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Abstract 
This is a review of the status of the universe as described by the standard cosmological model 
combined with the inflationary paradigm. Their key features and predictions, consistent with the 
WMAP (Wilkinson Microwave Anisotropies Probe) and Planck Probe 2013 results, provide a sig- 
nificant mechanism to generate the primordial gravitational waves and the density perturbations 
which grow over time, and later become the large-scale structure of the universe—from the quan- 
tum fluctuations in the early era to the structure observed 13.7 billion later, our epoch. In the sin-
gle field slow-roll paradigm, the primordial quantum fluctuations in the inflaton field itself trans-
late into the curvature and density perturbations which grow over time via gravitational instabil- 
ity. High density regions continuously attract more matter from the surrounding space, the high 
density regions become more and more dense in time while depleting the low density regions. At 
late times the highest density regions peaks collapse into the large structure of the universe, 
whose gravitational instability effects are observed in the clustering features of galaxies in the sky. 
Thus, the origin of all structure in the universe probably comes from an early era where the un- 
iverse was filled with a scalar field and nothing else. 
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1. Introduction 
In the past, at the onset of its history, the early universe was hot and dense, a plasma of nuclei, electrons and 
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photons whose mean free path for Thomson scattering was very short. In this universe there is no classical 
space-time, there is the impassable curvature and density singularity which emerges in the general relativity 
when the scale factor a approaches zero. A crucial point the zero, a point of infinite density, where what become 
before the big bang is yet unknown. 

At the Planck time, ~10−44 s after the big bang, there are two unique parameters: Planck’s mass and length 

( )1 2 16 510 erg 10 gPlM c G −= ≈ ≈ , ( )1 23 3310 cmPll G c −= ≈ . 

At these scales, where the Planck density is 94 310 g cm ,Plρ ∼  the continuum tears and the space-time itself 
ends, all known physics comes to halt, physical observables associated with both matter and geometry diverge 
and quantum gravity becomes necessary. At such very high density its effects become dominant, and then the 
predictions of the general relativity, based on the space-time as a smooth continuum, are inapplicable in a re- 
gime where space and time may be discrete, and quantum effects dominate. 

As the universe expanded and cooled down at the recombination era temperature of ~3000˚K, the primordial 
plasma coalesced into atoms, the photons begin their travel through the universe for 13.7 billion years and their 
wavelength stretched at the scales of the observable universe. Today, the radiation is observed as cosmic mi- 
crowave background (CMB), and its measurement, together with the distribution of galaxies, distances to type Ia 
supernova explosions and others, have revealed that the universe, whose spatial curvature is found to be negligi- 
ble, is filled with photon, baryons (4%), dark matter (23%) and dark energy (73%). 

In our universe, the large-scale structure formation via gravitational instability demands the preexistence of 
small fluctuations on large physical scales, as galaxies scales ~1 Mpc ~ 1024 cm, which left the Hubble horizon 
in the radiation and matter dominated eras. However, since at these scales there are no causal mechanisms to 
generate fluctuations, the generation of primordial small perturbations, at scales smaller than the horizon, and 
their Gaussianity or non-Gaussianity, are crucial questions for the large classes of cosmological models. 

At the present, the six parameters Lambda Cold Dark Matter (ΛCDM) model—the simplest of the Standard 
Cosmological Models [1]-[6]—is the main stone, but the small fluctuations have to be put in by hand, whereas 
in the inflationary scenario [7]-[31] there are primordial energy density perturbations correlated to the quantum 
fluctuations of the inflaton field ( ),tδϕ x  which, once the universe became matter dominated (z ~ 3200), were 
amplified by gravity and grew into the large structures of our universe [29]. 

The existence of these primeval inhomogeneities has been confirmed by the Cosmic Background Explorer 
(COBE) discovery of the cosmic microwave background (CMB) temperature anisotropies which trace back to 
the inflation lasting different time intervals in different regions of the universe. Inflation then provides a me- 
chanism to generate, not only the density perturbations which later grow into the large-scale structures, but also 
gravitational waves. 

Today, the inflationary potential had become an indispensable building block of the Standard cosmological 
theory and can be also considered as part of an extension of the Standard Model (SM) of particle physics that is 
supposed to describe the fundamental interactions at the level of field theory. If the combination these models 
will survive the current and future cosmological observations, is likely to be the one chosen by Nature. Thus, the 
origin of all structure in the universe probably comes from an early era where the universe was filled with a ho- 
mogeneous scalar field ϕ -the inflaton field—and nothing else. 

In this early era, the potential ( )V ϕ  dominated the energy density of the universe decreasing slowly with 
time as the field ϕ  rolled slowly down its potential slope. The inflaton field perturbation has practically zero 
mass and negligible interaction. The Fourier components kδ  of the primordial density perturbation are uncor- 
related and have random phases, and the primeval perturbation is Gaussian. The spectrum of the spatial curva- 
ture, ( ) ,RP k  defined as the expectation value of 2

Kδ  at the epoch of horizon exit, defines all of its stochas- 
tic properties. The shape of the spectrum is defined by the spectral index ( )sn k  given as [23] 

( ) 1 ln lns Rn k d P d k− ≡ .                               (1.1) 

In some models of inflation, ( )n k  is almost constant on cosmological scales, and the curvature and the gra- 
vitational spectra, whose features provide the possibility to be observed, are defined as 

( ) 1, gravnn
R gravP k k P k−∝ ∝ .                             (1.2) 

In the slow-roll inflation the spectrum ( )RP k  is slowly varying, corresponding to a spectral index 
1 1.sn − <  The primordial spectrum ( )gravP k  is also slowly varying and the gravitational wave amplitude is 
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predicted to be Gaussian, 
In this review we try to explain how the primeval inhomogeneity have been generated in the initial moments 

of the early universe, where a heuristic quantum field—the inflaton—was the source of negative pressure and 
accelerated expansion. In this short inflation stage ( )3310 s−  tiny quantum fluctuations in the inflaton field 
translated in the density perturbations which, as seeds, grew into of the large-scale structure observed today. In 
other terms, the quantum fluctuations of the inflaton field were excited during inflation and stretched to cosmo- 
logical scales. At the same time-since the inflaton fluctuations coupled to the metric perturbations via Einstein’s 
equations 8πG GTµν µν= -ripples on the metric were also excited and stretched to cosmological scales. Thus, in 
the cosmic inflation, since perturbations in the inflaton field δϕ  imply perturbations of the energy-momentum 
tensor, ,Tµνδ  and the perturbations of this tensor imply perturbations in the metric Gµνδ , both inflaton field 
and metric perturbations, tightly coupled to each other, lead to the formation of the large-scale structure. 

