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Abstract

This paper deals with the production-dependent failure rates for a hybrid manufacturing/re-
manufacturing system subject to random failures and repairs. The failure rate of the manufactur-
ing machine depends on its production rate, while the failure rate of the remanufacturing machine
is constant. In the proposed model, the manufacturing machine is characterized by a higher pro-
duction rate. The machines produce one type of final product and unmet demand is backlogged. At
the expected end of their usage, products are collected from the market and kept in recoverable
inventory for future remanufacturing, or disposed of. The objective of the system is to find the
production rates of the manufacturing and the remanufacturing machines that would minimize a
discounted overall cost consisting of serviceable inventory cost, backlog cost and holding cost for
returns. A computational algorithm, based on numerical methods, is used for solving the optimal-
ity conditions obtained from the application of the stochastic dynamic pro-gramming approach.
Finally, a numerical example and sensitivity analyses are presented to illustrate the usefulness of
the proposed approach. Our results clearly show that the optimal control policy of the system is
obtained when the failure rates of the machine depend on its production rate.
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1. Introduction

With market globalization and technological advancement, manufacturing systems are faced with optimization
problems in their global supply chain of production. Production planning problems become more complex when
the environmental constraints require optimization of production and reuse of parts returned by customers after
use (reverse logistics). Compared to a situation where customer demand is only satisfied by the direct line of
production (production from raw materials), the simultaneous control of production and product recovery is very
complex [1]. Product recovery management deals with the collection of used and end-of-life products in order to
remanufacture them, reuse components or recycle materials. Remanufacturing is one of the most desirable op-
tions of product recovery [2]. Accordingly, [3] point out that remanufacturing is restoring a product to like-new
condition by reusing, reconditioning and replacing parts. Over the past decade, many authors have addressed
reverse logistics systems without considering the stochastic aspects related to the dynamic of the machines.
Usually, hybrid manufacturing/remanufacturing systems are often subject to random events such as failures of
the productions resources. This paper deals with a stochastic manufacturing/remanufacturing system consisting
of two parallel machines (manufacturing and remanufacturing machines) which produce one part type. The sto-
chastic nature of the system is attributable to machines that are subject to a non-homogeneous Markov process
resulting from the dependence of failure rates on the production rate. Whenever a breakdown occurs, a correc-
tive maintenance is performed to restore the machines to their operational mode. The main contribution of this
paper is the joint control of manufacturing and remanufacturing policies with production-dependent failure rates.
Our objective is to find the production rates of both machines such as to minimize a discounted overall cost con-
sisting of serviceable inventory cost, backlog cost and holding cost for returns. A computational algorithm,
based on numerical methods, is used in solving the optimality conditions obtained from the application of the
stochastic dynamic programming approach. Finally, a numerical example and sensitivity analyses are presented
to illustrate the usefulness of the proposed approach. The remainder of the paper is organized as follows. A lit-
erature review is presented in Section 2. Section 3 consists of assumptions of the model and the problem state-
ment. Section 4 provides numerical results and sensitivity analyses to illustrate the usefulness of the proposed
approach. The paper ends with the conclusion in Section 5.

2. Literature Review

Several authors have worked on the study of a combined manufacturing and remanufacturing system. However,
few studies today include aspects related to the stochastic dynamics of machines. Stochastic dynamics models
allow us to approach more real cases characterized by the presence of random phenomena. Until now, no paper
has studied a non-homogeneous Markov process (dependence of failure rates on the production rate) for a hy-
brid manufacturing/remanufacturing system. The literature on the combined manufacturing/remanufacturing and
stochastic aspects, as well as a manufacturing system with production-dependent failure rates is discussed be-
low.

