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Abstract

An initial value problem concerning the motion of an incompressible, electrically conducting, vis-
coelastic Oldroyd-B fluid bounded by an infinite rigid non-conducting plate is solved. The un-
steady motion is generated impulsively from rest in the fluid due to half rectified sine pulses sub-
jected on the plate in its own plane in presence of an external magnetic field. It is assumed that no
external electric field is acting on the system and the magnetic Reynolds number is very small. The
operational method is used to obtain exact solutions for the fluid velocity and the shear stress on
the wall. Quantitative analysis of the results is presented with a view to disclose the simultaneous
effects of the external magnetic field and the fluid elasticity on the flow and the wall shear stress
for different periods of pulsation of the plate. It is also shown that the classical and hydromagnetic
Rayleigh solutions appear as the limiting cases of the present analysis.
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1. Introduction

The fluid flow generated by pulsatile motion of the boundary is found to have important applications in aero-
space science, nuclear fusion, astrophysics, atmospheric science, cosmical gas dynamics, seismology and physi-
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ological fluid dynamics. Ghosh [1] examined the motion of an incompressible viscous fluid in a channel
bounded by two coaxial cylinders when the inner cylinder is set in motion by the pulses of longitudinal impulses.
Subsequently, Chakraborty and Ray [2] studied the unsteady magnetohydrodynamic coquette flow between two
parallel plates when the upper plate is set in motion impulsively from rest by random pulses subjected on it.
Makar [3] presented the solution of magnetohydrodynamic flow between two parallel plates when the velocity
tooth pulses are imposed on the upper plate to initiate the fluid motion impulsively from rest and the induced
magnetic field is neglected. Bestman and Njoku [4] constructed the solution of the same problem as that of au-
thor [3] without ignoring the effect of induced magnetic field and using the methodology different from that of
author [3] to arrive at the solution of the problem. Ghosh and Sarkar [5] considered the hydromagnetic channel
flow of an electrically conducting dusty fluid induced by tooth pulses. These authors have shown that the meth-
odology followed by the authors [3] [4] leads to the same exact solution of the problem. Ghosh and Ghosh [6]
solved the same problem as that of authors [5] replacing the boundary condition at the upper plate of the channel
by rectified sine pulses instead of tooth pulses as encountered by authors [5]. In a subsequent paper Ghosh and
Ghosh [7] also examined the hydromagnetic flow of a two-phase fluid near a pulsating plate with a view to its
application in the analysis of suspension boundary layers. On the other hand, Datta & Datta [8] [9] discussed the
heat transfer to pulsatile flow of a dusty fluid in pipes and channels with a view to their application in the analy-
sis of blood flow. In spite of the above works, the study of pulsatile flows in Oldroyd-B fluids is equally impor-
tant because these fluids encounter both elasticity and memory effects exhibited by most polymeric and biologi-
cal liquids. Tanner [10] solved the classical Rayleigh problem associated with an Oldroyd-B fluid while Ghosh
and Mitra [11] constructed solutions of Stokes problem for a linear viscoelastic fluid of Oldroyd-B type. Ghosh
and Debnath [12] analysed the heat transfer to pulsatile flow of a viscoelastic Oldroyd-B fluid between two par-
allel plates. Exact solutions for some simple flows of an Oldroyd-B fluid were given by Rajagopal and Bhatna-
gar [13]. Some simple flows of an Oldroyd-B fluid were discussed by Hayat, Siddiqui & Asghar [14]. Exact so-
lutions of MHD flows of an Oldroyd-B fluid over an infinite oscillatory plate were obtained by Hayat et al. [15].
Stokes’ first problem for an Oldroyd-B fluid in a porous half space was solved by Tan and Masuoka [16].
Javadzadegan et al. [17] discussed the pulsatile flow of viscous and viscoelastic fluids in constricted tubes with
a view to analyse the viscoelastic behaviour of blood using the Oldroyd-B fluid model. Most recently, Ghosh
and Sana [18] presented solutions of hydromagnetic rotating flow of an Oldroyd-B fluid near an oscillating plate.
In the present paper, we intend to construct solution of hydromagnetic flow of an Oldroyd-B fluid near an infi-
nite plate induced by half rectified sine pulses with a view to its application in more generalised physical situa-
tions. It appears that besides various applications of pulsatile flow mentioned above, the present investigation
seems to be useful in the analysis of suspension boundary layers, the blood flow during irregular heartbeats,
flows in the liquid core of the earth during earthquakes, spreading of protective coating on electronic and optical
devices and in the detection of magnetic effect on electrically conducting flows of biological fluids.

