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Abstract 
 
Using Weierstrassian elliptic functions the exact geodesics in the Schwarzschild metric are expressed in a 
simple and most transparent form. The results are useful for analytical and numerical applications. For ex-
ample we calculate the perihelion precession and the light deflection in the post-Einsteinian approximation. 
The bounded orbits are computed in the post-Newtonian order. As a topical application we calculate the 
gravitational red shift for a star moving in the Schwarzschild field. 
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1. Introduction 
 
Schwarzschild geodesics are elliptic functions, therefore, 
they should be written as such. For this purpose the 
Weierstrassian elliptic functions are most useful because 
they lead to simple expressions. The reason for this is 
that the solution of quartic or cubic equations can be 
avoided in this way. 

In a recent paper [1] an analytic solution for the geo-
desic in the weak-field approximation was given. As 
pointed out in that paper the progress in the astronomical 
observations call for better analytical methods. In this 
respect it is desirable to have the exact geodesics in a 
form most suited for applications. For the orbits in polar 
coordinates (next section) this goal can be achieved by 
using Weierstrass’ P-function for which many analytical 
and numerical methods are known [2]. Considering the 
motion in time (section 4) the related  - and  -func-
tions of Weierstrass appear. 

Jacobian elliptic functions have been used by Darwin 
[8] for the form of the orbits. After some transformation 
our result (2.13) agrees with his. But in his second paper 
he abandons the elliptic functions because they were “not 
so well adapted to a study of the time in those orbits”. 
Obviously the Weierstrass functions are better suited for 
the problem. Indeed, expressing them by Theta functions 
one gets the natural expansion of the geodesics in powers 
of the Schwarzschild radius, this expansion involves 
elementary functions only. The Weierstrass functions 

have also been used by Hagihara [11]1. But he has cho-
sen the variables and constants of integration in a manner 
which leads to less explicit results. So it is difficult to 
derive the post-Newtonian corrections to the geodesics 
given here from his formulas. As a topical application we 
finally calculate the red shift for a star moving in the 
Schwarzschild field. The geodesics are also needed for 
the study of modifications of general relativity ([10], 
section 5.13). 
 
2. The Orbits in Polar Coordinates  =r r   

 
We take the coordinates 0 =x ct , 1 =x r , 2 =x  , 

3 =x   and write the Schwarzschild metric in the form 

 2 2 2 2 2 2 2d = d d d sin ds

s

r r r
s c t r r

r r r
2  


  


(2.1) 

where 
2

2
=s

GM
r

c
 is the Schwarzschild radius. We shall  

assume  in the following. The geodesic equation = 1c

2

2

d d d
= 0

d dd

x x x

s ss

  

             (2.2) 

with the Christoffel 
  leads to the following three 

differential equations 

1I am indebted to C. Lämmerzahl and P. Fiziev for bringing this refer-
ence to my attention 
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2

2

d d d
= 0

d dd

t t r

s ss
               (2.3) 

2 2 22
2

2

d d d d
= 0

2 d 2 d dd

r t r
e re

s s ss
                
     

 (2.4) 

2

2

d 2 d d
= 0.

d dd

r

r s ss

 
             (2.5) 

Here we have used the standard representation 

1 =sr e
r

                 (2.6) 

and have chosen = 2   as the plain of motion. The 
Christoffel symbols can be taken from the Appendix of 
[3]. 

Multiplying (2.3) by exp  we find 

d
= 0

d d

t
e

s s
  

 
 

 

so that 

d
= const. =

d

t
e E

s
  

d
=

d

t
Ee

s
.              (2.7) 

Next multiplying (2.5) by  we get 2r

2 d
= const. = ,

d
r L

s


 

hence  

2

d
= .

d

L

s r


 

For the constants of integration we use the notation of 
Chandrasekhar [4]. 

Finally, substituting (2.7) and (2.8) into (2.5) and mul-
tiplying by  2exp d dr s   we obtain 

2 2
2

2

d d
= 0.

d d

r L
e E e

s s r
  

      
   

       (2.9) 

Consequently, the square bracket is equal to another 
constant = b. Then the resulting differential equation can 
be written as 

2 2
2

2

d
=

d

r L
E e b

s r
      

   
.        (2.10) 

The constant b can be arbitrarily adjusted by rescaling 
the affine parameter s. Below we shall take 2=b m  
where m is the rest mass of the test particle. This will 
enable us to include null geodesics (light rays) 
with . Each geodesic is characterized by two con-
stants of the motion: energy E and angular momentum L. 

2 = 0m

Taking the square root of (2.10) and dividing by (2.8) 
we get 

 
2 2 2

4 3 2
2 2

d
= .

d s s

r E m m
r r r r r r f

L L


    r  (2.11) 

Now  = r   can be written as an elliptic integral. 
However, it is better to consider the inverse  =r r   
in terms of elliptic function by using a formula of Weier-
strass ([5], p.452). Let the quartic  f r  be written as 

  4 3
0 1 2 3= 4 6 4f r a r a r a r a r a   2

4 ,    (2.12) 

and let 1  be a zero r  1 = 0f r , then a solution of (2.11) 
is given by  

 
   

1
1

2 3 1

= .
4 ; , 6

f r
r r

P g g f r





     (2.13) 

Here  2 3; ,P g g  is Weierstrass’ P-function with 
invariants  

2
2 0 4 1 3= 4 3 2g a a a a a            (2.14) 

3 2 2
3 0 2 4 1 2 3 2 0 3 1 4= 2 .g a a a a a a a a a a a      (2.15) 

In our case we have 4 . For the convenience of the 
reader we reproduce the short proof in the Appendix. 