This review, in which many technical details have been suppressed or simplified, is organized as follows: in 
Section 2, we revise the key features of the standard cosmological model, the ekpyrotic/cyclic models, the 
slow-roll inflation model with simple polynomial potentials, the loop quantum cosmology (LQC), which deeply 
modifies the Einstein equations, replaces the singularity with a quantum bounce and extends the inflationary 
scenario all the way to the Planck regime. In Section 3, we show how the primordial quantum fluctuations and 
density perturbations grow via gravitational instability to become the large-scale structure of the universe. In 
Section 4, we relate the key features and predictions of the large classes of models to the current observa- 
tions—the WMAP and Planck datasets. In Section 5, we reassume the status of large-scale formation via pri- 
mordial quantum fluctuations and gravitational instability, revise some of the unsolved fundamental questions, 
as the origin of the inflaton field, and finally conclude that today, the deepest mysteries of our universe is yet the 
puzzle of whence it came. 

2. Cosmological Models 
2.1. A Partial List of Available Models 
In the development of the inflationary scenario, there are many interesting models: the axion in inflationary 
cosmology [32], the hybrid inflation [33], the eternal self-reprodution chaotic inflationary universe [34], the in- 
flationary multiverse [29] [35], the chaotic inflation in supergravity [36] [37], the string and brane inflation [38]- 
[41] and others. But, the key features of these heuristic models are still under debate. 

The alternatives to the inflationary scenario: pre-big bang [42] [43], textures and cosmic structures [44], string 
gas scenario [45]-[47], bounce in quantum cosmology [48], let unsolved one, or more, problems of the standard 
cosmological model. The same ekpyrotic/cyclic scenario [49]-[51], introduced as a radical alternative to the 
standard inflationary cosmology, has its own problems and is yet under debate. 

Anyway, the inflationary paradigm is not the only to provide a mechanism for the generation of cosmological 
perturbations. Other mechanisms have been proposed: the warm scenario [52] [53], where dissipative effects 
provide the radiation production occurring in the inflationary expansion stage, the curvaton mechanism [54]-[56] 
to generate an initially adiabatic perturbation deep in the radiation era, the D-cceleration [57], an unconventional 
mechanism for slow roll inflation, the Ghost inflation [58], where the ghost condensate is a physical field with 
physical fluctuations, the ekpyrotic/cyclic scenario [49]-[51], where the field ϕ  runs back and forth the inter- 
brane potential ( )V ϕ  from some positive value to-∞ and back and the big bang singularity disappears in the 
endless sequence of epochs, and others. 

In the same inflationary scenario there are more than hundred inflation models, where many models provide a 
mechanism to generate Gaussian and non-Gaussian fingerprints in the early universe whose nature is analyzed in 
[5] [7] [59]. If the primordial fluctuations are Gaussian-distributed, they are characterized by their power spec- 
trum or, equivalently, by their two-point correlation function. The non-Gaussianity (NG) of the primeval fluctu- 
ations is captured by the 3-point correlation function, or its Fourier counterpart, the bispectrum. Different NG 
configurations (Equilateral, Local, Folded, Orthogonal) are linked to different mechanisms for the generation of 
non-Gaussian perturbations at different scales. 

Here, we just mention few models with detectable amplitude of non-Gaussianity. 
Equilateral NG: the single field inflation with a non-canonical kinetic term [60] [61], the k-inflation [60] [62], 

the Dirac-Born-Infeld inflation (DBI) [63] [64], the general higher-derivative interactions of the inflaton field as 
ghost inflation [58]. 
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[There are two types of DBI inflation models. In the UV model the inflaton slides down the potential from the 
UV side of the warped space to the IR end. This results in a power law inflation when the scale of the potential 
is high enough. In the IR model, the inflaton is originally trapped in the IR region through some sort of phase 
transition and then rolls out from the IR to UV side. The resulting inflation is exponential and the potential scale 
is flexible.] 

Folded or flattened NG: the single field with non Bunch-Davies vacuum (NBD) [60] [65], effective field theories 
models [66]. Orthogonal NG: Non-Gaussianity in single field inflation [67]; Local NG: multi-field inflation [68]. 

The comparison between the current and future cosmological observation and the predictions and key para- 
meters of these large classes models will decide their fate. Today, the Wilkinson Microwave Anisotropies Probe 
(WMAP) [69]-[71] and Planck 2013 [72]-[74] datasets have already ruled out some models and strongly con- 
strained others. 

2.2. The Standard Cosmological Models 
The six parameters ΛCDM model describes successfully many features of the evolution of the universe—the 
Hubble expansion, the existence of a CMB with a blackbody spectrum, the primordial D, 3He and 7Li abundance, 
the sum of the masses of the three families of neutrinos, the dark energy equation of state parameter, the number 
of effective relativistic species, the big bang nucleosynthesis. But, the small fluctuations—which left the Hubble 
horizon in the radiation and matter dominated eras—have to be put in by hand. Moreover, the model requires 
that the energy density of the universe has to be tuned near the critical density with an accuracy of 10−55, and 
postulates the homogeneity and isotropy of the early universe, which must extend to scale beyond the causal ho- 
rizon at the Planck time. 

The standard model then, requires unnatural initial conditions at the big bang, is limited to those epochs where 
the universe is cool enough to be described by physical processes well established and let unsolved several fun- 
damental problems: the homogeneity, isotropy and flatness of the universe, the origin of irregularities leading to 
the formation of galaxies and galaxy structures, the primordial monopole gravitino and initial singularity, the 
about 60 order of magnitude between the Planck’s length (10−33 cm) and mass (10−5 g), and the actual size (1028 
cm) and mass (1055 g) of the universe, the vacuum energy problem, which trace back to the idea that the constant 
scalar field ϕ  appearing in unified theories of elementary particles could play the role of a vacuum state with 
energy density ( )V ϕ  in cosmology. 

2.3. The Ekpyrotic-Cyclic Universe Scenario 
In the ekpyrotic/cyclic scenario [49]-[51], there are no initial conditions, a bouncing universe replaces inflation, 
the singularity disappears in the endless sequence of epochs and non-Gaussianities of the local type are pro- 
duced. In [49] [50], the scalar field ϕ  runs back and forth the interbrane potential ( )V ϕ  from some positive 
value to-∞ and back. In each cycle there is a sequence of kinetic energy, radiation matter and dark energy domi- 
nated phases of evolution that agree with the standard big bang cosmology, but the models are not free of con- 
jectures and the key features of the brane world physics are still an open question. 

At the present, the cyclic universe [49] [50] faces the question of the metastability of the Higgs vacuum, sug- 
gested by the recent measurement at the LHC. (The discovery of a Higgs-like particle with mass 125 - 126 Gev, 
combined with measurements of the top quark mass, implies that the electroweak Higgs vacuum may be me- 
tastable and only maintained by an energy barrier of height h (1010-12 Gev)4 that is well below the Planck density 
[75]). The Higgs metastability makes problematic for the big bang to end one cycle, bounce, and begins the next. 
However, on using an appropriate Weyl-invariant version of the standard model coupled to gravity to track the 
Higgs evolution in a regularly bouncing cosmology, has been found that exists a band of solutions which solve 
the problem. The Higgs field escapes from the metastable phase during each big crunch, pass through the bang 
into an expanding phase, and returns to the metastable vacuum, cycle after cycle. Further, due to the effect of the 
Higgs, the infinitely cycling universe is geodesically complete, in contrast to inflation where a metastable Higgs 
makes inflation more improbable [75]. 