The problem is concerned with the unsteady hydromagnetic flow of a semi-infinite expanse of an incom-
pressible, electrically conducting viscoelastic Oldroyd-B fluid bounded by an infinite rigid non-conducting plate.
The motion is supposed to generate from rest in the fluid due to unidirectional motion of the plate in its own
plane caused by half rectified sine pulses applied periodically on it. The operational method is used to obtain
exact solutions for the fluid velocity and the shear stress exerted by the fluid on the pulsating plate. The quanti-
tative analysis is made to examine the influence of the elasticity, the magnetic field and the time-period of pul-
sation on the fluid velocity and also on the wall shear stress. It is shown that hydromagnetic and hydrodynamic
Rayleigh solutions appear as special cases of the present analysis.

2. Basic Equations
The constitutive equations for an Oldroyd-B fluid [14] [15] are

T=-p-1+S (2.1)
Ds D
S+ A —=pu|l+l, — 2.2
i1 a D |A @2
where T = Cauchy stress tensor, p = fluid pressure, | = identity tensor, S = extra stress tensor and | = viscosity

coefficient, A, = relaxation time, A, = retardation time (assumed constants).
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The tensor A; is defined as

A =VV+(VW) (2.3)
In a Cartesian system, b (upper convected time derivative) operating on any tensor B, is
%:%Jr(v-v)Bl—(vv)Bl—Bl(vv)T (2.4)

It is to be mentioned here that this model includes the viscous fluid as a particular case for 4, = 4,, the Max-
well fluid when 4, = 0 and an Oldroyd-B fluid when 0 < 4, < 1; < 1.

The stress equations of motion for an incompressible electrically conducting Oldroyd-B fluid in presence of
an external magnetic field are

(VW)=0 (2.5)
p[%+(V~V)V}:V-T+JXB (2.6)
(VB)=0 (2.73)
(VxB)=p,J (2.7b)

(VxE) :_% (2.82)

J=0[E+V xB] (2.8b)

where V(u, v, w) = fluid velocity, p = fluid density, J = current density, B = magnetic flux density, E = electric
field, 1, = magnetic permeability (assumed constant), and o = electrical conductivity (assumed finite).

It is to be noted here that the electromagnetic effect entering in Equations (2.6) to (2.8b) are approximation
under the assumption of the small magnetic Reynolds number. More precisely, the above equations hold good if
the condition V < oL, in which V is the characteristic velocity and L is the characteristic scale of motion, is sat-
isfied. It is also noteworthy that the inequality given above holds in many cases of interest.

3. Formulation of the Problem

In this problem, we consider the motion of a viscoelastic electrically conducting Oldroyd-B fluid where the x-
axis is taken in the direction of flow with the origin at the plate and y-axis perpendicular to it. The initial motion
is generated in the fluid due to the half rectified sine pulses applied on the plate. A uniform magnetic field of
strength By is acting parallel to y-axis. We assume that no external electric field is acting on the fluid and the
magnetic Reynolds number is very small. This implies that the current in the fluid is mainly due to the induced
electric field and the applied magnetic field remains essentially unaltered by the electric current flowing in the
fluid. We also assume that the induced magnetic field produced by the motion of the fluid is negligible com-
pared to the applied magnetic field so that the Lorentz force term in Equation (2.6) becomes —o—B(fV . Since the
motion is a plain one and the plate is infinitely long, we assume that all the physical variables are independent of
x and z. Then from the equation of continuity (2.5) and from the physical conditions of the problem, we take

V ={u(y.t),0,0} (3.1a)
and
S=S(y.t) (3.1b)
The equations of motion in (2.6) then reduces to

