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Abstract

A modified approach via differential operator is given to derive a new family of generalized Stirl-
ing numbers of the first kind. This approach gives us an extension of the techniques given by
El-Desouky [1] and Gould [2]. Some new combinatorial identities and many relations between dif-
ferent types of Stirling numbers are found. Furthermore, some interesting special cases of the ge-
neralized Stirling numbers of the first kind are deduced. Also, a connection between these num-
bers and the generalized harmonic numbers is derived. Finally, some applications in coherent
states and matrix representation of some results obtained are given.
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1. Introduction

Gould [2] proved that

(eXD)n =e™Y (-1)"“s(n,k)D* =e™Y s, (n,k)D*,D = D, :i, @
k=1 k=L dx

where s(n,k) and s (n,k) are the usual Stirling numbers and the singles Stirling numbers of the first kind,

respectively, defined by

(x), = Zn:s(n,k)x",s(n,o) =8,, ands(n,k)=0 fork >n. )
k=0
(x) = zn:sl(n,k)xk,sl(n,o):(Snyo and s, (n,k)=0fork >n, (3)
k=0
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where (x) =x(x-1)---(x—=n+1) and (x)=x(x+1)---(x+n-1).
These numbers satisfy the recurrence relations
s(n+Lk)=s(n,k-1)—ns(n,k), 4)

s,(n+1Lk)=s (nk—-1)+ns (nk). (5)

EL-Desouky [1] defined the generalized Stirling numbers of the first kind s(k;¥,s), called (¥,s)-Stirling
numbers of the first kind by
n o)y S1tS2EEsy
M D% ...e?* D%V D :e(z':“) s(k;7,5)D, (6)
k=5,

s(kiT5)=0 for k<s or k>3 0,5, and s(0;T,s)=1where 7= (5,51

n

) is a sequence of real

numbersand S := (sl, sz,---,sn) is a sequence of nonnegative integers.
Equation (6) is equivalent to

4SSy HSy

ma* s(k;T,5)a", (7

e(zl":m)a

e g% ...e7% g% g% =

k=s;
where a* and a are boson creation and annihilation operators, respectively, and satisfy the commutation rela-
tion [a*,a] =1
The numbers s(k;F,§) satisfy the recurrence relation

s(irn,505,)-5(™ 5 | seins) ®
]

i=0

with the notations ¥ @r.,, =(r,r,,--,r.;) and S@s_, =(S,S,,"**,S.1)-

' in+l

The numbers s(k;¥,5) have the explicit formula

s(ks)= 3 Jon(illj[,lz r‘} | ?

where an:z with i;=0 and g, =>"

Moreover El-Desouky [1] derived many special cases and some applications. For the proofs and more details,
see [1].

The generalized falling factorial of x associated with the sequence & :=(a,,,++,a, ;) of order n, where
., are real numbers, is defined by (x,&) :H?j(x—ai ).(x.@), =1.

Comtet [3] [4] and [5] defined s (n,k) the generalized Stirling numbers of the first kind, which are called
Comtet numbers, by

OJ’ le

n

(x,a@), =D s, (nk)x". (10)
k=0
These numbers satisfy the recurrence relation
s;(nk)=s;(n-Lk-1)—ea, s, (n—-1k). (11)

El-Desouky and Cakic [6] defined s, (n,k;5), the generalized Comtet numbers by
n-1 s n-1 s: Is|
I—I(X‘l"ﬁx"”)J :H(5—aj)' =Y's, (n,k;3)o", (12)
j=0 j=0 k=0

where [s|=3""s,.s,(nk;s)=0 for k>|s|,s;(n,0;5)=(~ 1)‘5‘]_[”_'1(011.)Sj and §=(s,,8,,8,)-

=07j? j=0
For more detalls on generalized Stirling numbers via differential operators, see [7]-[10] and [11].
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The paper is organized as follows:
In Section 2, using the differential operator (e’“XDS"eW)---(erZXDSZe'ZX)(eﬁXDsierlx) we define a new family

of generalized Stirling numbers of the first kind, denoted by s(k 5). A recurrence relation and an explicit
formula of these numbers are derived. In Section 3, some interesting specml cases are discussed. Moreover some
new combinatorial identities and a connection between s(n,k;r,s) and the generalized harmonic numbers
O,(,') are given. In Section 4, some applications in coherent states and matrix representation of some results ob-
tained are given. Section 5 is devoted to the conclusion, which handles the main results derived throughout this
work. Finally, a computer program is written using Maple and executed for calculating the generalized Stirling

numbers of the first kind and some special cases, see Appendix.