In [4], a general framework for reliability prediction in a remanufacturing environment was proposed. A case
study of a remanufactured engine cylinder head that had a fatigue crack repaired by a welding process was pre-
sented in order to illustrate the process. Reference [5] developed a model providing a minimum cost solution for
the reverse logistics network design problem involving product returns for repairs. The model considered mini-
mized costs through the use of existing warehouses as repair facilities. The model and solution procedure also
produced multi-echelon reverse logistics configurations that considered the options of both direct product re-
turns from customers to manufacturing plants and indirect returns either through repair facilities or regional
warehouses. Reference [6] studied the production control problem for a remanufacturing system executing capi-
tal assets repair and remanufacturing in a single system integrating the replacement unavailability case. The au-
thors assumed that the production system responds to planned demand at the end of the expected life cycle of
each individual piece of equipment and unplanned demand triggered by a major equipment failure. Their main
objective was to maintain the number of serviceable items above the operating firms’ service levels. Reference
[7] pointed out the reliability requirements of remanufactured systems. The authors systematically analysed the
similarities and differences between the manufacturing, remanufacturing and repairing processes. Reference [8]
examined production planning and control involving combined manufacturing and remanufacturing operations
within a closed-loop reverse logistics network with machines subject to random failures and repairs. Their ob-
jective was to propose a manufacturing/remanufacturing policy that would minimize the sum of the holding and
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backlog costs for manufacturing and remanufacturing products. Reference [9] extended the model considered in
[8] to the production control problem for hybrid manufacturing/remanufacturing systems subject to random de-
mand.

In the preceding paragraph, we note that Reference [8] represents the first attempt to consider hybrid manu-
facturing/remanufacturing systems where machines are subject to random failures and repairs. However, the au-
thors did not address the question of what happens if the machines are used to their maximum production capac-
ity for a long period, and they did not consider the stock of returns.

One of the most important results obtained in [10] is the necessary and sufficient conditions for the optimality
of the hedging point policy for a single machine, single part-type problem, when the failure rate of the machine
is a function of productivity. It was shown that hedging point policies are only optimal under linear failure rate
functions. Their numerical results in the general case suggest that as the inventory level approaches a hedging
level, it may be beneficial to decrease productivity in order to realize gains in reliability. This conjecture was
confirmed by the numerical results reported in [11], where the author considered a long average cost function
and a machine characterized by two failure rates: one for low and one for high productivities. Reference [12]
generalizes the problem of [11] by considering one machine with different failure rates: more specifically, the
failure rate is assumed to depend on productivity, through an increasing function.

The results of [10]-[12] are limited to one manufacturing machine. Based on the literature review, we point
out that in the context of reverse logistics, it would be of interest to analyze systems consisting of at least two
machines, taking into account the gradual deterioration along the production process—this is the main topic ad-
dressed in our paper.

3. Manufacturing/Remanufacturing System

This section presents the assumptions used throughout this article, as well as the problem statement.

3.1. Assumptions

1) The failure rate of the manufacturing machine depends on its production rate. This assumption is the major
motivation of our paper. Other works consider one machine with a production-dependent failure rate or two
machines (manufacturing and remanufacturing machines) without deterioration with production speed.

2) The shortage cost depends on parts produced for backlog ($/unit).

3) The inventory cost depends on parts produced for positive inventory ($/unit).

4) The production rate of the manufacturing machine is higher than that of the remanufacturing machine.

5) The remanufacturing machine cannot satisfy the customer demand alone.

6) The manufacturing machine is unable to satisfy the customer demand with its economic productivity, which

is why the remanufacturing machine is called upon to fill the demand rate.
7) Manufacturing processes convert the raw materials to finished items.

8) Remanufacturing processes convert used products to as good as new parts
9) New parts (manufactured and remanufactured) satisfy the serviceable inventory.
10)Backorders of unsatisfied demands are permitted.

3.2. Problem Statement

The system under study as depicted in Figure 1 consists of a hybrid manufacturing/ remanufacturing system.
The whole system faces one part type demands. Manufacturing and remanufacturing machines (denoted by M,
and M, , respectively) in parallel are subject to random breakdowns and repairs. When the manufacturing ma-
chine works at a faster rate, it is more likely to fail. Then, the failure rate of M, depends on its production rate,
while the failure rate of M, is constant. The repair rates of both machines are constant. The maximum produc-
tion rates of the machines are known and the demand process for finished products is deterministic. At the ex-
pected end of their usage, products are collected, cleaned and disassembled by a third party for possible reuse.
The return process is deterministic (percentage of the demand rate). During inspection, used products can be
segregated into different quality levels. The products can then either be remanufactured or kept in recoverable
inventory for future remanufacturing, or disposed of.
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Figure 1. Hybrid manufacturing/remanufacturing system.

The mode of the machine M; can be described by a stochastic process ¢& (t) i=1,2. Such a machine is
available when operational (& (t)=1) and unavailable when it is under repair (& (t)=2).