= 0a

The result (2.13) is not yet the solution of our problem 
because it contains too many constants: the invariants 

2 3,g g  and the derivatives of f depend on E, L, but in 
addition the zero 1  appears. Of course one could cal-
culate 1  as a function of E, L by solving the quartic 
equation 

r
r

 f r = 0 , but this gives complicated expres-
sions. It is much better to use 1  and a second zero 2  
as constants of integration instead of E, L. This is even 
desirable from the astronomers point of view because the 
zeros of derivative (2.11) are turning points of the geo-
desic, for example in case of a bounded orbit they can be 
identified with the perihelion and aphelion of the orbit. 
In order to express E, L by  we write our quartic in 
the form  

r

2r r

r

1,

    0 1 2= 3f r a r r r r r r r         (2.16) 

and compare the coefficients of  with (2.12). 
This leads to  

3 2, ,r r r

 
2

1 0 1 2 3 2
4 = = s

m
a a r r r

L
   r  

 2 0 1 2 1 3 2 36 = = 1a a r r r r r r  

.

      (2.17) 

3 0 1 2 34 = = sa a r r r r  

Since  
2 2

0 2
=

E m
a

L


             (2.18) 

we can solve for  
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2
1 2 3

2
1 2 1 3 2 3

=s

r r rm
r

r r r r r rL

 
 

,         (2.19) 

2
2 2

1 2 3

= .         (2.20) sm r
E m

r r r
 

 

In addition we obtain the third zero  

1 2
3

1 2 1 2

= s .
s s

r r
r r

r r r r r r 
         (2.21) 

The relations (2.19-21) allow to express everything in 
terms of . For the invariants we find  1 2,r r

2
2 1 2 3

2 2
1 2 1 3 2 3

1 1
= =

12 12 44
s

s

r r r rm
g r

r r r r r rL

 
 

 
   (2.22) 

 

2
2 20

3 3 2

2
1 2 3

3
1 2 1 3 2 3 1 2 1 3 2 3

1
=

166 48

1 1 1
=

48 166

s s

s s

am
g r r

L
r r r r r

r r r r r r r r r r r r

 

 
 

   
.

 (2.23) 

Here  has to be substituted by (2.21). For the deriva-
tives 

3r
 1f r ,  1f r  which appear in our solution 

(2.13) we obtain  

    1 1 2 1 3
1

1 2 1 3 2 3

=
r r r r r

f r
r r r r r r

  


 
        (2.24) 

       1 2 1 3 1 1 2 1 3
1

1 2 1 3 2 3

= 2 .
r r r r r r r r r

f r
r r r r r r

    
 

 
 (2.25) 

With these substitutions the result (2.13) gives all possi-
ble geodesics in the form . This will be 
discussed in the next section. 

 1 2= ; ,r r r r 

As a first check of the solution (2.13) we consider the 
Newtonian limit. Let the two zeros 1 , 2  be real and 
large compared to the Schwarzschild radius 

r r

sr  in abso-
lute value. Then neglecting  sO r  in the invariants 
(2.22-23) the P-function becomes elementary ([2], p.652, 
equation 18.12.27):  

 
3

2

1 1 1 1 1
; ,6 = =
12 12 12 2 1 cos4sin 2

P  .


        
 

(2.26) 

The leading order in the derivatives of f is given by  

   1
1 1

2

=
r

2f r r
r

   r  

  1
1

2

= 2 3 2 .
r

f r
r


  

 


          (2.27) 

It is convenient to introduce the eccentricity   by  

1

2

1
=

1

r

r

Using all this in (2.13) we find the wellknown conic  

  11
=

1 cos

r
r


.

 



            (2.29) 

Assuming both zeros 1 2  positive and 1 2  we 
have 

,r r <r r
< 1  and the orbit is an ellipse with perihelion 1  

and aphelion 2 . In the hyperbolic case 
r

r > 1  we see 
from (2.28) that if 1  is positive 2  must be negative. 
Then there is only one physical turning point 1  which 
is the point of closest approach. The latter always corre-
sponds to 

r r
r

= 0 . The relativistic corrections to (2.29) 
are calculated in the following section. 
 
3. Discussion of the Solution 
 
The solution  =r r   (2.13) is an elliptic function of 
  which implies that it is doubly-periodic ([2], p.629 or 
any book on elliptic functions). The values of the two 
half-periods ,   depend on the three roots of the 
fundamental cubic equation  

3
2 34e g e g  = 0.             (3.1) 

Again it is not necessary to solve this equation because 
the solutions  can be easily obtained from 
the roots 1 20,  of our quartic . To see 
this we transform 

, = 1,2,3je j

3, ,r r r   = 0f r
 f r  to Weierstrass' normal form as 

follows. First we set = 1r x  so that from (2.16) we get  

   3 2
3 2 14

1
= 4 6 4 0f r a x a x a x

x
   a  

Next we remove the quadratic term by introducing  

2

3

1 1
= = .