2. Main Results

Let 7:=(r,r,,---,r,) beasequence of real numbersand §:=(s,s,,---,s,) beasequence of nonnegative integers.

Definition 2.1
The generalized Stirlng numbers s (k;¥,5) are defined by

(e’“XDS“er"x)~-(e'2XD52er2X)(e“XDsle“X) ZZ”"Z s(k;T,5)D* (13)
k=
where ﬂn—Z,1 ;» s(k;7,5)=0 for k>p, and s(0;F,5)=1.
Equation (13) is equivalent to
(efna+a5nerna+),,,(efzfaszefzf)(erla*asleqa) (ZZI = +§ ( F§)a (14)

k=0
Theorem 2.1
The numbers s(k;F,§) satisfy the recurrence relation

s(kror,,,5®s,,)= f[sni*l)[Zirj+rn+1] s(k-i;F,5), (15)
=1

i=0

with the notations F@r,,, ==(r,r,,---,r,;) and S@®s,,; =(5,S,,**,Sp.1)-

1N+l 15N+l

Proof

n+ N e x S
ZZJ % ] z ( F §) (ern+1XD5n+1ern+1X )[e(zzjl J) zs(k,r’g) ij

= ghaX D (e(zz?lri”"”)x ﬁ S(k,F,§) DX j

k=0

_ 6(22?:1'J)X z (D +(2Z ro+r j]smls(m;FS) D"

m=0

n o\ B Sn Snia .
— e(22j=1r1)x Z zl(snl+1j[2i r] + rn+lJ S(m;F,g) Dm+|
= =t

Equating the coefficients of D* on both sides yields (15).
Theorem 2.2
The numbers s (k;¥,5) have the explicit formula

skrs)= ¥ ﬁ(i‘j{z('_ln]ﬂl]il where o, = Yi .1, =O0. (16)

j=1
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Proof

S B .
(erzx D%2eR* )( ehXDoLghX ) = g?XD%2 g [e2r1x Z (Slj(rl)ll D%k j = 2 D% e(2r1+r2)x
iy

erlxDsierlx — erlxerlx (D + rll )51 — lelx i(sl)(rl)u Dsl—ily

_ erzxe(2r1+r2)x

e

=0

=
Il

2(n+1)x i

H Mé"

thus, by iteration, we get

Setting > 7 s

ip=0 |1

=0 Il

L

( J(Tj j(rl)i1(2r1+r2)‘z —

(ernx DSn ernX) . (er2X DszerZX)(eqX Dsleﬁ)()

a3

h=0i,=0 iy=0

-1 ij LIPS ol
H[ J{Z(Zn}ﬂ} D=, =0
j=1 1=1

ZJ Ll =p8,-0, =k, we obtain

(ernx DSngh* ) . .(efzx D%2e"* )(eﬁx D%e"* ) — e(ZZP:lI])X z

RpR ) Gl e

Comparing (13) and (18) yields (16).

3. Special Cases

Setting r,=r ands, =s,i=1--,

Definition 3.1

n in (13), we have the following definition.

i1=0

5

For any real number r and nonnegative integer s, let the numbers s(n, k;r, s), be defined by

(e"D%e™) =e

xS s (n,k:r, s) D¢
2 s(nkr,s)D%,

where s(0,0;r,s)=1 and s(n,k;r,s)=0 for k>ns.
Equation (19) is equivalent to

Corollary 3.1

s ra’

(e"" a‘e

)n BPCUES s(n,k;r,s)a"

The numbers s(n,k;r,s) satisfy the recurrence relation

s(n+1k;r,s)= ZS:(TJ((Zn +1)r)s_i s(nk-i;r,s).