2.4. Inflationary Scenario 
The old [10] and new inflation [13]-[16] have introduced a significant innovation in the Standard Cosmological 
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theory, but in their frameworks there are postulates which are somewhat artificial. The universe, assumed as rel- 
atively homogeneous and large enough to survive until the start of the inflation, was in a state of thermal equili- 
brium from the very beginning; the inflation was an intermediate stage of its evolution. The introduction of the 
chaotic inflation [17] [18], which describe the evolution of an universe filled with a chaotically distributed scalar 
field ,ϕ  resolved all problems of the old and new inflation. In this model, inflation begins in absence of ther- 
mal equilibrium and may occur, not only in the models with simple polynomial potentials as but also in any 
model where the potential has a sufficiently flat region, which allows the existence of the slow-roll regime. In 
the simplest model of the chaotic inflation with potential ( ) 2 2 2V mϕ ϕ=  the value of the scalar field ϕ  de- 
termines the existence of different regimes [17] [18] [31]. At energy density of the field ( ) 4

PlV Mϕ   there is 
no classical space-time, and then an universe which emerges from the singularity, or from nothing, has to be in a 
state with Planck density 4 ,Pl PlMρ ∼  which can be described as a classical domain. 

In this classical space-time domain, the initial sum of the kinetic energy, gradient energy, and potential energy 
densities cannot be greater than the Planck density 

( ) ( )( ) ( )22 41 2 1 2 i PlV Mφ ϕ ϕ+ ∂ + ∼ ,                          (2.1) 

and the expected typical initial conditions are [31] 

( ) ( )( ) ( )22 41 2 1 2 ,i Pl PlV Mφ ϕ ϕ ϕ ϕ≈ ∂ ≈ ≈ ∼                        (2.2) 

In this context, the onset of inflation occurs at the natural condition ( ) 4 ,PlV Mϕ ∼  and its continuation re- 
quires ( ) ( )2 22,  2i Vϕ ϕ ϕ∂ <  within the Planck time. 

In the inflation stage, the scalar field ϕ  runs its potential from ( ) 4
PlV Mϕ ∼  to its minimum value. At high 

potential energy density, the quantum fluctuations of the scalar field Plϕ ϕ∼  are large and may lead to an eter-
nal process of self-reproduction of the inflationary universe. At lower values of ( ) ,V ϕ  the inflaton field ϕ  
slowly rolls down its potential and its fluctuations are small. Finally, near the minimum of ( ) ,V ϕ  the field 

Plϕ ϕ<  rapidly oscillates, loses its energy creating pairs of elementary particles, and the universe becomes hot. 

2.5. Cosmic Inflation 
In the cosmic inflation with potential ( ) 2 2 2V mϕ ϕ= , the universe evolution and the inflaton dynamics—in 
the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric—are governed by the Einstein-Friedmann equations 
[28] 

( ) ( )
22 2

2
2 2

8π
3 2 2

k a k GH V
aa a

ϕϕ ϕ
 ∇ + ≡ + = + +  

    



                     (2.3) 

( )( )4π 3 3a a G pρ= − +                                (2.4) 

2
2

1 d3
d
VH

a
ϕ ϕ ϕ

ϕ
+ − ∇ = −  ,                              (2.5) 

where 1,0,1k = −  for an open, flat or closed universe respectively, and the term 3Hϕ  acts as a friction term 
which slows down the motion of the field .ϕ  In an universe governed by these equations, an inflation stage 
requires a negative pressure, that is 3p ρ<  (Equation (1.4)) as in the de Sitter stage. 

For a homogeneous universe ( ) ( )2 ,Vϕ φ∇   the above simplifies as 

( )2 2 2 2 2
2

1 , 3 d d
6

kH m H V m
a

ϕ ϕ ϕ ϕ ϕ ϕ+ = + + = − = −   ,                   (2.6) 

where ( ) 2 2 2,V mϕ ϕ=  2 8π 1.PlM G− = =  
Therefore, for initially large values, the Hubble parameter was also large—which implies that the friction 

term 3Hϕ  was very large—and the field was moving very slow. At the onset of inflation, the energy density 
of the scalar field remained almost constant and the expansion of the universe was very fast. Soon after the onset 
of this regime the conditions 3 ,Hϕ ϕ 

  2 2 ,H k a  2 2 2 ,mϕ ϕ
  were satisfied, and then the universe was 

governed by a simplified system of equations 
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6 , 2 3H a a m mϕ ϕ= = = − .                             (2.7) 

In this inflationary regime, if the field ϕ  changes slowly, the size of the universe grew exponentially, 
( ) ~ eHta t , 6 ,H mϕ=  and inflation ended when Plmϕ  . Solution of these equations states that after a 

long period of inflation the universe initially filled with the field Plmϕ   grows exponentially as 
2 4

0ea a ϕ=  
[28]. 

In this inflationary paradigm a sufficient slow-roll period is achieved only if the scalar field ϕ  is in a region 
where the potential is sufficiently flat. The flatness condition on the potential is conveniently parametrized in 
terms of two slow-roll parameters built from the derivatives ,V ′  V ′′  of the potential V with respect to ϕ  

( )( ) ( )2 2 21 2 ,Pl PlV V m V V mε η′ ′′= = .                           (2.8) 

Therefore, to achieve a successful period of inflation these slow-roll parameters must be much smaller than 
one, , 1.ε η   The parameter ε  can be also written as 2 ,H Hε = −   thus it quantifies the rate of the Hub- 
ble parameter H during inflation. 

In summary, in the simplest inflation with potential ( ) 2V ϕ ϕ= , the realistic value of the mass m is about 
66 10−×  (in Planck units), the total duration of inflation is ~10−30 seconds after the Planck time, and in this very 

short period the total amount of inflation achieved from the onset of inflation at ( ) 4
PlV Mϕ ∼  is of the order 

101010 . Inflation ends when the scalar field begins to oscillate near the minimum of ( ) ,V ϕ  loses its energy by 
creating pairs of elementary particles which interact between them and come to a state of thermal equilibrium— 
the matter creation and reheating stages. From this time on, the universe can be described by the standard cos- 
mological model. An universe whose is many order of magnitude greater than the part of the universe which is 
today seen, 2810l ∼  cm [31]. 

The inflationary paradigm solves many problems of the Standard cosmological models and predicts the exis- 
tence of inflationary perturbations which serve as seeds which grow into a large scale structure. Therefore, since 
the detailed features of these perturbations have been observed in the CMB, the predictions of the inflationary 
scenario appear in agreement with observations 

However, despite its successes, the inflationary paradigm is conceptually incomplete in several respects. The 
initial conditions are postulated [76], the Trans-Planckian issues are ignored [77], the inflationary space-time is 
past incomplete, and then inherit the big bang singularity [78], even though the inflaton violates the standard 
energy conditions of the singularity theorems [79]. 