2

a
x e

r a
 
 


             (3.2) 

This gives the normal form of Weierstrass  

 
 


2

33
2 34

12 2

= 4
a  ,f r e g e

e a
 


g      (3.3) 

with the above invariants (2.14-15). That means roots of 
 f r  are simply related to roots of (3.1) by the trans-

formation  

3 2 1
= =

2 4 12
s

j
j j

a ra
e

r r
  .

2
3

          (3.4) 

The cubic equation (3.1) with real coefficients has ei-
ther three real roots or one real and two complex conju-
gated roots. The first case occurs if the discriminant  

3
2= 27g g                (3.5) 

is positive, in the second case  is negative. In terms of 
the roots 


  is given by ([2], p.629, equation 18.1.8)  

.






              (2.28)      2 22

1 2 2 3 3 1= 16 .e e e e e e        (3.6) 

Copyright © 2011 SciRes.                                                                                 JMP 
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The physically interesting orbits correspond 
case of real roots. If we have two complex conjugated
ze

where  2K k  is the complete elliptic integral of the 
first kind with parameter  

to the first 
 

ros *
2 1=r r  then (2.28) implies that the eccentricity 

  is imaginary. Such orbits have been discussed by 
Chand ar ([4], p.111). Now we discuss the various 

ses. 
 
3.1. Bo

 
2 2 3 2 1

1 3 1 2 1 2

1

1

= =
2

2 3
= 1 .

1 1

s
s

s
s

e e r r
k r

e e r r r r r

r
r

r

 
 



 
 

    


    (3.10) 

rasekh
ca

und Orbits 

ve two positive turning points 
, consequently there are three real roots 

 
As a first application let us give the post-Einsteinian 

correction to the orbital precession. If  (3.10) is 
small we can use the expansion ([2], p.591, equation 
17.3.11)  

2k
In this case we ha

2 1

2 3> 0 > >e e e  given by  
> > 0r r

1

1 21 1
= =

4 12
s sr r

1
3 1 26 4

r r
e

r rr


           (3.7) 

 
2 2

2 2π 1 1 3
= 1

2 2 2 4
K k k k 4

               
   (3.11) 

2 3
1 2

1 1
= , = ,

r
      (3.8) 

12 4 12 4
s sr

e e
r r

   

Our convention is chosen in agreement with
half-period 

From the roots  we find  1 3,e e
 [2]. The real 

  of the P-function is given by ([2], p.549, 
equation 18.9.8)   

2

2 31 2 1 2

1 2 1 21 3

2 21 3
= 2 1 .

2 8
s

s s

r r r r r
r O

r r r re e
r

   
    

    
 

 
1

3
1 32 3

=
4e

2
d

=
K kt




e et g t g  

       (3.9) 
This finally leads to the half-period  

 

 
    

 
 

2 2 2
2 31 2

1 2 2 1 2 12 2 2
1 2 1 11 2

3 3 3 3 1 3 18
= π 1 2 2 = π 1

4 8 2 1 188 1
s s s s

s

r r r rr r
r r r r r r O r

r r r rr r


 

                        





  (3.12) 

 
The perihelion precession is given by  = 2 π   . 

hen the orderT  sr  in (3.12) is Einstein's result and the 
 2

sO r  gives the correction to it. The acc -
tion of the half-p iod is necessary to control the orbit in 

e. 
To compute the relativistic corrections for 

urate computa
er

the larg
 r   

from (2.13) we express the P-function by Theta fu
([

(3.13) 

Here is the so-called Nome ([2], eq. 17.3.21)

nctions 
5], p.464)  

   1/4 2 6
1 , = 2 sin sin 3 sin 5z q q z q z q z   

   
   
   

1/4 2 6
2

3 8
3

3 8
4

, = 2 cos cos3 cos5

, = 1 2 cos 2 cos 4 cos 6

, = 1 2 cos 2 cos 4 cos 6 .

z q q z q z q z

z q q z q z q z

z q q z q z q z







  

   

   









 

q    
22 2

= 8
k k

q
 

             (3.
16 16 

14) 

These series are rapidly converging s

(3.10), they give the natural expansion in powers of the 
Schwarzschild radius sr . Now the P-function is given in 
terms of Theta functions by ([2], eq. 18.10.5)  

   
 

 
 

   
3 1

2
22

2 2
1

04

1 π 1
= 1 4 1 ,cos

12 4 4 sin
sr q O q
r






 

       

 

(3.15) 
where  

2
2

1 3
2 2

0π
=P e

  


  
 

   

π
= .

2
 


              (3.16) 

Using  

 
 

2

1 1 2
1

3
= 2

1 1
srf r r

r

  
 

   
   

 

 
 

2

1 2
1

1 5 1 4
= 2 6

1 1
srf r

r

  
 

    
 

 

ince 2k  is small  

  (3.17) 

this leads to  
 

 
 

 
221 2 sin 1f r r       1 2

2
1 1

3
= 1 3 1 cos 2 sin .