Proof

The proof follows directly from Equation (15) by setting r, =r and s, =s,i=12,--

Corollary 3.2

i=0

The numbers s(n,k;r,s) have the explicit formula

Proof
By substituting

r

s(n,k;r,s)=

=r and s =s,i=12,---,

rkzko(lj‘[ﬁ ](z j-1) J

n in Equation (17), yields

(17)

(18)

(19)

(20)

(21)

(22)
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(erx Dse™ )” _ e(an)x z (ﬁ{ls J(ZJ _l)ij ron JDnsan ,

0<iy,in<s \_j=1 ']

then setting ns—o, =k we have

n 1S n(s i
e™D%e™) = e(2nr)>< sk . 2J -1 1j Dk,
( ) k=0 an:ns—zk,ijzo 1,1 I ( )
hence comparing Equations (19) and (23) we obtain Equation (22).
Furthermore we handle the following special cases.
i) If r=1, then we have
Definition 3.2

ns
(eXDSeX)n :e(Z”)XZs(n,k;l,s) D,
k=0
where s(0,0;1,s)=1 and s(n,k;Ls)=0 for k>ns.
Corollary 3.3
The numbers s(n,k;1,s) satisfy the recurrence relation

S

s(n+Lk;Ls)= Z(SJ(Zn +1)" s(n,k—i;Ls)
i—o\ !

Proof:

The proof follows directly from Equation (21) by setting r=1.

Corollary 3.4

The numbers s(n,k;1,s) have the explicit formula

n(s i
S(n,k;l,S): Z |: ( J(ZJ—]_)U :|
anzns—k,ijzo j=1 Ij
Proof

The proof follows directly from Equation (22) by setting r=1.
ii) If s=1, then we have

Definition 3.3

The numbers s(n,k;r,1) are defined by

n n

(e”De’x) =e®"*3 s(n,k;r,1) DY,
k=0

where s(n,0;r,1)=6,, and s(nk;r,1)=0 for k>n.

Corollary 3.5
The numbers s(n,k;r,l) satisfy the triangular recurrence relation

s(nk;r,l)=s(n-Lk-Lr1)+(2n-1)rs(n-1k;r,1).

Proof

The proof follows easily from (22) by setting s=1.
Corollary 3.6

The numbers s(n, k;r,1) have the following explicit formula

s(nkr)=r"* > ll[(Zj—l)ij-
o'n:nfk,ije{O,l} j=1

Proof
The proof follows from (22) by setting s=1.
Also, using the recurrence relation (28) we can find the following explicit formula.

@)

(23)

(24)

(25)

(26)

(@7)

(28)

(29)
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Theorem 3.1
The numbers s(n, k;r,1) have the following explicit expression

s(nkr)= Y (illjij(izliif]...(in+(2n__1)r} 30)

iyt =K, {01} 1-i,

Proof
For k=0,s(n,0;r,1)=(r)(3r)(5r)---((2n-1)r) =r"(1.2.3---(2n-1)).
For i, €{0,1}, we get
s(n,k;r,1)

_ 5 [il +.rj(i2+.3r]m[in1+(2_n—3)r)(2n_1)r
iy +-+in 3 =k=0,i; €{0.1} 1-i )\ 1-i, 1-i
. > [il+_rj[iz+-3rjm in_1+(2_n—3)r 1
i+ g =k—Lij (0.1} 1-i )L 1-1, 1-i,

=s(n-Lk-1Lr1)+(2n-1)rs(n-1k;r,1).

That is the same recurrence relation (28) for the numbers s(n, k; r,l). This completes the proof.
iii) If r=1 and s=1, then we have

Definition 3.4

The numbers s(n,k):=s(n,k;11) are defined by
(eXDex)n :eanzs(n,k)Dk’ (31)
k=0

where s(n,0)=6,, and s(nk)=0for k>n.

Equation (31) is equivalent to

(e‘“ De?®’ ) =e"™ Y s(n,k)a". (32)
k=0
Corollary 3.7
The numbers s(n,k) satisfy the triangular recurrence relation
s(n+Lk)=s(nk-1)+(2n+1)s(n,k). (33)
Proof
The proof follows by setting r =1 in Equation (28).
Corollary 3.8
The numbers s(n,k) have the explicit formula
s(nk)= ¥ (2j-1)". (34)
o'n:nfk,ije{O,l} j=1
Proof

The proof follows by setting r =1 in Equation (29).
Moreover s(n,k) have the following explicit formula.
Corollary 3.9

The numbers s(n,k) have the following explicit expression

) i, +1)(i, +3)(i,+5) (i, +(2n-1)
s(n’k)_i1+4..+in_zk:,ije{o,1}[1—J(l_iz](143)'”( 1-i, J -
Proof

The proof follows by setting r =1 in (30).
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From Equations (29) and (30) (also from Equations (34) and (35)) we have the combinatorial identities

o+ r)(i,+3r) (i,+(2n-1r) o
i1+'“+in_zk,ije{0,l}(1_i1j( 1—i2 j[ l—in j_r Z H(Zj—l) : (36)