2.6. Loop Quantum Cosmology 
In loop quantum cosmology (LQC) framework [80]-[90], based on the key features of loop quantum gravity 
(LQG) [91]-[98] and its underlying Riemannian quantum geometry, space-time and perturbations are quantum, 
the quantum fields corresponding to the perturbations propagate on a quantum space and the non-perturbative 
quantum corrections dominate the evolution in the Planck regime, replace the big bang singularity with a quan- 
tum bounce and disappear in the low energy regime insuring agreement with the classical general relativity. 
Thus, the LQC quantum corrections solve the singularity and the ultraviolet-infrared tension: the short distance 
limitations of classical general. 

The LQC novel results are encoded in the modified Einstein-Friedmann equation [87] [100] 

( ) ( ) ( )( )22 2 2
max9 8π 3 1H a a Gν ν ρ ρ≡ = = −                         (2.9) 

where H a a=   and ( )2 2
max 3 8π 0.41 PlGρ γ λ ρ= ≈  are respectively the Hubble rate and the maximum 

energy density. This equation for maxρ ρ , that is away from the Planck regime, reduces to the classical 
Friedmann equation 

( ) ( )22 8π 3H a a G ρ= = ,                              (2.10) 

where for matter density positive, a  cannot vanishes, so that every solution represents a contracting, or an ex- 
panding universe, whereas in LQC, where the modifications in the Planck regime are drastic, ν  vanishes at the 
quantum bounce maxρ ρ= , to its past the solution represents a contracting universe with 0ν <  and to its fu- 
ture, an expanding universe with 0ν > . 

In LQC, the bounce is an effect of the quantized geometry. The quantum effects act as an effective quantum 
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repulsion, allow the universe to bounce back from a collapse, and then resolve the singularity without fine tun- 
ing initial conditions. 

From the modified Friedmann equation, and the standard conservation law, it follows that also the decelera- 
tion equation is modified to 

( ) ( ) ( )4π 3 1 4 3 1 2c ca a G Pρ ρ ρ ρ ρ = − − + −  .                   (2.11) 

This result implies that, since a  can be positive, inflaction (in presence of an appropriate scalar field) is ge- 
neric in LQC and does not require unlikely initial conditions. 

Moreover, the LQC pre-inflationary dynamics of natural conditions at the bounce [101]-[104], allows to in- 
clude quantum gravity regime in the standard inflationary scenario, to extend the evolution all the way from 
deep Planck regime, to ignore the back reaction also in the pre-inflationary epoch, to solve the trans-Planckian 
problem and to account for the inhomogeneities seen in the CMB, which are the origin of the large scale struc- 
ture. In the LQC application, for the LFWR space-time with quadratic potential ( ) 2 2 2V mϕ ϕ=  [100] [104], 
the LQC predictions in the low energy regime agree with those of the standard inflationary paradigm: both are 
compatible with the power spectrum and the spectral index reported in the seven years WMAP data. 

Thus, in the low energy regime, LQC and standard inflationary paradigm predictions, compared with the 
cosmological observation, have the same fate. But, their predictions for the state at the onset of inflation are dif- 
ferent: in the standard inflation scenario the onset state is the Bunch-Davies vacuum, while in the LQC pre-in- 
flationary dynamics is the non-Bunch-Davies vacuum [104]. 

LQC. Perturbations dynamics on quantum geometry 
In loop quantum cosmology, the phase space of gauge invariant perturbations is spanned by 3 canonically 

conjugate pairs representing: one the Mukhanov-Sasaki Qk  and two the tensor modes 1Tk , 2Tk . In co-moving 
momentum space they are represented by 

( )1 21 2, , ; , ,T TQQ T T p p pk k k k k k .                             (2.12) 

Therefore, on using the Mukhanov-Sasaki variables Qk  and the two tensor modes denoted by Tk , the quan- 
tum fields Q



 and T


 propagate on quantum FLRW geometries which are all regular, free of singularity. A 
key difference with respect to the standard inflation where the fields propagate on a classical Friedmann solution 
( )a t , ( )tϕ . Thus, by construction, the framework encompasses the Planck regime and resolves the trans- 

Planckian problem. The evolution equation for tensor modes is given by [104] 

( ) ( ) ( ) ( ) ( ) ( ) ( )
223 2 2 2

1
ˆ ˆˆi , , 1 2 d 4 4 ,kT H T k a p k a T C Tηψ η ψ η κ κ η ψ η ∂ = ≡ + −  ∫    

 k k k k k      (2.13) 

where p̂k  is the momentum conjugate to T̂k , 8πGκ = , ( )kC η  are c-numbers derived from the 4th order 
adiabatic regularization that depends only on k = k  and ,a  ,η  are respectively the dressed scale factor and 
conformal time. 

Inflation and slow roll inflation in LQC 
In LQC [99] [100], where quantum geometry effects modify the Einstein equations, the Hamiltonian con- 

straint (Equation (2.9)) must be satisfied at any instant of time and the equations of motions given in terms of the 
variables ( )tν , ( )tϕ  provide the evolution 

( ) ( )( ) ( ) ( )( )2
max max24π V V Vν ν ρ ρ ϕ ϕ ρ ϕ = − + −  

                     (2.14) 

( )2 0.Vϕϕ ν ν ϕ= + =                                    (2.15) 

At scales far away from the Planck scale, the quantum effects vanish, the Hamiltonian constraint reduces to 
the classical Friedmann equation 

( ) ( ) ( ) ( )( )2 2 2 29 8π 3 8π 3 2H G G Vν ν ρ ϕ ϕ≡ = ≡ +  ,                   (2.16) 

and the slow-roll parameters are given by two distinct sets of parameters 

( )( )2 2, , 1 2V PlH H H HH V V mε η ε ′= − = =   .                     (2.17) 

In the context of inflationary models, the WMAP7 data [70]—parameterized assuming that the onset of infla- 
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tion is in the BD vacuum—are tailored to the co-moving mode (or wave number) k∗  given by 
3

0 02 10 or 8.58k a k k−
∗ ∗= × =                               (2.18) 

where 0a  is the today scalar factor and 0k  the mode that has just reentered the Hubble radius today. Within 
each inflationary model the WMAP data (amplitude of the scalar power spectrum, spectral index) constrains the 
initials values of field describing the homogeneous isotropic background at time t∗  at which the co-moving 
mode k∗  exits the Hubble radius during the slow-roll stage and the LQC modifications to general relativity are 
highly suppressed. 

