of the P-function is given by ([2], p.549, equation 18.9.8) 
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where 
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As a first application let us give the post-Einsteinian correction to the orbital precession. If 
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 (3.10) is small we can use the expansion ([2], p.591, equation 17.3.11) 
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From the roots 

[image: image117.wmf]13


,


ee


 we find 




[image: image118.wmf](


)


2


23


1212


1212


13


22


13


=21.


28


s


ss


r


rrrr


rOr


rrrr


ee


éù


æö


++


êú


+++


ç÷


-


êú


èø


ëû




This finally leads to the half-period 
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The perihelion precession is given by 
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To compute the relativistic corrections for 
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 (3.13)


Here 

[image: image125.wmf]q


 is the so-called Nome ([2], eq. 17.3.21) 
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These series are rapidly converging since 
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 is small 


(3.10), they give the natural expansion in powers of the Schwarzschild radius 
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. Now the P-function is given in terms of Theta functions by ([2], eq. 18.10.5) 
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where 
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Using 
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this leads to 
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      (3.18)


Substituting this into (2.13) gives the desired orbit to 
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         (3.19)

It is important to insert the period 
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 in 
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 (3.16) according to (3.12) in order to describe the perihelion precession correctly.


If the two roots 
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3.2. Unbound Orbits

In this case there is only one physical point, the point of closest approach 

[image: image143.wmf]1


r


. The other root 

[image: image144.wmf]2


r


 is negative, therefore, it is better to use the eccentricity 

[image: image145.wmf]e


 (2.27) as the second basic quantity. With 

[image: image146.wmf]3


r


 given by (2.21) we then have 




[image: image147.wmf]1321


1


>>0>=,


1


rrrr


e


e


+


-


         (3.20)

because 
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This is an elliptic integral which can be transformed to Legendre’s normal form 
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by the transformation ([6], vol.II, p.308) 
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The parameter 

[image: image160.wmf]2


k


 in (3.22) is given by 




[image: image161.wmf]2


3


12


132


=,


r


rr


k


rrr


-


-


            (3.24)

and 
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The integral (3.22) is an incomplete elliptic integral of the first kind 
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which has the expansion ([6], vol.II, p.313) 
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For small 
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This gives 
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It is convenient to calculate 
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The leading order is the Newtonian asymptote of the hyperbola.


3.3. Null Geodesics

For 
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 there is only one constant of integration in the quartic (2.11) 
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which is the so-called impact parameter 
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Now it is necessary to calculate the roots of 
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We find 
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where 
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and we have ordered the zeros in the same way as in (3.20). Then as in the last subsection we can calculate the direction of the asymptote (3.21) which now is equal to 
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with 
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 given by (3.23) 
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and 
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and 
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 by (3.25) 
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We want to calculate the light deflection in the post- Einsteinian approximation. Using again the expansion (3.27) we have 
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From (3.34) we obtain 
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The deflection angle is given by 
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Instead of the impact parameter 
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 in 
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The two are related by 
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which leads to 
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The first term 
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 is Einstein’s result.


4. The Motion in Time 
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By dividing (2.7) by (2.10) we find 
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We choose 
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This is a sum of elliptic integrals of first, second and third kind. The coordinate time is given as a function of r by calculating these. However, we want t as a function of 
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 and, therefore, use the substitution (6.7) of the Appendix again 
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where the last relation follows from (2.11).


The last integral 
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 in (4.2) is a small correction and we neglect it at the moment. Then integrals of the following form remain to be calculated 
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where we have set 




[image: image210.wmf](


)


(


)


1


=.


24


fr


Pv


¢¢


             (4.5)

Such integrals are known ([7], vol.4, p.109-110) 
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These results are easily verified by differentiating and using addition formulas. Of course 
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where 
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Again we evaluate this for bounded orbits in the post-Newtonian approximation by means of the expansion in Theta functions.


The quantity 
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 in (4.8-11) is given as the zero of (3.18). Introducing 
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we find 
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Since 
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Using ([2], eq.18.10.6) 
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we obtain 
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Similarly we calculate 
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where 
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and 
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This implies 
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where 
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 is given by 
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To expand this in the post-Newtonian order we first calculate 
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Introducing 
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we get 
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As before in (3.19) we do not expand 
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 in (4.21). However, if one does so one finds a contribution 
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where the first term, say 
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, is the parameter which appears in Newtonian mechanics (Kepler’s equation, see below (4.29)). Now the expansion of 
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For 
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 we have the simple finite limit 
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which also follows directly from the definition (4.4).


To expand 
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we need 




[image: image252.wmf](


)


(


)


(


)


(


)


(


)


2


2


2


2


1


=6


2


2111185


=1.


22211


1


s


g


PvPv


r


r


eeee


ee


e


¢¢


-


æö


---


+


ç÷


ç÷


-+


+


èø




This finally leads to 
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Again we do not expand 
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 (3.16) in order to keep the perihelion precession as precise as possible. The limit for 
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In the final result (4.8) for the time 
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the pre-factor 
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 also gives a correction: 
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which follows from (2.19-21). In 
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Approximating 
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 this is in agreement with Kepler’s equation 
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The post-Newtonian corrections in (4.27) come from various places. To show this we write the result in the form 
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As in (3.19) the post-Newtonian correction vanishes for circular motion 
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5. Gravitational Red Shift

The study of Schwarzschild geodesics is relevant for the investigation of the recently discovered S-stars near the Galactic Center ([1] and references given there). These stars move in the strong gravitational field of the central black hole so that general relativistic effects are observable and the Schwarzschild metric 
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 is a fairly good description of the situation. The measurable quantity of interest is the red shift of spectral lines in the light emitted by the moving star. Therefore we finally consider this.


Let 
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 be the frequency of a given atomic line from the star and 
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 is the velocity of the star, the two frequencies are related by ([9] p.83, equ. 3.5.6) 
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We assume that the observer at X is far away from the center such that the denominator can be approximated by 1. For a star moving in the plane 
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From (2.10) and (2.7) we find 
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and (2.8) gives 
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Substituting all this into (5.1) we see that L drops out and we end up with the simple result 
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By (2.20) we can express E by the perihelion 
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where 
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 is the small correction (2.21). Then we finally get 
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The lowest order 
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Since the last term is always smaller than the second one we indeed have red shift 
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. Of course, it is maximal at the perihelion where 
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 is minimal. The total observed red shift is obtained by multiplying (5.5) with the Doppler factor 
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 is the component of the relative velocity along the direction from the observer to the star ([9], p.30).
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Appendix: Integration of the Differential Equation

We closely follow Whittaker and Watson ([5], p.452). With the notation of the paper (2.11), let 
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where 
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Introducing the new integration variable 
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we have 
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To remove the second term in the cubic we set 
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and we get 
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The coefficients of 
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Now the inversion of the integral gives Weierstrass’ P-function 
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From (6.2) and (6.3) we have 
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and hence 
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