24 1 cos 2 2 14 1 sin
s srP O

r r

   
   

                    
      (3.18) 


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 sO r  

   
2

2

1 11 cos 2 1 cos 2 1 cr r

1 2sin 1 3 3
= 3 1 cos 2 sin .

os 2 2 1 1
sr r        

       
             

         (3.19) 

 
It is important to insert the period

  

   in   (3.16) 
according to (3.12) in order to describe the perihelion 
recession correctly. 

. If all three zeros coincide 

p
If the two roots 1 2=r r  coincide, it follows from 

(2.24) that  1 = 0f r . According to (2.13) we then have 
circular motion =r 1r

) giv1 2 3= =r r  then (2.21 es 3 = 3r sr r  which  is the 
innermost c t. 
 

und Orbits 
 

ircular orbi

3.2. Unbo

 this case there is only one physical point, the point of 
he other root  is negative, 

erefore, it is to use the eccentricity 

In
closest approach 1r . T 2r
th better   (2.27) as 
the second basic quantity. With 3r  given by (2.21) we 
then have  

1 3 2 1

1
> > 0 > = ,

1
r r r r





         (3.20) 



because 1  . The periodicity of (2.13) in   is now 
realized jump to an unphysical br
In moves on one branch only

by a 
reality a comet 

blem

anch with < 0r . 
, bu

. 

t it is a 

in the
tricky pro  to decide on which one. This is due to the 
fact that the period differs a little from 2π  as  
bounded case. Consequently, neighboring physical 
branches > 0r  are a little rotated against each other 
and the distinction between them is not eas The quan-
tity of physical interest is the direction 

y
  of the as-

ymptote. I ows from the original equation (2.11) by 
integrating the inverse over r  from 1r  to   

 

t foll

1

d
= .

r

r

f r




               (3.21) 

This is an elliptic integral which
Legendre’s normal form  

 can be transformed to 

2

00

d
=

a


2 21 sink 






         (3.22) 


by the transformation ([6], vol.II, p.308)  

2 23 2 3 21
2

1 2 3 1r r r r r r  2

sin = , sin = .
r r r rr r 

 


  (3.23) 

The parameter in (3.22) is given by  2k  

2 3 1 2

1 3 2r r r

 1 3 2

2
=

r r r



 .    

The integral (3.22) is an incomplete elliptic integral of 
the first kind  

         (3.25) 

 2
2

0

= ,F k
a

             (3.26) 

which has the expansion ([6], vol.II, p.313)  

   
2

2 4
2 2 2 2

1
, = sin 2 .

k

4 2
F k O k

         (3.27) 
 

For small 1sr r  we find  

 22
1

11 sr 
2

= srk O r r


  

 2

1
10

3
= 2

1
s

s

r
O r r

ra

 



 


 

2 3
2

1

1
sin = 1 .

2

r

r



 

  
 

 

This gives  

3
2

1

1 1
cos 2 =

r

r


 


    

and  

2 2
1

3
= 2 sin 2 .

1 2 2
sr

r


 

        
2   (3.28) 

It is convenient to calculate  

   
2

2
2

1

1 1 1
cos = 3 .

2 1
s

s

r
O r

r

 
   

  
     
  

(3.29) 

The leading order is the Newtonian asymptot
hyperbola. 

 
For there is only one constant of integrat
th .11)  

e of the 

 
3.3. Null Geodesics 

2 = 0m  
e quartic (2

ion in 

 
4

2
2

= s

r
f r r r r

d
   

pact parameter  = ,
r r r

k


            (3.24) 

and  

which is the so-called im

= .
L

d
E

               (3.30) 
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ry to calculate the roots of Now it is necessa   = 0f r
es expansion 

. 
This is easily done by means of a power seri  

2
0 1 2= s sr c d c r c r    

We find  

 2 3O   1

3
= 1

2 8
r d

    
 

 2 3
2

3
= 1

2 8
r d O

       
 

      (3.31) 

 3
3 = ,r d    

where  

= sr

d
              (3.32) 

and we have ordered the zeros in the sam
(3.20). Then as in the last subsection we can calcu
direction of the asymptote (3.21) whi h now is equal to  

   

e way as in 
late the 

c

 2
1= d ,F k             (3.33) 

with  given by (3.23)  1

 2 3
1sin =

2 4
O

1 3           (3.34) 

and 2k  by (3.24)  

2 225
= 2 1

8
k    


 




        (3.35) 

and   by (3.25)  

22 9
= 1

2 8d

   
 

 . 


e want to calculate the light deflection in the post- 
Einsteinian approximation. Using again
(3.27) we have  

       (3.36) 

W
 the expansion 

 29
1

 
   1 1 1

1
= 2 1 sin 2 .

2 8 2 2

                
 

From (3.34) we obtain  

 3
1

π 3
= .

4 4
O     

Then up to O 2  we find  

2π 3 3
= π .

2 4 16
  

    
 

      (3.37

ven by  

) 

The deflection angle is gi

2π 3 3
= 2 = 2 π .

2 2 8
  

         
   

    (3.38) 

f the i eter  in Instead o mpact param d   (3.32) we 
would like to use the distance osest approach

(2.24) in the form  

of cl  1r  

1
1

= .sr                  (3.39) 

The two are related by  

r

 2 3
1 12 1

1
= O      

which leads to  

2
1 12 8

1 3
= 2 π .              (3.40) 

The first term 

 

12  is Einstein’s result. 