0S

pa—u:—a—p+ Y _oBu (3.2a)
ot ox oy
0S

P_Pw (3.2b)

o oy
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p
F_o 3.2¢c
= (3.2¢)
It follows from Equations (2.2), (3.1a) and (3.1b) that
2
s ou ou
S —X*_25 —|=-2 — 3.3a
xx+j‘1|: ot xy8yj| :uﬂ'z[ayj ( )
oS ou ou d%u
S w _g SUi_ o 3.3b
Xy"‘ﬂi{ ot yyay:| ﬂ[ay]"'ﬂzﬂayat ( )
oS
Sy +ﬂja—tW:O (3.3c)
The Equation (3.3c) gives
S, =A(y)e’~ (3.4)

where A(y) is an arbitrary function of y. But S,, is known to be zero for t < 0. This implies that A(y) must be zero.
Hence Sy, is zero always. Consequently, from (3.2a) and (3.3b) and in the absence of the pressure gradient along
x direction, we get

2 BZ
(1”1%6—”:{1”23)6—‘;—0 0 [1+21§)u (3.5)
ot ) ot ot ) oy P ot
which on introducing the dimensionless quantities given by U = 4 y= y t= t k= ﬁ(s 1) and
Uo Nz A A
2
n= Bh and on dropping the bars, we get
P
2
(1+ﬁja—”=(1+ kﬁja—‘j-n(uﬁju (3.6)
ot ) ot ot ) oy ot
The problem now reduces to solving Equation (3.6) subject to initial and boundary conditions:
u(y,t)=f(t)ony=0whent>0 (3.73)
u(y,t)>0asy—>oowhent>0 (3.7b)
and
0
u(y,O):aU(gt/' )=Of0r0£y<oo (3.7¢)

where f(t) representing the half rectified sine pulses, as shown in Figure 1, is a periodic function of time with
period T.
4. Solution of the Problem

In view of the nature of f(t) (as shown in Figure 1) mentioned above the mathematical form of u(0, t) may be
written as

u(0.t)=E, {Sin$ H(t)+ z::lsinm

where H(t) is the Heaviside unit step function defined as
H(t-T)=0,t<T and H(t-T)=1t>T.

H (t-mT/2) (4.1)
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Figure 1. Half-rectified sine pulses with period T.

The use of Laplace transform method for the solution of the Equation (3.6) with initial conditions in Equation
(3.7¢), provides the transformed equation for the fluid velocity in the form

d’m (s+n)(l+s)

u=0 4.2
dy® 1+ks 4.2
with the boundary conditions
U—>0asy—>ow (4.3)
and
(s)=E, i aty=0 (4.4)

(a252 +7° )(1—e’“5)

where s is the Laplace Transform variable and o = T/2.
The transformed solution for the fluid velocity T(y,s) becomes

u(y,s)=E, ne exp{—y W} (4.5)

(0:252 +n2)(1—e"’3) 1+ks

The inversion of Equation (4.5) gives

u(y,t)—ij'm” noe exp{—y (s+n)(1+ s)}ds (456)

" o dr-ie (azsz +n2)(1_e—as) 14 ks
. L in . . 2mne
The inversion integral has poles at s=0,£— and a series of poles at s=#ig, ,5,=——, m=12,.--
[0 o

. 1 . N .
and branch pointsat s = —F,—l and —n as shown in the contour drawn in Figure 2 in the complex s-plane.

Evaluating Equation (4.6) with the help of Cauchy’s Residue theorem applied to the contour in Figure 2, we
get
u(y.t) 1 s e (nt j = 2me ™
——~=—e"™"+—sin| ——By [+ ) ————cos(f,t-D
E, T 2 a y Enz—az 2 (ﬁm y)

m

4.7
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Figure 2. The Contour integral path for the Equation (4.7)
showing the points of singularity and branch points.

where A,B:;\/\/a%b2 +a, C,D:;\/\/cﬂd2 +c

2[1+ k’n 2] 2(1+K*42)
OC
_n[l+kij (1-k) = :E{ n(1—k +1+k—2} c=n(1+kp2)- A (1-K)
(04 o
d:ﬂm[(1+kﬂ )+n(l k)} a:% and B, = 2mn.
a