The operational mode of the system is described by the random vector (§l (t).% (t)) Given that the dynamics
of each machine is described by a 2-state stochastic process, we define a combined stochastic process
£(t)e B={1,2,3 4} ; its possible values are determined from the values of & (t) and &, (t), as follows:

- Model: M, and M, are operational.

- Mode 2: M, isoperational and M, isunder repair.

- Mode 3: M, isunder repair and M, is operational.

- Mode4: M, and M, are under repair.

With 4., denoting a jump rate of the system from state « to state S, we can describe cf(t) statistically
by the following state probabilities:

P[&(t+t)=ple(t) =] ={

Aoy ()St+0(8t) ifazp

, )
1+ 4, ()ot+o(st) if a=p

« =

Pra

The transition diagram, which describes the dynamics of the considered manufacturing system, is presented in
Figure 2, with: o, = 4, =4, (failure rate of M,), o, =14, =4, (failure rate of M,), 03, =4, =4,
(corrective maintenance rate of M,)and ¢, =4, =4,, (corrective maintenance rate of M,).

The dynamics of the system is described by a discrete element, namely é‘(t), and continuous elements
¥ (t) and x,(t). The discrete element represents the status of the machines and the continuous one, the stock
level of serviceable inventories and returned items. The stock level x (t) can be positive for an inventory or
negative for a backlog. We assume that there is no shortage of returned products, then x, (t) >0.

We assume that the failure rate of M, depends on its production rate, and is defined by:

1 — 91 If ule(U’ulmax]
“ 6, ifu e[0U]

. o(ot
where 1,20 (a#p), 4, =-2 4, and Mwo%zo forall «,feB

with 6 >6, >0and 0<U <u,,,

Hence, §(t) is described by the following matrix:

i=1 ifu e(U,u
Q=6 {izz iful1 e([o,ul]m] i
~(az+0) @ 0, 0 @
oo| ~(az+6) 0 0,
' O 0 ~(+ay) o
0 O A —(d+ad)
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where 6 =4, =14,
Let u, (t) and u, (t) denote the production rates of the machines M; and M, , respectively. The set of the
feasible control policies A, including u,(-) and u,(-), is given by:

A= {(Ul ()4, ()) €R%, 05U, (1) S Uy, 00, (1) < u2max} 3)

where u;(-) and u,(-) are known as control variables, and constitute the control policies of the problem un-
der study. The maximal productivities of the manufacturing machine and the remanufacturing machine are de-
noted by U, and u,..., respectively.

The continuous part of the system dynamics is described by the following differential equations:

dxzi'ft) =U; (t)+U, (1) —=d, % (0) =2, @
dxczit(t):r_“z (t)—disp, %, (0) =0, %(t)20 )

where X, X,,r,disp and d are the given initial stock level of serviceable inventories and returned items,
return rate, disposal rate and demand rate, respectively.
Let g(-) be the cost rate defined as follows:

g(a,xl,xz,-)=C{Xf+C{Xl'+szz (6)
where constants ¢;,c; and c, are used to penalize the serviceable inventory and backlog, and inventory of
returns, respectively. The holding and backlog costs are such that ¢, >c¢ >c,, x =max(0,x,),

X, =max(-x,,0).
The production planning problem considered in this paper involves the determination of the optimal control
policies (u; (t) and u; (t)) minimizing the expected discounted cost J(-) given by:

3 (@ % XU, Uy ) = E{j:e—mg(a,xl,xz)dt|x1(o) = X% (0) = xzo,f(o)za} %

where p is the discount rate. The value function of such a problem is defined as follows:
v(e,x)= inf  J(e,xu,u,) YaeB 8
(a ) (U1(~),U2(~))EA (a 1 2) ae ( )

Based on the value function presented in (8), the optimality conditions and the numerical methods used to
solve them (in order to determine the optimal manufacturing and remanufacturing rates) are presented in Ap-
pendix A.

The next section provides a numerical example to illustrate the structure of the control policies.
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4. Analysis of Results and Sensitivity Analysis

Here, we illustrate the resolution of the model above with a numerical example. Sensitivity analyses with respect
to the system parameters are also presented to illustrate the importance and effectiveness of the proposed metho-
dology.