(Tn:nfk,ije{ﬂ,l} j=1
i +1)(i,+3 i,+(2n-1 e aNij
z (1 J[Z J[n ( ) )j: Z H(Zj—l)J. (37)
i etinoi oy \ 1= J\1=1, 1-1, on=n-kiijef0,1} j=1

From Equations (29) and (34) we obtain that

s(nk;r,1)=r"*s(nk). (38)
Remark 3.1
Operating with both sides of Equation (13) on the exponential function e™, we get
S
(I+0) (1425 +16) 4+t (14 20+ 420 +1,)" =D s(kT,5)1%
k=s

Therefore, since a nonzero polynomial can have only a finite set of zeros, we have

1 i
H(erm”m“) => s(kT,35)x 1, =0. (39)

If x=1, we obtain

S n-1 i Sisl
> s(k;F,5)= {1+22 rm+rj+lj : (40)
k=0 j

Remark 3.2
From relation (39), by replacing s; with s, and relation (18) we conclude that

s(k;T,8)=s;(n,k;§),where o, = —Kzzl‘arm + er,i =0,1,---,n-1. (41)

This gives us a connection between s(k;7,5) and s, (n, k; §) the generalized Comtet numbers, see [6].
Setting r.=r and s, =s,i=1---,n, in(39), we get

n-1 ns
[T((2i+)r+x) =3 s(nk;r,s)x", (42)
j=0 k=0
hence, we have s(n,k;r,s)=s;(n,k;s), where o =—(2i+1)r,i=0,1---,n-1, see [6].
If x=1,then

ns n-1

Y s(nkir,s)=[]((2j+1)r+1) ,n>1. (43)

k=0 j=0

Next we discuss the following special cases of (42) and (43):

i)If r=1,then
n-1 ns
[T((2ji+1)+ x)S =>" s(nk;Ls)x",
(w4
Y s(nkils)=[1((2j+1)+1) ,n>1,
k=0 j=0

hence we have s(n,k;1,s)=s

i=0,1,---,n-1, see|[6].
ii) If s=1, then we have

(n,k), the generalized Comtet numbers, where o; =—(2i+1),

(2
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-

I ((2j+1)r+x)= Zn:s(n,k;r,l) X<,
(45)

s(nk;r1)= ((2j +1)r+1),n >1.

0 j=0

M- 7

=
Il

hence we obtain s(n,k;r,s) = sa(n,k), Comtet numbers, where o, =—(2i+1)r,i=0,1---,n—1, see [3] and
[4].
For example if n=3,r=2 ands=2in (43) we have
6 2
3 s(3k;2,2) =] (4j+3)" (46)
k=0 j=0
Using Table 2,
L.H.S. of (46) = 5(3,0;2,2) + 5(3,1;2,2) + 5(3,2;2,2) + 5(3,3;2,2) + 5(3,4:2,2) + 5(3,5;2,2) + 5(3,6;2,2) = 14400
+ 22080 +12784 + 3552 + 508 + 36 + 1 = 53361.
RH.S. of (46) = []°,(4j+3)" =(3")(7*)(11°)=53361.
This confirms (46) and hence (43).
Another example if n =2, r =2 and s = 3 in (43) we have

s(2.k:2,3)=T](4i+3), (47)

6 1
k=0 j=0

Using Table 3,

L.H.S. of (47) =5(2,0;2,3) +5(2,1;2,3) +5(2,2;2,3) + 5(2,3;2,3) + 5(2,4;2,3) + 5(2,5;2,3) + 5(2,6;2,3) = 1728 +
3456 + 2736 + 1088 + 228 + 24 + 1 = 9261.

RH.S.of (46) = [T ,(4j+3)" =(3°)(7°)=9261.