On the other hand, the solution corresponding to the classical viscous fluid can be obtained from Equation
(4.7) in the limit k — 1. This solution is given by

u(y,t Ay » e oY
lee‘m+e—sm(n—t—81y] 2 ~cos(B,t—Dyy)
E, s 2 a el ,[)’m
™ (4.8)
+1J'w e sin{y\/x—n}dx
mon (GI!ZX2+TE2)(1—eaX)
where A,B =i1/4/n2+i+n and C,,D =i\/\/n2+ﬂ2 £n
y M1 \/E az 1 =1 \/E m
Further, when Eg = n and T — 0, the Equation (4.7) reduces to
—xt
€ sin (4.9)

which describes the Hydromagnetic Rayleigh solution for an Oldroyd-B fluid and coincides with the findings of
authors Ghosh and Mitra [11].
On by putting k = 1 in the Equation (4.9), we get

)
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u(y,t)=e i j —sm{y\/—}dx

(4.10)
_1rm -y
- z[e erfc(77+\/ﬁt)+e erfc( \/_t)} n= 2\[
which is the well-known solution of the hydromagnetic Rayleigh problem (cf. [19]).
On the other hand, if n — 0 we get from the Equation (4.10) the classical Rayleigh solution as
u(y,t)=erfc(n) (4.11)
The fluid velocity given by the Equation (4.7) attains the steady-state in the limit t—oo and the ultimate flow
becomes
u(yt) 1 i & ( j . 2meC
—e sm —-B —cos t-D 4.12
E, T 2 a y zm:lnz -’ (B y) (412)

The ultimate steady flow given by Equation (4.12) contains the effect of both the elasticity and the magnetic
field and consists of several distinct boundary layers in the vicinity of the plate due to the effect of pulsation.

One is a Hartman layer of thickness of the order ,/ﬁ , the other is a Stokes-Hartman layer of thickness of or-
n

der, /% and the rests are multiple Stokes-Hartman boundary layers of thicknesses of order ,f% .

Since C > A > n, the thickness of the Hartman layer is greater than the Stokes-Hartman layers which decrease
with the increase of the elastic parameter (k) and the magnetic field (n). However, in the limit T —0 (a — 0, Sn
— o0) i.e. in absence of pulsation, all the boundary layers coalesce into a single classical Hartman layer of thick-

ness of order /ﬂ which appears in the vicinity of the plate. This shows that the elasticity of the fluid can
n

manifest its effect only in presence of pulsation.
The exact solution for the stress on the plate y = 0, in dimensionless form, is given by

izﬂJrl A*sin(”t)JrB cos(ntj
E, T 2 a a

+mi;1n2 7 -{C"cos(3,t)-Dsin(,1)}

\/E " Tcae,x[ (413)

L (oczx2 +n2)(1—e“)

ﬂjl nae™

T " (ozzx2 +n2)(1—eax)

where A",B*=;2 a’ +b’ +a C*,D*=;m/(:f+dfJ_rcl
2
2[1+”2j 2(1+41)
o

al_n(1+|;—J (1- k) b= g[nka——n(l k)} ¢ =n(1+kp2)+ A (1-K)

d, = A, [ (1+kp2)-n(1-K)], a:TE and g = 2%

which when k — 1 yields

o

)
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;_Zziﬁ{a sinf 2 & °s(§j}

+Z‘1n2_ T {C cos (B, t)—Dl*sin(ﬁmt)} (4.14)
- ae VX —=ndx

" (a X2 +m )(1—e‘”)

T I N
Where A&.’Bl :E n2+?i—nl C11D1 :E\/m

On the other hand, if T — 0 and E; = n, we have from Equation (4.13), the shear stress corresponding to
Oldroyd-B fluid on the non-pulsating wall becomes

(4.15)

which when k£ — 1 provides the shear stress on the wall corresponding to hydromagnetic Rayleigh problem as
—xt
S Y N Y (4.16)
" X
and in the limit » — 0, yields the familiar result

(4.17)