4. The Motion in Time 
 

 =t t   

 
 by (2.10) we find  By dividing (2.7)

   

1 2
2

2 2
2

d
= 1

d

= .

s

s

rt r L
E E m

r r r r r




3E r

s
L r r f r

              (4.1) 

e choose  at the point of closest approach 



W = 0t

1=r r  and get  

 

3
2 2

1

d
= .

r
s

s s
sr

rE x
t x r x r

L xf x

 
   

 
  

r
   (4.2) 

This is a sum of elliptic integrals of first, sec
third kind. The coordinate time is given as a function of r 
by calculating these. However, we want t as a function of 

ond and 

  and, theref use the substitution (6.7) of the Ap-
p x again  

ore, 
endi

 
   

1
1

1

=
4

f r
x r

P f r





 
6

        (4.3) 

 
d

= d ,
x

f x
  

where the last relation follows from (2.11). 
The last integral  3

sO r  in (4.2) is a small correction 
and we neglect it oment. Then integrals of the 
following form remain to be calculated  

at the m

 
    0

d
=n n

u
J

P u P v






         (4.4) 

where we have set  

   1 .
24

=
f r

P v              (4.5) 

Such integrals are known ([7], vol.4, p.109-110)  
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       
 1 = 2 logJ v

P v v

1 v 
  

 
 

    
    (4.6) 

 
 

  

     

2

1
=

2

2

1 .

J v v
v

P v P v J

    

 

   

 
    (4.7) 

These results are easily verified by differentiating and 
us

P



ing addition formulas. Of course  0J   is just the 
polar angle  . Then (4.2) leads to result for the desired 
 t  :  

        3
0 1 1 2 2= .s

E
t J J

L
        O r  (4.8) 

where  
2 2

0 1 1= s sr r r r                (4.9) 

 1
1 1=

2 4
srr

f r    
 

       (4.10)     

 2
1

2 = .
16

f r



             (4.11) 

Again we evaluate this for bounded orbits 
tonian approximation by means of the expan-

sion in Theta functions. 
The quantity in (4.8-11) is 

(3.18). Introducing  

in the 
post-New

v  given as the zero of 

π
=

2
V v


               (4.12) 

we find  

1

1 3 1
cos 2 = .

2
srV

r

 
 


          (4.13) 

Since < 1 , V  is complex:  

 22 = loV i  g 1 π 2ib         (4.14) 

Using ([2], eq.18.10.6)  

         
       

 

33
2 3 4 1

3 3
2 3 4 1

3
2

3 3

0π
=

4 0 0 0

π cos
=

4 sin

V V V
P v

V

V
O q

V

   
    



 

 

 

we obtain  

 
 
 

 

 

1 223
2

3
=

2
P v i




 v  from ([2], eq.18.10.7)  

2

2 2

2 2
1

1π

1

1 3 4 5
= 1 .

2 11

s

s

O r

r
i

r





   







   
 

  

  (4.15) 

Similarly we calculate 

   
 

1

1

π
=

2

Vv
v

V


  


           (4.16) 

where  

   
 

2
1

1

0π
= =

12 0


  

 





         (4.17) 

and  z  from ([2], eq.18.10.8)  

   
 

2
1

1

2 π
= exp , =

π 2 0 2

Zz z
z Z

  .
  

 
   

  (4.18) 

This implies  

 
 

 
   
 
 

 

2sin
log = 2 log

sin

cos
= 2 log

cos

2 2 ,

v V
v O

v V

ib
v

ib

v i

   
  

 

   


 
 

 


 



  

(4.19) 

e 

q


wher   is given by  

  = arctan tan tanh .b        

Then 

  (4.20) 

 1J   (4.6) is equal to  

       
222 3

1 2 3 2
1

12 4
= 1 .

π π 1

srJ O
r

    


  
     

  
 

To expand this in the post-Newtonian order we first 
calculate     from  

2
1

1 1 3 1
tan = tan tan .

1 11
sr

r

  
 

  
  

 
 

Introdu g  cin

1
= 2arctan tan

1




 
 





   (4

we get  


.21) 

2
1

1 3
= s

2 4 1
sr

r

  
in . 







 

As before in (3.19) we do not expand   in (4.21). 
However, if ne does o so one finds a ribution  cont
 1sO r r  

 
1

1 3 1
= 2arctan tan 2

1 2 1 1 cos
sr

r

  
   

  


  
 

(4.22) 

where the first term, say 

  
 

N , is the parameter which 
appears in Newtonian m ics (Kepler’s equation, see echan
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.29)). Now the expansion of  1J   below (4 is given by  which also follows directly from the definition (4.4). 
To expand  

     0 1
1 1

1

= srJ J J
r

   1 

 0
1

1 1
= 2

1
J

   
 

  
   

        (4.23) 

    1
1 2 1

2 .

 

2

1 1 3 1
= 7 3 sin

1

1 5 4 3

J

1 1

    

 


  



  


 
 



 



   

For 0   we have the simple finite limit  

 
 

 

   

   

2 2

1

0 1
2 2

1

1
= 2

π sin 2

cos 2

= s

J P
P v

P v J

r
J J

r

 


v


 

 

      

     



 

we need  

   

    

2 2

2

2
1

= 6
2

2 1 11 18 5
= 1

2 2 2 1 11
s

g
P v P v

r

r

   
 

 

   
     

.
 