This confirms (43).

iii) If r=s=1, then we get

j:O k=0 (48)
> s(nk)= _ 2(j+1)=2"n,n>1,

hence we have s(n,k)=s,(n,k), which is a special case of Comtet numbers, where
a; =—(2i+1),i=0,1---,n-1, see [3] and [4] and Table 1.
Setting e* =t, we have D:=d/dx =t(d/dt)=tD, =&,, then substituting in (2.1) it becomes

(trn évtsntrn ),..(trzé;sztrz )(tﬁé‘tsltl’l ) — e(zzrzlrl)x ﬂz" s(k,F,§)5tk (49)

Using, see [12],
F(&)(x“f (x)) =X“F(5+a)f(x),
then Equation (49) yields

b
(S 420+ 420 +1)" (5 +20,+15)2 (5 +1)" =D s(k;T,5)5. (50)
k=0
Comparing this equation with Equation (4.1) in [6], we get
s(k;7,8)=s;(n,k;5), (51)

where ¢, :—(Zzi r +r ),i =0,1,---,n-1 and s&(n,k;§), are the generalized Comtet numbers of the first

m=0 M i+1
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kind.
Furthermore, using our notations, it is easy from Equation (4.4) in [6] and (41) to show that

IS

S(ni;&, )= Zs(n KiT,5)S(K,i).|s|=sp+5, +-+5,4,

where ¢, =— (22 ol +r,+l) =0,1---,n-1 and S(n,k) are the Stirling numbers of the second kind.

(52)

Next, we find a connection between s(n, k: r,s) and the generalized harmonic numbers O,Ei) which are de-

fined by, see [13] and [14],

oy _ 1
;;(Zj-—ly
From (42), we have
is(n,k;r,s)xk
-7 l((2j +1)r )S I_H(1+ x/(2] +1)r)S = r_H((Zj +1)r) exp[log(r_‘l(h x/(2] +l)r)sD

:
iR

Iy
o

i j=0 j=0

n-1 © (_ i+1 . n-1 o - N i+l ' |
~[T((@i+2)ry ex"[szoﬁ"( 3 J ((2i+1)r) Z{Szw( ) ] /!
j=0 i=1 ri j=0 1=0| i=1 ri
n-l » gl = ) ..o
[l ESy 3 () e
j=0 1=0 I k=l iy +- oy =k =T
n-1 o o el (il) .. (il)
= ((21-1—1) )SZZS_ (_1)k+' On_ _Okn X
-0 (e | g PN

Equating the coefficients of x* on both sides, we obtain

n-1 © ol (il),“ (il)
s(nkins) = [[2j+)>3SS 3 () QO
j=0 i i iy ey =k lpso- T
From (22) and (53), we have the combinatorial identity
n (s ) y 1 EI ol or(|il)"'or(1il)
> |11} Jeior|-Hergss = oot
ani:.r;so—k, IEAN] j=0 1=0 1= k=lip+-+ij=k |1"'||r
B
hence, setting s =1, we get the identity
L T L= K+l O O W
z, M-y |-fleiag $ ey %o
=n—k,| j=1 j=0 1=0 i +---+i =k 1 [

1720

4. Some Applications
4.1. Coherent State and Normal Ordering

((2]+1) ) exp[nislog(l+x/(2j+1)r)J rll((2]+1) r) exp{is_ —ix_

(83)

(54)

(55)

Coherent states play an important role in quantum mechanics especially in optics. The normally ordered form of
the boson operator in which all the creation operators a* stand to the left of the annihilation operators a. Using
the properties of coherent states we can define and represent the generalized polynomial P, (x) and generalized
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number P, as follows.
Definition 4.1
The generalized polynomial |3r,S (x) is defined by

P.(x)=>s(kT,5)x", (56)
k=0
and the generalized number P,
P.=P. (1= gs(k;F,E). (57)
For convenience we apply the convention
s(k;7,5)=0 for k<0 or k> 2. (58)

Now we come back to normal ordering. Using the properties of coherent states, see [7], the coherent state ma-
trix element of the boson string yields the generalized polynomial P, (x)

<Z ‘(erna+ as erna+ ) i .(erza* asQerza+ )(erla* as,lerla+ ) Z>

= <z z> = e(zz'n:”')z* %s(k;?ﬁ) 7(z]z) = e(zz'n:”'){ Zn:s(k,FS) *  (59)

n n a+ ﬁn
ROEY > s(k;T,5)a"

k=0 k=0 k=0
_ e(ZZ."zln)z*F_)r’s (2)- e(ZZ."zln)z*F_)nS [tj ] where 8, = Z":Sj_
i
Definition 4.2 3
We define the polynomial P(n,x) as
P(n,x)= n s(n,k)x*, (60)
k=1
and the numbers
B(n)=P(n1)=> s(nk) (61)
k=1
For convenience we apply the conventions
s(n,0)=5,, and s(n,k)=0fork >nand P(0)=P(0,x)=1. (62)