At this time t∗  the amplitude RA  of the scalar power spectrum ( )2 ,R k∗∆  the spectral index ,sn  the Hub- 
ble parameter H and radius HR  are 

( ) ( ) ( )
( ) ( )

9

6 2

2.430 0.091 10 , 0.968 0.012

7.83 10 , 1.28 10 .
R s

Pl H Pl

A t n t

H t m R t l

−
∗ ∗

−
∗ ∗

= ± × = ±

= × = ×
                 (2.19) 

Further, considering the model with quadratic potential, ( ) ( ) 2 21 2 ,V mϕ ϕ=  the equation of motion of the 
scalar field (Equation (2.13)) simplifies to 

2 23 0H mϕ ϕ ϕ+ + = .                               (2.20) 

For this potential, 1 4 ,sn ε− =  the value of the slow-roll parameter at the time t∗ is given by ( ) 38 10tε −
∗ = × , 

and at the inflaton ϕ , its time derivative, the mass m, and the slow-roll parameter η  have the following values 
[100] 

( ) ( )
( )

7

-6 2

3.15 , 1.98 10

1.21 10 , 1.61 10 .
Pl Pl

Pl

t m t m

m m t

ϕ ϕ

η

−
∗ ∗

−
∗

= ± = ×

= × = ×




                       (2.21) 

This data leads to the slow-roll inflation with ~50 - 60 e-folding starting at t t∗= . 
In LQC pre-inflationary dynamics [104], at the bounce time 0Bt =  the value of the background inflaton Bϕ  

is constrained in the interval ( )50.93,7.41 10Bϕ ∈ ×  and a solution to the dynamical equations which enters the 
slow-roll compatible with the seven years WMAP data [70] in its evolution, is obtained for each Bϕ  value. The 
numerical solutions show that for 1.2B Plmϕ  , none of the modes that are in the observational range will en- 
counter a significant curvature during their pre-inflationary evolution, and then there are no significant excita- 
tions over the BD vacuum at the onset of inflation. On the other hand, if 1.2B Plmϕ < , the quantum state at the 
onset of the slow-roll inflation would carry excitations over the BD vacuum (non-Bunch-Davies vacuum) in 
modes that are observable in the CMB, where the k0 mode in the range ( )0 0, 2000k k∼  that were in the non-BD 
vacuum leaved their fingerprints—the bispectrum NG flattened configuration. 

The LQC scalar power-spectrum ( )RP kΩ  is related to the standard inflationary power-spectrum ( )BD
RP k

with BD  as the state at onset of inflation 

( ) ( ) 2BD
R R k kP k P k α βΩ = + ,                           (2.22) 

where the Bogoliubov coefficients kα  and kβ  are functions only of  :k = k  and 2
kβ  represents the 

number density of the BD excitations with momentum ,k  per unit co-moving volume contained in the state 
Ω . For modes with lower k values, the LQC power-spectrum has a highly oscillatory behavior and differs 

from the standard power spectrum ( ) ,BD
RP k  while for reference mode used in the WMAP data 9.17k∗ = , the 

LQC and the standard inflationary predictions are almost the same. 
In the standard slow-roll inflation scenario, a significant result is the relation between the tensor-to-scalar ra- 

tio BDr  and the tensor spectral index ,Tn  8BD Tr n= − . In LQC, the ratio LQCr  does not depend on the pre-in- 
flationary dynamics, and then ,LQC BDr r=  while the tensor spectral index Tn  is modified in the Planck regime. 
In [104], numerical simulations have shown that the imprint left by the pre-inflationary dynamics is potentially 
observable: a deviation from the standard inflation prediction at low k values. 

In summary, LQC and inflationary paradigm predictions are the same in the low energy regime, but drastical- 
ly differ at Planck scales. Therefore, only the comparison of their key features with the cosmological observa- 
tions can distinguish between the two, i.e., the excitation over the Bunch-Davies state, non-Gaussianities of the 
halo bias and the -µ type distortions in CMB. 
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3. Quantum Fluctuations and Density Perturbations 
3.1. Inflation and Cosmological Perturbations 
In the inflationary scenario the universe is described by the FLRW solution to Einstein’s equations with a scalar 
field as matter source, together with small inhomogeneities that are approximated by a first order perturbation. 
Fourier modes of quantum fields with co-moving wave number 0k  in the range ( )0 0, 2000k k∼  are supposed 
to be initially in the Bunch-Davies vacuum and its quantum fluctuation, soon after any mode exits the Hubble 
radius, are assumed to behave as a classical perturbation which evolve according to linearized Einstein’ equa- 
tions. The existence of inflationary perturbation implies that there must be tiny inhomogeneities at the surface of 
last scattering, and that they serve as seeds which grow into a large scale structure. 

In the simplest inflationary model [31] [41], the average amplitude of the fluctuations (of all wavelengths) of 
the field ( ) ,xδϕ  generated by the inflation during a typical time interval 1,t H −∆ =  is given by [41] 

( ) ( ) 2πx Hδϕ ϕ≈ .                                  (3.1) 

The amplitude of these fluctuations, ( ) ,xδϕ since the Hubble parameter ( )H ϕ  changes very slow in the 
inflationary stage, remains almost unchanged for a very long time. Therefore, since the wavelength 1kλ −∼  of 
fluctuations ( )xδϕ  depends exponentially on the inflation time, 1,H −  the spectrum of inhomogeneities δϕ  is 
almost independent of 1kλ −∼  on a logarithmic scale ( )ln ,k H  and then is a flat spectrum [41]—Harrison- 
Zeldovich spectrum. 

In general, since the field fluctuations ( )xδϕ  lead to a local time delay, ,t∂  of the end of inflation, 
2π ,t Hϕ ϕ ϕ∂ = ∂ ∼   a local delay of expansion leads to a density increase in a region of the space, 

H t tρ ρ∂ ∼ ∂ ∼∂ , while the density decreases in the regions where the expansion lasts more time. The field 
fluctuations ( )xδϕ  then, lead to density perturbations that via gravitational instability become later large-scale 
structures. The amplitude of these perturbations is defined as [5] [12] [41] 

2 2πH Hδ δρ ρ ϕ∼ ∼  .                                (3.2) 

A definition whose derivation is oversimplified since in the inflation stage H and ϕ  should be calculated at 
different time for perturbations with different momentum k. But, in the simplest inflation model with potential 
( ) 2 2 2V mϕ ϕ= , where the field ϕ  changes very slowly during inflation, the quantity 2 2πH ϕ  remains al- 

most constant over exponentially large range of wavelengths, and then the spectrum of density perturbations is 
flat and its amplitude is given by [41] 

2 5π 6H mδ ϕ∼ .                                 (3.3) 

In the simplest inflation model, the perturbations on scale of horizon were produced at 15Hϕ ∼  [28]. Hence, 
using COBE normalization 52 10 ,Hδ

−∼ ×  the value of m is 63 10m −∼ × , in Planck units. An exact value of m 
depends on Hϕ , which in its turn depends slightly on the thermal history of the universe. In short, in the single 
field slow-roll paradigm, the quantum fluctuations in the inflaton field itself translate, via the Einstein’s equation, 
into the curvature and density perturbations which grow over time via gravitational instability. 