   1 =0
1

2
= 1 3 2 sin 2

π
srJ

r


 
   

 
 

This finally leads to  

        0 0
2 1

sin 24 2 ) 1
=

1 1 cos 2 2 1
J J


2

1 1 
 

   
  

 
 

  
    

                       (4.25) 


   

 
   

 

2 2 2
1
2 2

2 3
0 1
1 12

12 15 12 11 sin 2 1 4 3 17 13 12
=

1 1 cos 2 1 cos 21

6 15 8 1 2
.

11 1

J

J J

 2

1

    
    

    
 

        
       

   
  

  

 

  
              (4.26)

ain wAg e do not expand   (3.16) in order to keep 
the perihelion preces ble. The limit 
for 

sion as precise as possi
0   is equal to  

   2 =0
1

= 2 1 6 6 4sin 2 sin 2 cos 2 .srJ
r



 
      

 
 

In the final result (4.8) for the time  

     0 1
1

= srt t t
r

              (4.27) 

the pre-factor E L  also gives a correction:  

   1 11 1s

2
= 1 srE

L r r r 
 
   

 

which follows from (2.19-21). In the terms propor-
tional to 



 0t  
  cancel  

   
3

1
0 2

2 1 si
= .

1 1 1 cos 21s

r
t

r

  
  

  
  

n 2

   
(4.28) 

Approximating  by   this is in agreement with 2
Kepler’s equation  

 
 

 
3

1
0 3

2
= s

1s

r
t

r
in .   





    (4.29) 

The post-Newtonian corrections in (4.27) come from 
various places. To show this we write the result in the 
form  

       
 

     
 
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As in (3.19) the post-Newtonian correction vanishes 
for circular motion = 0 . 
 
5. Gravitational Red Shift 
 

chw ant for the 
investigation of the recently discovered S-stars near the 

Galactic Center ([1] and references given there). These 
stars move in the strong gravitational field of the central 
black hole so that general relativistic effects are observ-
able and the Schwarzschild metric g  

easurabl
is a fairly good 

description of the situation. The m e quantity of 
interest is the red shift of spectral lines in the light emit-
ted by the moving star. Therefore we finally consider 

The study of S arzschild geodesics is relev
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this. 
Let 1  

n
be the frequency of a given atomic line from 

the star a d 0  the frequency of the same line observed 
in the frame of the galaxy. If rest d dx t  is the v
of the  two frequencies are related by ([9]
equ

elocity 
 p.83, star, the

. 3.5.6)  
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We assume that the observer at X is far away from the 
ce

 in the lane 
nter such that the denominator can be approximated by 

1. For a star moving  p = π 2  we have  
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From (2.10) and (2.7) we find  

2
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and (2.8) gives  
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t E r


 

Substituting all this into (5.1) we see that L drops out and 
we end p with the simple result   u
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e
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By (2.20) 

s

we can express E by the perihelion  and 
aphelion   

 1r

2r

2 2

1 2 3

= 1 srE m
r r r

 
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


w

 

here 3r  is the small correction (2.21). Then we finally 
get  
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  

0 1 2 3

= 1 1 .
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The lowest order  sO r  is equal to  

     21

0 1 2

= 1 .
2

s s
s

r r
O r

r r r 
  


     (5.5) 

Since the last term is always smaller than the second one 
we indeed have red shift 1 0>  .

1=r r
 Of course,

mal at the perihelion where is minimal. The total 
ob

 to the star ([9], p.30). 
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on ([5], p.452).
), let  

Appendix: Integration of the Differential 
Equation 
 
We closely follow Whittaker and Wats
With the notation of the paper (2.11
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Abstract

Using Weierstrassian elliptic functions the exact geodesics in the Schwarzschild metric are expressed in a simple and most transparent form. The results are useful for analytical and numerical applications. For example we calculate the perihelion precession and the light deflection in the post-Einsteinian approximation. The bounded orbits are computed in the post-Newtonian order. As a topical application we calculate the gravitational red shift for a star moving in the Schwarzschild field.

Keywords: Schwarzschild Geodesics, Red Shift

1. Introduction

Schwarzschild geodesics are elliptic functions, therefore, they should be written as such. For this purpose the Weierstrassian elliptic functions are most useful because they lead to simple expressions. The reason for this is that the solution of quartic or cubic equations can be avoided in this way.


In a recent paper [1] an analytic solution for the geodesic in the weak-field approximation was given. As pointed out in that paper the progress in the astronomical observations call for better analytical methods. In this respect it is desirable to have the exact geodesics in a form most suited for applications. For the orbits in polar coordinates (next section) this goal can be achieved by using Weierstrass’ P-function for which many analytical and numerical methods are known [2]. Considering the motion in time (section 4) the related 

[image: image307.png]



- and 

[image: image2.wmf]s


-functions of Weierstrass appear.