L

5. Numerical Results

Unlike the generating flow in Rayleigh problem and the oscillatory result given by Stokes solution the nature of
the pulses imparted on the plate produces both developing and retarding motions propagating unidirectionally in
the fluid during the duration of each pulse. The quantitative analysis of the result (4.7) representing the fluid ve-
locity is shown in Figure 3(a) for the increasing motions corresponding to t = 0.1 and 0.25 and the retarding
motions for t = 0.45 and 0.7 when T = 1.0, n = 0.1 and the elastic parameter k assuming the values 0.3, 0.7 and
1.0 in each case. It appears that the fluid velocity near the plate increases with k when the motion is developing
and decreases with k when the motion is retarding. For example, aty = 0.2, n = 0.1, T = 1.0, and k changes from
0.3 to 0.7, the fluid velocity increases by 46.4% and 17.3% respectively when t = 0.1, 0.25. Similarly, aty = 0.2,
n=0.1, T =1.0 and k changes from 0.3 to 0.7, the fluid velocity decreases by 13.95% and 38.75% respectively
when t = 0.45, 0.7. Such a result is expected in the presence of pulses although it is not true in the non-pulsatile
case.

We also observe that the above increasing and decreasing effects produced by the elastic parameter k is fur-
ther enhanced with the increase of magnetic field (n). It is to be noted here that the value of the elastic parameter
k = 1, represents the Newtonian case and the fluid will be more and more viscoelastic for lesser and lesser values
of k. On the other hand, the magnetic field (n) produces damping effect on the flow irrespective of its nature.
This fact is presented in Figure 3(b). Similarly, the effects of the magnetic field and the elasticity of the fluid
associated with both the increasing and decreasing motions for T = 0.5 and T = 2.0 are shown respectively in
Figure 4(a) and Figure 4(b). A comparative study of the developing flow produced by the impulsively moved
plate and the pulsatile plate is shown in Figure 4(c) for T = 0 and T = 1.0 respectively. It is seen that the velocity
of developing flow near the plate in the pulsatile case (T = 1.0) is higher than that produced by the impulsively
moved plate (T = 0). Moreover, contrary to pulsatile case the fluid velocity near the plate diminishes with the
increase of the fluid elasticity (k) in the non-pulsatile case although magnetic field has a damping effect on both
types of flow. The solution for the hydromagnetic and the classical Rayleigh solutions corresponding to k = 1, n
=0.9and k = 1, n = 0 respectively are represented graphically in Figure 4(c). The effects of k and non the de-
veloping and retarding flows with the increase of time period of pulsation (T) are presented in Figure 5(a) and

)
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Figure 3. (a) Effect of elasticity (k) on the fluid velocity for the developing and retard-
ing motions when n = 0.1 and T = 1.0; (b) Effect of the magnetic field (n) on the fluid
velocity for the developing and retarding motions when k =0.3 and T = 1.0.

Figure 5(b). It is found that the developing flows gradually diminishes with the increase of time period T while
a reverse effect is found in the case of retarding motions. The steady-state solutions for fixed values of n and k
and for increasing values of T are shown in Figure 6. It is clearly reflected from the nature of the velocity pro-
files shown in Figure 6 that the structure of the hydromagnetic boundary layer is significantly different from
those of pulsatile boundary layers. The thicknesses of the pulsatile boundary layers near the plate decrease with
the increase of time period of pulsation which is expected from steady-state solution.
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Figure 4. (a) Effects of the magnetic field (n) and the elasticity (k) on the fluid velocity for the developing
and retarding flows when T = 0.5; (b) Effects of the magnetic field (n) and the elasticity (k) on the fluid veloc-
ity for the developing and retarding flows when T = 2.0; (c) Effects of the magnetic field (n) and the elasticity
(k) on the fluid velocity for both the Pulsatile and Impulsive motion of the plate at t = 0.25.