3.2. Quantum Fluctuations and Density Perturbations 
In the cosmic inflation, large scale inhomogeneities are related to the restructuring of the vacuum state due to the 
exponential expansion of the universe. Inflation converts short-wavelength quantum fluctuation δϕ  of the sca- 
lar field ϕ  into long-wavelength fluctuations, and when the wavelength 1kλ −∼  (k momentum) of a fluctua- 
tion δϕ  exceeds the horizon 1H −  size, its amplitude is “frozen in” and its nonzero value ( )xϕ∂  at the ho- 
rizon crossing is fixed by the damping due to the friction term 3Hϕ  (Equation (2.6)). The amplitude of the 
fluctuation on super-horizon scales remains unchanged for a very long time, whereas its wavelength keeps 
growing exponentially [3]. The appearance of such frozen fluctuations is equivalent to the appearance of a clas- 
sical field δϕ  that does not vanish after having averaged over some macroscopic interval of time. Finally, 
when the wavelength of these fluctuations reenters the horizon, at some radiation or matter dominated epoch, the 
curvature (gravitational potential) perturbations, R, of the space-time give rise to matter (and temperature) per- 
turbations δρ  via the Poisson equation. 

The curvature perturbations are a combination of gravitational potential ϕ  and energy density perturbations 
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δρ  [59] 
( ) ( ) ( ) ( ) ( ) ( )1 2 1 21 2 , 1 2φ ϕ φ δρ δ ρ δ ρ= + = +                          (3.4) 

where, using the perturbed Einstein equation 

8πG G Tµ µ
ν νδ δ= ,                                   (3.5) 

the first order (linear) ( )1φ  and the second order (non-linear) ( )2ϕ  contribution to the gravitational potential 
are given by 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )21 1 2 2 1
0 01 2 , 1 2 4φ δ ρ ρ φ δ ρ ρ φ= − = − + .                    (3.6) 

Adiabatic perturbations produce a net perturbation in the total energy density and, through the Einstein equa- 
tions, in the intrinsic spatial curvature. However, as noted in [59], energy density and curvature perturbations are 
not gauge-invariant, hence a gauge-invariant variable, ( ) ( )1 2ζ ζ ζ= + , can be used to define such perturbations. 
For purely adiabatic perturbations the curvature perturbation is conserved on large scales, and then ( )1ζ  is ap- 
propriate to characterize the amplitude of adiabatic perturbations. At second order the curvature perturbation 

( )2ζ  on large scales evolves due to non-adiabatic pressure perturbations. 
The uniform energy density curvature perturbation ( )1ζ  is related to the comoving curvature perturbation 
( )1R  by 

( ) ( ) ( ) ( ) ( )( )21 1 12 9R p k aHζ ρ ρ φ− = + +   ,                        (3.7) 

and then on large scales ( ) ( )1 1R ζ≈ − . 
In the single-field ϕ  slow-roll models of inflation, where the intrinsic entropy perturbation of the inflaton 

field is negligible on large scales, the power-spectrum of the curvature perturbation on large scales is given by 
[59] 

( ) ( )( ) ( )2 121 2 2π sn
R PlP k M H k aHε −

∗ ∗ ∗=                         (3.8) 

where the asterisk stands for the epoch in which a perturbation mode k∗  leaves the Hubble horizon H∗  dur-
ing inflation and the spectral-index of the curvature perturbation to lowest order in the slow-roll parameters, ε , 
η , is 

1  ln  ln 6 2s Rn d P d k ε η− ≡ = − + .                           (3.9) 

The power spectrum of gravity-wave mode ijh  is given by 

( ) ( ) ( )( )( )3 2 22π 8 2π Tnij
T ij PlP k k h h M H k aH∗ ∗ ∗

∗= = ,                 (3.10) 

where 2Tn ε= −  is the tensor spectral-index. Therefore, since the fractional change of the power-spectra with 
scale is much smaller than unity, the power-spectra can be considered as constant on scales relevant for the 
CMB anisotropy and the tensor—to-scalar amplitude ratio can be defined as 

16 8R T Tr P P nε= = = − .                              (3.11) 

For 1.28,r <  or 0.08ε < , given in [105], the upper bound on the energy scale of inflation is given by [59] 
1 4 133.8 10 erg.V < ×                                 (3.12) 

In summary, in the single field slow-roll scenario, the density perturbations due to the quantum fluctuations in 
the inflaton field itself translate, via the Einstein’s equations, into the curvature and density perturbations which 
grow over time via gravitational instability. High density regions continuously attract more matter from the sur- 
rounding space, the high density regions become more and more dense in time while depleting the low density 
regions. At late times the highest density regions peaks collapse into the large structure of the universe, whose 
gravitational instability effects are observed in the clustering features of galaxies in the sky. 

Inflationary dynamics then, explain the formation of all structure in our universe: from primordial quantum 
fluctuations to large-scale structure. In this context, since large classes of models indicate the inflationary me- 
chanism as responsible of generation of the curvature fluctuations (Gaussian and adiabatic) on super horizon 
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scales, the power spectrum of the curvature perturbations, its spectral-index, sn , and the tensor—to-scalar am- 
plitude ratio, r, allow to compare their predictions and key parameters with the current cosmological observa- 
tions—the Wilkinson Microwave Anisotropy Probe (WMAP) and Planck datasets. 

3.3. Fluctuation Dynamics and Power Spectra 
The quantum fluctuations in the inflaton and in the transverse and traceless part of the metric, which are ampli- 
fied by the exponential expansion, yield the scalar and tensor primordial power spectra. In the simple formalism, 
given in [106]-[108] and used in [74], the gauge-invariant variable Q describes the inflaton fluctuation ( ),t xϕ∂  
in the uniform curvature gauge. The evolution of its mode function is governed by the equation 

( ) ( )( )2 0k ka k z z aϕ ϕ′′ ′′∂ + − ∂ = ,                            (3.13) 

where z a Hϕ=   and k is the comoving wave number of the Fourier mode under consideration. The gauge- 
invariant field fluctuation is related to the co-moving curvature perturbation ( )R H ϕ ϕ= − ∂  , which at large 
scales is related to the uniform energy density curvature perturbation ζ: R ζ= . 

In a like approach, the gravitational waves are described by two polarization states ( ),+ ×  of the transverse 
traceless part of the metric fluctuations amplified by the exponential expansion. The evolution equation for their 
mode function is given by 

( ) ( )( ), 2 , 0k kah k a a ah+ × + ×′′ ′′+ − = .                           (3.14) 

The above linearized equations, since the primordial perturbations are small, of order 10−5, provide a satisfac- 
tory description for the generation and evolution of perturbations in the inflation stage, from the sub-Hubble to 
super-Hubble evolution. 

The power spectra of curvature and tensor perturbations on super-Hubble scales, yielded by the primordial 
quantum fluctuations in the inflaton and in the transverse traceless part of the metric, are defined as [74] 

( ) ( ) ( ) ( )
( ) ( ) ( )

, 1 1 2 d d ln

( ) , 1 2 d d ln ,

s

t

a
R s s s s

a
t t t t s

P k A k k a n n k k

P k A k k a n n k k

∗∗

∗∗

= = − + +

= = + +





               (3.15) 

where sA , tA  are the scalar and tensor amplitude, sn , tn  are the scalar and tensor scalar index, the deriva- 
tives ( )d d lnsn k k∗ , ( )d d lntn k k∗  are the running of the scalar and tensor spectral index and the asterisk 
stands for the value of the inflaton field ϕ∗  at which the mode k a H∗ ∗ ∗=  crosses the Hubble radius for the 
first time. 