4.1. Optimal Control Results of Numerical Illustration

This section gives a numerical example for a hybrid manufacturing/remanufacturing system presented in Section 3.
The considered computation domain D is given by:

D ={x:-10<x <30;x,:0<x, <25} 9)

The production system will be able to meet the demand rate over an infinite horizon and reach a steady state if
4

the following condition is satisfied: 7, (U + Uy )+ 7, -U + 775 -Uypy >d . With 7-Q(-)=0 and ) 7z =1,
i=1

and the data presented in Table 1, r=0.5xd and disp =0.1xr . The condition for meeting customer demand
is also satisfied with u,,,, because U <u,,,, -

The production policies, illustrated in Figure 3 and Figure 4 indicate the production rates of M, for a given
stock of return products x, (t) and stock level x, (t). Based on the results, there is no need to produce at a
comfortable stock level capable of meeting demand; we do not need to produce if the stock level is greater than
7.5 and 10.5 parts at modes 1 and 2, respectively. Unlike the case illustrated in Figure 3, where the tendency
was to use the maximal productivity of M, less at mode 1, the first threshold in Figure 4 is higher than in
Figure 3 because the machine works alone.

Figure 5 and Figure 6 illustrate the optimal production rate boundary of M, at mode 1 and mode 2, which
is the optimal stock level, such that even with stock levels below 7.5 and 10.5, we need to produce at the eco-
nomical and at the maximum production rates. If the stock of the return product increases, the stock level de-

Production rate of M1 at mode 1

stock (x1) - 0

stock (x2)

Figure 3. Production rate of M, at mode 1.

Table 1. Numerical data of the considered system.

Cl+ C; C2 hl hZ U Ulmax ulmax
2 50 1 0.5 0.5 1.2 1.3 1.15
d 0, 6, a;, U a;, P

1.25 1/80 1/100 1/60 1/15 1/15  0.09
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Production rate of M1 at mode 2

stock (Xl) 10 0 stock (X2)
Figure 4. Production rate of M, at mode 2.
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Figure 5. Boundary of M, at mode 1.

creases. The traces of M, at mode 1 (Figure 5) and mode 2 (Figure 6) show that for a quantity of returned
products greater than 9 (12.5), regardless of the level of serviceable stock, the production rate will need to be set
to its maximal rate.

According to the classical results as in [8] and [9], and references therein, the computational domain is ex-
pected to be divided into two stages. The results of Figure 3 and Figure 4 show however that the computational
domain is divided into three stages, which represents a specific finding of this paper.

Examining Figures 3 to 6, we see that the optimal stock levels depend directly on the level of returned prod-
ucts. Consequently, the optimal production control policy consists of one of the following rules:

1) Set the productivity of M, to its maximal value when the current stock level is under the first threshold value
(z(x,)=2 and z,(x,)=85, respectively);
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2)

3)
4)

5)

10.5

10

9.5

stock (x1Mod2)

8.5
0 5 10 15 20 25

stock (x2)

Figure 6. Boundary of M, at mode 2.
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Production rate of M2 at mode 1

25
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Figure 7. Production rate of M, at mode 1.

Reduce the productivity of M, to its economical value when the current stock level approaches the second
threshold value (z,(x,)=7.5 and z,(x,)=10.5, respectively);

Set the productivity of M, to zero when the current stock level is greater than the second threshold value.

In Figures 7-10, the optimal policies of M, at mode 1 and mode 3 are presented. At mode 3, the zone
where the machine is set to its maximal production rate is larger than that at mode 1. This illustrates the dif-
ference between operational modes 1 and 3. The gap between states 1 and 3 is due to the fact that at mode 3,
the manufacturing machine is under repair and the remanufacturing machine cannot satisfy the customer de-
mand alone.