The distribution of shear stress on the plate is plotted in the Figures 7(a)-(c) with the advancement of time,
respectively, for the cases T = 0.5, 1.0 and 2.0. The limiting result associated with the Rayleigh stress at T = 0.0
is presented in Figure 7(d). The effects of the elasticity (k) and the magnetic field (n) have also considered in
each case. It is seen that the wall shear stress fluctuates with time in a manner similar to that of the pulses on the
plate for all non-zero values of the time period (T). Moreover, unlike Rayleigh-stress, the shear stress on the
plate in each case becomes negative during the period of rectification. This is expected because at the beginning
of rectification, the decelerating motion of the plate starts which drives the fluid towards its destination by ex-
erting shear stress in opposite direction (negative shear stress). Such a situation prevail still the plate acquires
sufficient momentum to overcome the negative shear stress during its next accelerated motion. Besides, the
maximum value of the shear stress is found to occur at about t = 0.0754,, 0.154, and 0.31; respectively when T =
0.5, 1.0 and 2.0. Similar values can also be obtained for minimum values of shear stress on the plate which dif-
fers with T. In general, the stress on the plate decreases with the increase of the time period of pulsation (T) ir-
respective of the nature of the flow. On the other hand, as in the case of impulsively started motion, increase of
the elastic parameter (k) increases the stress which is further enhanced with the increase of the magnetic field (n)
when the flow is developing. However, a reverse effect is found when the motion is retarding.

6. Conclusion

The present problem is concerned with the investigation of unsteady motion generated from rest in a semi-infi-
nite expanse of an Oldroyd-B fluid due to multiple frequency unidirectional motion of the plate bounding the
fluid instead of that generated impulsively from rest by the movement of the plate with constant velocity (Stokes
first problem) orby oscillation of the plate in its own plane with a given frequency (Stokes second problem). As
a result, the present problem differs widely from those mentioned above as it provides a unidirectional positive
flow for all values of time and Stokes first problem both in hydrodynamic and hydromagnetic situations emerges



A. K. Ghosh et al.

0.8

0.6

T=10
_—k=07,n=01
~k=07,n=09

04 - k=03,0=01

—_—>

0.2 0.4 0.6 0.8 1.0

0.8
0.6

0.4

—_—>y

~
I

Sooo

MNP W s

0.2

o e
o
SR=N-N-1
o
Sooo
O —io—

S oooo
i I
SR=E-0~1
i
cooe
o — O,

S

02 0.4

(b)

Figure 5. (a) Effects of the magnetic field (n) and the elasticity (k) on the
fluid velocity for the developing motion when T = 0.5, 1.0, 2.0 at t = 0.125; (b)
Effects of the magnetic field (n) and the elasticity (k) on the fluid velocity for
the retarding motion when T =0.5, 1.0, 2.0 at t = 0.72.
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Figure 6. The steady-state solution for the fluid motion at n = 0.5, k = 0.3 when T
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()

Figure 7. (a) Effects of the magnetic field (n) and the elasticity (k) on the shear stress at the
plate y = 0 when T = 0.5; (b) Effects of the magnetic field (n) and the elasticity (k) on the shear
stress at the plate y = 0 when T = 1.0; (c) Effects of the magnetic field (n) and the elasticity (k)
on the shear stress at the plate y = 0 when T = 2.0; (d) Effects of the magnetic field (n) and the
elasticity (k) on the shear stress at the plate y = 0 when T = 0.0.

as special cases of it. The present problem although idealized bears a good resemblance with the blood flow in
large arteries during irregular heartbeats, some atmospheric and oceanic flows driven by pressure pulses, air
flows during traffic movements, movement of aircraft in some strategic positions and geophysical flows during
earthquakes. Consequently the present study will be helpful to discuss the structure of the boundary layers and
the effects of flow parameters associated with the pulsatile motion of viscoelastic fluids. Additionally, as the
major findings of the present analysis we notice that in the presence of pulsation, the elastic parameter increases
the developing flow near the plate, whereas, in the absence of pulsation such a motion decreases with the in-
crease of the elasticity (k). We further notice that the retarding motion near the plate caused by pulsation de-
creases with the increase of the elastic parameter k. In all cases, the effect of (k) on the flow is enhanced with the
increase of n, although the magnetic field (n) has an overall effect of damping the motion irrespective of its na-
ture. The intensity of the pulsatile flow near the plate is always greater than the impulsively generated flow. The
magnetic field and the fluid elasticity require some time to exert their influence on the wall shear stress for all
values of time period (T). Finally, the elastic parameter (k) and the magnetic field (n) increase the stress value
for all values of T which is much pronounced near the ends of the accelerated and retarded motions for the pul-
satile case and near the beginning of the developing motion when the flow started impulsively from rest. How-
ever, for fixed values of k and n the stress value of the pulsatile flow decreases with the increase of the time pe-
riod (T).
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