1I am indebted to C. Lämmerzahl and P. Fiziev for bringing this reference to my attention

Jacobian elliptic functions have been used by Darwin [8] for the form of the orbits. After some transformation our result (2.13) agrees with his. But in his second paper he abandons the elliptic functions because they were “not so well adapted to a study of the time in those orbits”. Obviously the Weierstrass functions are better suited for the problem. Indeed, expressing them by Theta functions one gets the natural expansion of the geodesics in powers of the Schwarzschild radius, this expansion involves elementary functions only. The Weierstrass functions have also been used by Hagihara [11]1. But he has chosen the variables and constants of integration in a manner which leads to less explicit results. So it is difficult to derive the post-Newtonian corrections to the geodesics given here from his formulas. As a topical application we finally calculate the red shift for a star moving in the Schwarzschild field. The geodesics are also needed for the study of modifications of general relativity ([10], section 5.13).

2. The Orbits in Polar Coordinates 
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where 
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with the Christoffel 
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 leads to the following three differential equations
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Here we have used the standard representation
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and have chosen 
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 as the plain of motion. The Christoffel symbols can be taken from the Appendix of [3].


Multiplying (2.3) by 
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Next multiplying (2.5) by 
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For the constants of integration we use the notation of Chandrasekhar [4].


Finally, substituting (2.7) and (2.8) into (2.5) and multiplying by 
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Consequently, the square bracket is equal to another constant = b. Then the resulting differential equation can be written as
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The constant b can be arbitrarily adjusted by rescaling the affine parameter s. Below we shall take 
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 where m is the rest mass of the test particle. This will enable us to include null geodesics (light rays) with
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. Each geodesic is characterized by two constants of the motion: energy E and angular momentum L.

Taking the square root of (2.10) and dividing by (2.8) we get
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Now 
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 can be written as an elliptic integral. However, it is better to consider the inverse 
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and let 
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Here 
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 is Weierstrass’ P-function with invariants 




[image: image39.wmf]2


204132


=43


gaaaaa


-+


          (2.14)



[image: image40.wmf]322


302412320314


=2.


gaaaaaaaaaaa


+---


  (2.15)

In our case we have
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. For the convenience of the reader we reproduce the short proof in the Appendix.


The result (2.13) is not yet the solution of our problem because it contains too many constants: the invariants 
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 as constants of integration instead of E, L. This is even desirable from the astronomers point of view because the zeros of derivative (2.11) are turning points of the geodesic, for example in case of a bounded orbit they can be identified with the perihelion and aphelion of the orbit. In order to express E, L by 
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and compare the coefficients of 
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we can solve for 




[image: image55.wmf]2


123


2


121323


=,


s


rrr


m


r


rrrrrr


L


++


++


        (2.19)



[image: image56.wmf]2


22


123


=.


s


mr


Em


rrr


--


++


        (2.20)

In addition we obtain the third zero 
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The relations (2.19-21) allow to express everything in terms of 
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Here 
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With these substitutions the result (2.13) gives all possible geodesics in the form 
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As a first check of the solution (2.13) we consider the Newtonian limit. Let the two zeros 
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The leading order in the derivatives of f is given by 
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It is convenient to introduce the eccentricity 
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Using all this in (2.13) we find the wellknown conic 




[image: image76.wmf](


)


1


1


=.


1cos


r


r


e


ej


+


+


            (2.29)

Assuming both zeros 
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. The relativistic corrections to (2.29) are calculated in the following section.


3. Discussion of the Solution

The solution 
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Again it is not necessary to solve this equation because the solutions 
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Next we remove the quadratic term by introducing 
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This gives the normal form of Weierstrass 
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with the above invariants (2.14-15). That means roots of 

[image: image99.wmf](


)


fr


 are simply related to roots of (3.1) by the transformation 
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The cubic equation (3.1) with real coefficients has either three real roots or one real and two complex conjugated roots. The first case occurs if the discriminant 
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is positive, in the second case 
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 is negative. In terms of the roots 
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 is given by ([2], p.629, equation 18.1.8) 
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The physically interesting orbits correspond to the first case of real roots. If we have two complex conjugated zeros 
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 is imaginary. Such orbits have been discussed by Chandrasekhar ([4], p.111). Now we discuss the various cases.


3.1. Bound Orbits

In this case we have two positive turning points 
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Our convention is chosen in agreement with [2]. The real half-period 
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 of the P-function is given by ([2], p.549, equation 18.9.8) 
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where 
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As a first application let us give the post-Einsteinian correction to the orbital precession. If 
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 (3.10) is small we can use the expansion ([2], p.591, equation 17.3.11) 
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From the roots 
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This finally leads to the half-period 
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The perihelion precession is given by 
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To compute the relativistic corrections for 
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Here 
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 is the so-called Nome ([2], eq. 17.3.21) 
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These series are rapidly converging since 
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(3.10), they give the natural expansion in powers of the Schwarzschild radius 
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. Now the P-function is given in terms of Theta functions by ([2], eq. 18.10.5) 
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where 
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Using 
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this leads to 
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Substituting this into (2.13) gives the desired orbit to 
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It is important to insert the period 
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 in 
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 (3.16) according to (3.12) in order to describe the perihelion precession correctly.


If the two roots 
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 which  is the innermost circular orbit.