The relation between the inventory, the stock of returned products and the production rate of M, at opera-
tional mode 1 (mode 3) is illustrated in Figure 7 (Figure 8). The results show that when the stock level is
greater than 5.5 parts (19 parts) and the stock of returned products is greater than 8.5 parts (less than 10
parts), the production rate is set to zero. If the stock level is less than 1 part (17 parts), the production rate is
set to its maximal value. The results of Figure 7 show that the zone where the production rate is set to zero is
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restricted when the stock of returned products increases. The effect of a large quantity of x, is minimized
by assigning large values of the stock threshold at mode 1. In Figure 7 and Figure 8, we can see that for
0 < x, <1, the production rate of M, issetto r—disp (seezoneT).
Figure 9 (Figure 10) illustrates the optimal production rate boundary of M, at mode 1 (mode 3), which is
the optimal stock level. The results show that the threshold values also depend on the level of returned products.
The computational domain of M, atmode 1 and 3 is divided into two regions where the optimal production
control policy consists of the following two rules:
1) Produce at the maximal rate (or at r—disp if 0<x, <1) when the current stock level is under a threshold
value (z;(x,)=5.5 and z;(X,)=19, respectively).
2) Set the production rate to zero when the current stock level is larger than a threshold value.

Production rate of M2 at mode 3

stock (x1) 10 o stock (x2)
Figure 8. Production rate of M, at mode 3.
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Figure 9. Boundary of M, at mode 1.
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Figure 10. Boundary of M, at mode 3.

3) The results of Figure 8 show that the threshold value (z6 (xz)) is higher than the thresholds
7,(%,),2,(%,) and z5(x,) because at mode 3, M, is under repair. The second machine must use its
maximum productivity over a long period to avoid over-shortages.

The results of Figure 10 show that at mode 3 where M, is under repair, when x, increases, X decreases
because M, cannot satisfy the customer demand alone. At mode 2, where M, is under repair, we still have
multiple thresholds because with two machines, even if one machine fails, the system knows that it exists, and
will return to the operational state in a relatively short time.

Based on the results from Figures 3-10, the production rates of M, and M, are givenbya x, dependent
hedging point:

Upmax 1F X < Z(x,)
u (x,x,1)=4U if z(x,)<x <z,(x,) (10)
0 ifx>7(x)

Upmax 1F % < Z3(X,)
U (%,%,2)=qU if z3(%,) <% <7,(x%,) (11)

0 ifx>z(x)

* uZmax If Xl < Z5 (XZ)
) ll = 12
& (%, %.1) {O if X, >2z5(x,) (12)
* u2ma1x If X1<26(X2)
] 13 = 13
(%, %) {O if x,>75(%,) (13

where 7,(X,),2,(%;),25(%,). 2, (%), 2 (X,) and zg(x,) are the first and the second threshold values of M,
at mode 1, the first and the second threshold values of M, at mode 2, the optimal threshold value of M, at
mode 1 and the optimal threshold value of M, at mode 3, respectively.

With numerical methods, the results show that z, (xz) =19. Physically, however, the system cannot exceed
the value of z,(x,)=10.5 because M, cannot satisfy the customer demand alone. Hence, the threshold
value zg(x,) will be ignored.

In the hybrid manufacturing/remanufacturing system consisting of two machines and one type of product,
with a constant failure rate such as the one described in [8] and [9], the optimal control policy should be charac-
terized by three threshold values. The results obtained in this paper show that the optimal control policy is cha-



A. F. Kouedeu et al.

racterized by five different threshold parameters: z,(X, ).z, (X,).2z5(%,).2,(X,) and z;(x,) because the man-
ufacturing machine degrades according to its productivity speed. This is the main finding of this paper.

The optimal policy of the proposed joint optimization of production and machine reliability is given by (10)-
(12). To validate and illustrate the usefulness of the developed model, let us confirm the obtained results through
a sensitivity analysis. Several experiments were conducted to ensure that the structure of the policies obtained is
maintained under the variation of the model parameters, and can therefore be used in practice.

4.2. Sensitivity Analysis

A set of numerical examples were considered to measure the sensitivity of the control policies obtained in mode
1 (both machines are producing) and to illustrate the contribution of this paper. We analyze the sensitivity of the
control policies according to the backlog costs in the first section. In the subsequent section, we examine the
sensitivity of the optimal policies according to different values of the return rate. The sensitivity analysis enables
the tracking of variations to the policy boundaries.

4.3. Sensitivity Analysis with Respect to Backlog Costs

In this section, we will perform sensitivity analysis on the backlog cost.

Figure 11 and Figure 12 illustrate the behavior of the optimal threshold values of the machines for five
backlog cost values: ¢ =25,50,100,200 and ¢, =300. The results show that the thresholds z,(X,),z,(X,)
and zs(xz) increase as the backlog costs increase. We therefore need a lot of parts in stock to avoid further
backlog costs.