Similarly, using the properties of coherent states and (32) we have

<z (ea+ ae” ) z> = <z (ezna+ kgs(n, k)}ak

)

=e2”z*zn:s(n,k)z"(z|z)=e2”2*zn:s(n,k)z" (63)
k=0 k=0
mn’' 5 2nz _[ |ZZ]
=e”™ P(n,z)=e" P|n, -
z

4.2. Matrix Representation

In this subsection we derive a matrix representation of some results obtained.
Let s, be nxn lower triangle matrix, where s, is the matrix whose entries are the numbers s(n, k; r,1) ,

ie. sr:[s(i,j;r,l)]iyjzo. Furthermore let N, bean nxn lower triangle matrix defined by
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N, = [ez"x (i, i; r,1)}_ o M, is a diagonal matrix whose entries of the main diagonal are e*™,i=0,1,---,n,
i,j>
0 1 T
ie. Mr :diag(EOrx,Eerle4rx,“"e2nrx), Rr :((erxDerx) ,(erxDerx) ,"',(erxDerx)n) and

D=(D°D',D?,D") .
Equation (27), may be represented in a matrix form as
R, =N,D=M,s,D, (64)

for example if n = 3 then

(erxDerx)0 )
. e 0 0 0 ||D°
(erx Derx) B rleX e2rx 0 0 Dl
(erxDerx)z - 3r2e4rx 4re4rx e4rx 0 DZ
s 15r3e6rx 23r286rx greﬁl’x e6rx D3
(erx Derx) - (65)
e™ 0 0 0 1 0 0 0]|D°
o e 0o ofr 1 0| D'
1o o e™ o |[3* 4 1 o|Dp?/
|0 0 0 e™|15r® 23r* 9r 1) D°
its inverse is given by
D=N,'R, =s,'M'R,. (66)
Setting r =1 in (64), we get
R, = N,D=M,s,D, (67)
(eXDeX)0
) e 0 0 0D |e” 0 0 o0f1 0 00D
(eXDeX) ~ e2x er 0 0 Dl B 0 eZX 0 0 1 1 00 Dl (68)
(e'De) | |3 4e” & 0 D'} J0 0 " 03 4 10 D? |
15e%  23e®* 9e™ ™ || D? 0 0 0 e™|15 23 9 1||D?
(eXDeX)3
hence
D=N,'R =s"M,'R,.
For n = 3, we have
(eXDeX)0 (eXDeX)0
D° 1 0 0 0 . 1 0 0 O0]le™ o 0 0 .
ot| [+ e” 0 o (D)) a1 0 00 et 0 o (D)
2 |~ -2x —4x - _ax
D 1 -4de e 0 (exDex)z 1 4 1 0} 0 0 e 0 (exDex)2
D? -1 13e?* —Q9e™* ™ , -1 13 -9 1|/lo0 o 0 e ,
(eXDeX) (eXDeX)

5. Conclusion

In this article we investigated a new family of generalized Stirling numbers of the first kind. Recurrence rela-
tions and an explicit formula of these numbers are derived. Moreover some interesting special cases and new
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combinatorial identities are obtained. A connection between this family and the generalized harmonic numbers
is given. Finally, some applications in coherent states and matrix representation of some results are obtained.
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Appendix

Tables of s(n,k;r,s) calculated using Maple, for some values of n, k, r and s:

Table1.0<n,k<4,r=s=1.

1 0 0 0
1 0 0 0
3 1 0 0
15 23 9 1 0 48
105 176 86 16 1 384
Table2.0<n,k<4,r=s=2.
1 0 0 0 0 1
4 4 0 0 0 9
144 192 88 16 1 0 0 0 441
14400 22080 12784 3552 508 36 1 0 0 53361
2822400 4730880 3138304 1076224 211808 24832 1712 64 1 12006225
Table3.0<n,k<4,r=2,ands=3.
1 0 0 0 0 0 0 0 0 0 0 0 1
8 12 6 1 0 0 0 0 0 0 0 0 27
1728 3456 2736 1088 228 24 1 0 0 0 0 0 9261
1728000 3974400 3824640 2014208 639936 127776 16128 1248 54 1 0 0 12326391

4741632000 11921817600 12904335360 7944527872 3104947968 515321088 148279040 18914304 1687152 103040 4104 961 41601569625

Notice that the last column in all tables is just the sum of the entries of the corresponding row.
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