In the single field slow-roll approximation, the number of e-folds before the end of inflation, ,N ∗  at which 
the pivot scale k∗  exits the from the Hubble radius, is 

( ) ( ) ( )
1 1 22 d , 8π

e

Pl PlN M V V M G
ϕ

ϕ

φ
∗

−

∗ ′= =∫ ,                      (3.16) 

where prime denotes derivatives with respect to the field ϕ , and subscript e denotes the end of inflation. The 
scalar and tensor amplitude, ( ), ,s tA A  and spectral index, ( ),s tn n , are given by [74] 

( ) ( )2 4 2 424π , 2 3π

1 2 6 , 2 8, 16 ,
s Pl V t Pl

s V V t V V

A V M A V M

n n r r

ε

η ε ε ε

≈ ≈

− ≈ − ≈ − = − =  
                   (3.17) 

where the tensor to scale modes ratio r and the slow-roll parameters, Vε , Vη , are 

( ) ( )
( ) ( ) ( )22 2

,

1 2 , .
t s

V Pl V Pl

r A k A k

M V V M V Vε η

∗ ∗≡

′ ′′= =
                      (3.18) 

3.4. Alternative, Equivalent Definitions 
In [69], the quantity ( ) ,R k∆  closely related to the amplitude, ( ) ,RA k  of the primordial curvature perturba- 
tions kR , is considered as a powerful and practical tool to test significant features of a large class of models 
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which predict that ( )RA k  is nearly a power law 

( ) ( ) ( )( )
( ) ( )( )

2 3 2 2
0 0

0

2π

1 1 2 d d ln ,
R R R

s s

k k A k k k k

n k n k

χ

χ

∆ ≡ = ∆

= − +
                         (3.19) 

where ( )2
R k∆  gives an approximate contribute of kR  (at a given scale per logarithmic interval in k) to the to- 

tal variance of kR , as ( ) ( )2 2dln k RR k k= ∆∫x , while the spectral index sn  and the spectral index d dlnsn k  
are used to define the tilt of the spectrum and the running index. For 1sn =  and d dln 0sn k =  the power-law 
spectrum is a pure Harrison-Zeldovich “scale invariant spectrum”, while for 1sn <  this spectrum is strongly 
disfavored. 

The primordial gravitational waves, predicted by many cosmological models, leaves their signatures im- 
printed on the CMB temperature anisotropy (the tensor E-mode, B-mode and TE-mode polarization) [69]. The 
amplitude and power spectrum of these gravitational waves, since gravity is encoded in the metric, are defined 
as 

( ) ( ) ( )( )2 3 2 2
0 02π tn

h h hk k A k k k k∆ = = ∆                          (3.20) 

where 2
h∆  is the power spectrum of tensor metric perturbations, hk, the amplitude is given as ( ) 24hA k h=  

and the amplitude, in the form of the tensor 2
h∆  to scalar ( )2

R k∆  ratio, r, is defined as [69] [70] 

( ) ( )2 2
0 0h Rr k k≡ ∆ ∆                                 (3.21) 

which is used to calculate the tensor mode contributions to the B-mode, E-mode and TE power spectra. The 
spectral index sn  and the ratio r are related to the inflation slow-roll parameters, and then can be used to con- 
straint the inflationary models [23] [69] 

( )22 21 3 2 , 1 8πs Pl Pl Pln M V V M V V M G′ ′′− = − = ,                  (3.22) 

( )228 ,Plr M V V′=                                (3.23) 

where PlM  is the reduced Planck mass, and the derivatives are evaluated at the mean value of the scalar field 
ϕ  at the time that a given scale leaves the Hubble horizon. The combination of these two equations relates sn  
and r 

( )( ) ( )( )28 3 1 16 3s Plr n M V V′′= − + .                       (3.24) 

This equation, since r is correlated to both sn  and the curvature of the potential allows to distinguish models 
on the sn r−  plane and justify the use of the sign and magnitude of the potential curvature to classify inflation 
models [69]. 

In the period of cosmic inflation, the generated quantum fluctuations, as explained in (3.2), became the seeds 
for the cosmic structures observed today. In this contest, inflation models predict that the primordial fluctuations 
is nearly a Gaussian distribution with random phase. This prediction is based on the assumption that the proba- 
bility distribution of quantum fluctuations, ( ) ,P ϕ  of the free scalar field ϕ  in the Bunch-Davies vacuum is a 
Gaussian distribution, so that also the probability distribution of primordial curvature perturbations, R, generated 
by the field ϕ  would be a Gaussian distribution. Therefore, deviations from a Gaussian distribution, as non- 
Gaussian correlations in the primordial curvature perturbations, is a significant test of the inflation predictions. 

Today, the WMAP and Planck results, and the non-Gaussianity (NG) of the primordial fluctuations, captured 
by the bispectrum different configurations (local, equilateral, folded, orthogonal), are the most important infor- 
mation used to rule out or constrain the 193 inflation models available [109] [110]. 

3.5. The Bispectrum 
The primordial curvature perturbation, R, cannot be measured directly, a more observable quantity is the curva- 
ture perturbation during the matter era, ,Φ  written in the local form 

local 2
L NL LfΦ = Φ + Φ ,                                  (3.25) 

where ,LΦ  which represents the gravitational potential at linear order, is correlated to the linear part of the 
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curvature perturbation, ,LR  local
NLf  is the “local nonlinear coupling parameter”, and both sides of the equation 

are evaluated at the same location in space [69] [70]. 
The amplitude of non-Gaussian correlations can be evaluated using the angular bispectrum of CMB tempera- 

ture anisotropy, the harmonic transform of the 3-point correlation function. The observed angular bispectrum is 
related to the 3-dimensional bispectrum of primordial curvature [73] 

( ) ( ) ( ) ( ) ( ) ( )3 3
1 2 3 1 2 3 1 2 32π , ,B k k kϕΦ Φ Φ = ∂ + +k k k k k k ,                (3.26) 

where the potential ,Φ  equivalent to the Bardeen’s gauge-invariant gravitational potential is defined in terms of 
the co-moving curvature perturbation ζ on super-horizon scales by ( )3 5 ζΦ ≡ . The bispectrum ( )1 2 3, ,B k k kϕ  
measures the correlation among three perturbation mode and, for translational and rotational invariance, it de- 
pends only on the magnitude of the three wave-vectors 

( ) ( )1 2 3 1 2 3, , , ,NLB k k k f F k k kϕ = ,                          (3.27) 

where the “nonlinearity” parameter, NLf , is a dimensionless parameter which measures the amplitude of NG. 

3.6. Non Gaussian Configuration 
Different NG configurations are linked to different mechanisms for the generation of non-Gaussian perturba- 
tions at different scales, where the primeval inflaton field interactions, encoded in the three wave numbers, 
( )1 2 3, ,k k k , are captured by signal peaking in triangles of different form: Orthogonal, Local, Equilateral, Folded, 
[73]. 

Orthogonal NG, which generate a signal with a positive peak at the equilateral configuration and a negative 
peak at the folded configuration [69]. 