4.4. Sensitivity Analysis with Respect to Return Rate

This section analyzes the sensitivity of the optimal threshold values with respect to the return rates.

When the return rate takes four values: 0.25xd,0.50xd,0.60xd and 0.75xd (where d is the demand
rate), we obtain the results presented in Figure 13 and Figure 14. The results show that the variation of the pa-
rameter r does not affect the threshold z, (x,).

When r increases, the thresholds z,(x,) decrease in order to avoid over-stocking. The threshold value

Z (xz) increases as well because x, isenough to supply M, . From a practical perspective, the parameters of

the control policy move as predicted when r decreases, in order to avoid over-shortages (see Figure 13). Zone
T moves in the opposite direction of the return rates. For example, if the return rate increases, zone T will shrink
(see Figure 14). Increasing r means that the value of r—disp is close to u,,,, . Hence, the production rate

14 T T T T
12

10

sk

c- =200
4
-\_\_ c- =100

1 1 1 1
5 10 15 20 25
stock (x2)

stock (x1Mod1M1)

Figure 11. Variation of ¢~ at mode 1: Effecton M, .
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Figure 12. Variation of ¢~ at mode 1: Effecton M, .
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Figure 13. Variation of r at mode 1: Effecton M, .

of the remanufacturing machine is set directly to its maximal value instead of r—disp as in the base case
(r =0.5x% d) . Zone T moves as predicted, from a practical perspective when r decreases.

Through the observations drawn from the sensitivity analysis, the results demonstrate conclusively that the
resulting policy is optimal and enhances machine reliability. Control policies for our systems consider an exten-
sion of the multi-hedging point structure. Without in any way limiting the generality of this proposal, this model
is based on certain assumptions relating to a pair of machines (manufacturing and remanufacturing machines)
which are not identical and which operate in parallel. Given certain conditions, extended versions of this model
might be adopted across a number of industrial sectors.
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5. Conclusions

Although some of the concepts of reverse logistics, such as the facility location models including return flows,
inventory management models, production and transportation planning models, have been put into practice for
years, it is only fairly recently that the integration of aspects related to the stochastic dynamics of machines has
been a real concern for the management of reverse logistics systems. This paper confirms that it is possible to
integrate production-dependent failure rates in a hybrid manufacturing/remanufacturing system subject to ran-
dom failures and repairs, in order to minimize the overall incurred cost. The machines produce one type of final
product.

The failure rates of the manufacturing machine depend on its production rate. To take into account its avail-
ability, the company will then maximize the recovery of its products used from the market, allowing it to even-
tually minimize the use of raw materials which become increasingly rare. We developed the stochastic optimiza-
tion model of the considered problem with two decision variables (production rates of manufacturing and re-
manufacturing machines). The stock levels of new and returned products were the state variables. From the nu-
merical study, it was found that for two parallel machines, when the failure rates of the machines depend on the
production rate, the hedging point policies are optimal within a five-threshold feedback policy, and the reliabil-
ity of the machines is enhanced. A numerical example is given to illustrate the utility of the proposed approach.
The sensitivity analyses show that the structure of the results obtained is maintained. This approach takes into
account both the multi-objective aspect and the dynamics of machines. However, the model is far from perfect,
and leaves much to be desired, especially in the case involving multiple machines, multiple products, random
return rate, the quality of remanufactured products (non-conforming products) and the returns control policy,
such as the pricing policy.
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Appendix A. Optimality Conditions and Numerical Approach

This section presents the optimality conditions satisfied by the value function presented in (8). The properties of
the value function and the manner in which the Hamilton-Jacobi-Bellman (HJB) equations are obtained can be
found in [11] and [12]. Regarding the optimality principle, we can write the HIB equations as follows:

. v(a,
pv(a,xl,xz):(uﬂpzw)ler/l(a){g(a,xi,x2)+ﬂ§B/1aﬂv(ﬁ,x)+(ul+u2—d)%
Al
+(r—u, —dis )av(a’XZ) o
. —disp) =
where 8v(aa,x1) and ov(ax,) are the partial derivatives of the value functions v(a,x) and v(a,x,),
%,

XZ
respectively.
The optimal control policy (ul* ()u;()) denotes a minimizer over A(c) of the right hand of (A.1). This
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policy corresponds to the value function described by (8). When the value function is available, an optimal con-
trol policy can then be obtained by solving (A.1). The proof of optimality conditions to approximate HJB equa-
tions follows the same scheme adopted in [11] and [12] for production planning of a manufacturing system with
production-dependent failure rates.