3.2. Unbound Orbits

In this case there is only one physical point, the point of closest approach 
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because 
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This is an elliptic integral which can be transformed to Legendre’s normal form 
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by the transformation ([6], vol.II, p.308) 
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The parameter 
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 in (3.22) is given by 
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and 
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The integral (3.22) is an incomplete elliptic integral of the first kind 
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which has the expansion ([6], vol.II, p.313) 
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For small 
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This gives 
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It is convenient to calculate 
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The leading order is the Newtonian asymptote of the hyperbola.


3.3. Null Geodesics

For 
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 there is only one constant of integration in the quartic (2.11) 
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which is the so-called impact parameter 
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Now it is necessary to calculate the roots of 
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We find 
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where 
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and we have ordered the zeros in the same way as in (3.20). Then as in the last subsection we can calculate the direction of the asymptote (3.21) which now is equal to 
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with 
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 given by (3.23) 
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and 
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and 
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 by (3.25) 
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We want to calculate the light deflection in the post- Einsteinian approximation. Using again the expansion (3.27) we have 
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From (3.34) we obtain 
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The deflection angle is given by 
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Instead of the impact parameter 
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 in 
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 (3.32) we would like to use the distance of closest approach 
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The two are related by 
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which leads to 
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The first term 
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 is Einstein’s result.


4. The Motion in Time 
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By dividing (2.7) by (2.10) we find 
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We choose 
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    (4.2)

This is a sum of elliptic integrals of first, second and third kind. The coordinate time is given as a function of r by calculating these. However, we want t as a function of 
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 and, therefore, use the substitution (6.7) of the Appendix again 
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where the last relation follows from (2.11).


The last integral 
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 in (4.2) is a small correction and we neglect it at the moment. Then integrals of the following form remain to be calculated 




[image: image209.wmf](


)


(


)


(


)


(


)


0


d


=


n


n


u


J


PuPv


j


j


-


ò


        (4.4)

where we have set 
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Such integrals are known ([7], vol.4, p.109-110) 
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These results are easily verified by differentiating and using addition formulas. Of course 
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where 




[image: image217.wmf]22


011


=


ss


rrrr


t


++


             (4.9)



[image: image218.wmf](


)


1


11


=


24


s


r


r


fr


t


æö


¢


+


ç÷


èø


           (4.10)



[image: image219.wmf](


)


2


1


2


=.


16


fr


t


¢


             (4.11)

Again we evaluate this for bounded orbits in the post-Newtonian approximation by means of the expansion in Theta functions.


The quantity 
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 in (4.8-11) is given as the zero of (3.18). Introducing 
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we find 
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Since 
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Using ([2], eq.18.10.6) 
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we obtain 
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Similarly we calculate 
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where 
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and 
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This implies 
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where 
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 is given by 
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Then 
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To expand this in the post-Newtonian order we first calculate 
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Introducing 
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we get 
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As before in (3.19) we do not expand 
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 in (4.21). However, if one does so one finds a contribution 
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where the first term, say 
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, is the parameter which appears in Newtonian mechanics (Kepler’s equation, see below (4.29)). Now the expansion of 
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For 
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which also follows directly from the definition (4.4).


To expand 
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we need 
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This finally leads to 
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Again we do not expand 
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 (3.16) in order to keep the perihelion precession as precise as possible. The limit for 
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In the final result (4.8) for the time 
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the pre-factor 
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 also gives a correction: 
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which follows from (2.19-21). In 
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Approximating 
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The post-Newtonian corrections in (4.27) come from various places. To show this we write the result in the form 
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As in (3.19) the post-Newtonian correction vanishes for circular motion 
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5. Gravitational Red Shift

The study of Schwarzschild geodesics is relevant for the investigation of the recently discovered S-stars near the Galactic Center ([1] and references given there). These stars move in the strong gravitational field of the central black hole so that general relativistic effects are observable and the Schwarzschild metric 
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 is a fairly good description of the situation. The measurable quantity of interest is the red shift of spectral lines in the light emitted by the moving star. Therefore we finally consider this.


Let 
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 be the frequency of a given atomic line from the star and 
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We assume that the observer at X is far away from the center such that the denominator can be approximated by 1. For a star moving in the plane 
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From (2.10) and (2.7) we find 
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and (2.8) gives 
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Substituting all this into (5.1) we see that L drops out and we end up with the simple result 
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By (2.20) we can express E by the perihelion 
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where 
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 is the small correction (2.21). Then we finally get 
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The lowest order 
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Since the last term is always smaller than the second one we indeed have red shift 
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. Of course, it is maximal at the perihelion where 
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 is minimal. The total observed red shift is obtained by multiplying (5.5) with the Doppler factor 

[image: image288.wmf](


)


1


1


r


v


-


+


 where 

[image: image289.wmf]r


v


 is the component of the relative velocity along the direction from the observer to the star ([9], p.30).
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Appendix: Integration of the Differential Equation

We closely follow Whittaker and Watson ([5], p.452). With the notation of the paper (2.11), let 
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where 
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Introducing the new integration variable 
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we have 
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To remove the second term in the cubic we set 
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and we get 
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The coefficients of 
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Now the inversion of the integral gives Weierstrass’ P-function 
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From (6.2) and (6.3) we have 
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and hence 
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