To solve the HIB equations, the numerical method based on the Kushner approach [13] as in [14] and refer-
ences therein is used. Let h, and h, denote the length of the finite difference interval of the variables x, and
X, , respectively. By approximating v(a,x,) and v(a,x,) by functions v"(a,%) and v"(a,X,), and the

—6v(a,x1) and —av(a,xz) by:

first-order partial derivative of the value functions
OX, OX,

i(vh (% + b, %, ) =V" (a2, %, %,)) if (uy+u, —d) >0

v(x,a) _|h
2 %(vh (%% )=V" (% ~h., %)) otherwise
o hl(vh (o %, % +h,)-V" (a,xl,xz)) if (r—u,—disp)>0
@: 12 The HJB equation becomes:
%2 h—(vh (. %% ) =V" (e, %, %, ~h,))  otherwise
2
u,+u, —d
g%, %)+ > ﬂaﬁvh(xl,xz,,B)Jr(lhlz)[v“(xiJrhl,xz,a)
B #a

xInd {u, +u, —d = 0} +v" (x, —h,, X,, ) Ind {u, +u, —d <0}]
+w[v“(xl,xz+hz,a)lnd{r—uz—dissz}

h2
Paxw) = min " (%, %, =y, @) Ind {r —u, —disp < 0} | |
(upuz )eA" (@) P |u, +u, —d] . |r —u, —disp| N
hy h,
1 if ®istrue
0 otherwise

In this paper, we use the value iteration procedure to approximate the value function given by (A.2). Refer-
ence [15] and references therein provide details on such methods.

The discrete dynamic programming (A.2) gives the following six equations:

mode 1

(A2)

P

aa

where A" () is the numerical control grid and Ind{q)}z{

=1 if U (U, U]
V' (X, %,,1) =V (X, %,,1); ' e A3
(%% 3) =V (52.2) {izz if u, e[0,U] (A3)
W[vh(Xﬁm,xz,l)lnd{ul+u2—d 20}]
+v" (%, —hy,%,,1) Ind {u, +u, —d <0}]
+(r—u2—disp)
h2
A" (%, %, —h,, 1) Ind {r —u, —disp < O} |+g5V" (X, X,,2) +6V" (X, X,,3
with Vi“(xl,xz,l)z min (Xl 2 2 ) { : P }J q.lz (e, ) (Xl : )
U [0, e . |u, +u, —d] . |r —u, —disp|

hy h,

()

9 (e, %, %)+

[vh (X, %, +hy,1) Ind {r —u, —disp > 0}

+q122+€i
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mode 2
i=1 if ue(U, U]

V' (%0 %5, 2) =V (%, %,,2); {izz if u, e[O,U]

(ul_d)
hy

+V" (% —h, %,,2) Ind {u, —d <O}]+(r_hdi3p)[v“(xl,x2 +h,,2)

2

g(a, %, %)+ [vh(x1+hl,x2,2)lnd{ul—d 20}]

xInd {r—disp > 0} +V" (x,,X, —h,,2) Ind {r —disp < 0}]

h 2 ,h
with V" (x,%.2)= min A (o2 4) Q" (x4 %08)
(U U] lu,—d| |r—disp|
P+ +

hy h,

+6, +0;,

mode 3

g(a,xl,x2)+(u2};d)[v“(x1+hl,x2,3)lnd{u2—d >0}
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d
9(a, xl,xz)+EV“ (% =1y, %, 4) + GV (X0, %, 2) + G2V (X, %, 4)

r—dis .
+(hp)[vh (%, %, +h,,3)Ind {r —u, —disp > 0}
2
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d  |r—disp|
h h
The contribution of this research to the Hamilton-Jacobi-Bellman (HJB) equations lies in the fact that at

modes 1 and 2, where M, is operational, we have four equations (see (A.3) and (A.4)) instead of two, in the
case of a hybrid manufacturing/remanufacturing system without production-dependent failure rates.

V' (%, %,,4)=min

(A.6)

1 2
p+ +0 +0x
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