Local NG ( )3 1 2k k k≈ , where the signals peaks in squeezed triangles, which occurs, not only when the 
primordial NG is generated on super-horizon scales, as in the multi-field inflation models [111]-[113] and in a 
new bouncing cosmology [114], but also when enhanced NG is generated by the modified non-Bunch-Davies 
(NBD) vacuum initial state, as in the excited canonical single-field inflation [115]. 

Equilateral NG triangular configuration of the three comoving momentum vectors 1 2 3 ,k k k≈ ≈  due to cor- 
relation between fluctuation modes of comparable wavelength, which occurs if the three perturbation modes 
cross the horizon at approximately the same time. 

Examples of this class include: single field with non-canonical kinetic term [60] [61], k-inflation [62], Dirac- 
Born-Infeld (DBI) inflation [63] [64], models with higher-derivative interactions of the inflaton field as ghost 
inflation [58], effective field theory models [116]. 

Folded NG, where the signal peaks in flattened triangles ( )3 1 2k k k≈ + , which occurs when the primordial 
NG is generated by the initial state, where the inflaton field interactions are stronger at the onset of inflation than 
at the end, and then there is enhanced NG coming from excited initial state in the early inflation stages. 

Examples of this class include: single field models with non-Bunch-Davies (NBD) vacuum [61] [65], models 
with general higher-derivative interactions [68], excited canonical single-field inflation model with modified 
NBD initial state whose enhanced bispectrum has two leading order shapes [115]: the single-field NBD1 
squeezed configuration and the single-field NBD2 flattened configuration which differ from the much flattened 
non-Bunch-Davies (NBD) bispectrum NBDBϕ  [61]. These shapes are typically oscillatory since are regularized 
by a cutoff scale ck  giving the oscillatory period. This cutoff, ( ) 1 ,c s ck c τ −≈  where sc  is the speed of the 
sound of inflaton fluctuations, is determined by the finite time cτ  in the past when the NBD component was 
initially excited. 

Anyway, all these bispectrum differ from that for single-field inflation models with a Bunch-Davies vacuum 
initial state, particularly the NBD1 squeezed shape whose wave number 3k  is of importance for observations 
[117]. 

[The BD vacuum is a state tailored to a few e-folding before the mode 0k  leaves the Hubble horizon; in this 
state the physical length of the mode 0k  equals the radius LSR  of the observable universe at the surface of last 
scattering]. 

Thus, the bispectrum defined in Equation (3.27) measures 1) the fundamental self-interactions of the scalar 
field (or fields) involved in the inflation, as well as 2) their interactions which generate the primordial curvature 
perturbations, and also 3) the non-Gaussianity—the quantities ,locl

NLf  ,eqil
NLf  ,ortho

NLf —which represent the 
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higher order perturbations occurring during or after the inflation. Therefore, it brings insights into the physics 
behind inflation, as the pre-inflationary dynamics of the loop quantum cosmology [104]. 

4. Cosmological Models and Current Observations 
4.1. The WMAP and Planck Probes Observations 
Today, the Wilkinson microwave anisotropies probe (WMAP) data [69]-[71], the Planck measurements of the 
cosmic microwave background (CMB) [72]-[74], and their search of non-Gaussianity in the distribution of dark 
matter and galaxies in the late universe allow to compare the key parameters and predictions of many cosmo- 
logical models with the observational data. 

In the inflationary scenario the CMB, whose amplitude of tensor B-mode polarization is proportional to the 
energy of inflation and tied to the range of inflaton field, is the unique window between the late-time universe 
and the early universe at the time of the potential energy domination that drove cosmic inflation. The phenome- 
nology of non-Gaussianity in the distribution of dark matter and galaxies allows to study the dynamics of infla- 
tion. It is then clear that a wide range of cosmological data plays an essential role 1) in testing the large classes 
of model and their predictions and 2) in constraining their key parameters. 

4.2. The WMAP Datasets: ΛCDM Model 
In the standard cosmological model (ΛCDM), based on a flat expanding universe whose constituents are domi- 
nated by cold dark matter (CDM) and a cosmological constant (Λ) at late times, the dynamics is governed by 
general relativity and the primordial seeds of structure formation are nearly scale-invariant adiabatic Gaussian 
fluctuations. 

The six key parameters of the simplest ΛCDM model have proven to be a satisfactory fit to nine years 
WMAP data alone, or combined with the latest distance measurements from baryon acoustic oscillation (BAO) 
in the distribution of galaxies, the Hubble parameter H0 measurements, and the extended CMB data (eCMB) 
which include the Atacama Cosmology Telescope (ACT) and the South Pole Telescope (SPT) data. Here we 
report only the nine years WMAP combined (WMAP + eCMB + BAO + H0) data given in ([71], Table 2). 
ΛCDM parameters 

 
Baryon density, 2 0.02205;bhΩ =  Cold matter density, 2 01199chΩ = ; Dark energy density ( 1w = − ; crit. dens. units), 0.7185ΛΩ = ; 

Amplitude scalar curvature perturbations, ( )1 9 2
0 0.002 Mpc 10 2.43Rk −= ∆ = ; Scalar spectral index 0.9646sn = ; Reionization optical depth, 

0.817τ = . 
Derived parameters 
Age of the universe (Gyr) 0 13.73;t =  Hubble parameter ( )0 100  km/s/MpcH h=  0 69.7;H =  Density fluctuation 8 0.817;σ =  Redshift 

of matter-radiation equality 3280eqz = ; Redshift of reionization 9.97reionz = . 

 
The given WMAP results show that the six parameters ΛCDM model describes all the data remarkable well, 

and there are no evidence for deviations from this model: the geometry of the observable universe is flat and the 
dark energy is consistent with a cosmological constant. The amplitude of matter fluctuations, 8σ , is consistent 
with all existing data, including cluster abundance, peculiar velocity, and gravitational lensing. The simplest 
ΛCDM model then, survived the most stringent nine years WMAP test. 

Beyond the ΛCDM parameters, the combined (WMAP + eCMB + BAO + H0) data exclude a scale invariant 
primordial power spectrum at σ5  significance. In addition to adiabatic fluctuations, where all species fluctuate 
in phase and then produce curvature fluctuations, isocurvature perturbations producing no net curvature are 
possible. These entropy, or isocurvature perturbations—occurring when an over-density in one specie compen- 
sate the under-density in another—have a measurable effect on the CMB shifting the acoustic peaks in the pow- 
er spectrum. But, no significant contribution from these perturbations has been detected in the nine year WMAP 
data, whether or not additional data have been included in the fit. 

4.3. The WMAP Datasets: Inflation Models 
In the combined (WMAP + eCMB + BAO + H0) data for a power-law spectrum of primordial curvature pertur- 
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bations 

( ) ( )( ) 12 2
0 0

sn
R Rk k k k −∆ = ∆ ,                               (4.1) 

With 1
0 0.002 Mpc ,k −=  the power-law spectral index, without B-mode polarization measurements—that is 

ignoring tensor mode, is 
0.9636 0.0084.sn = ±                                  (4.2) 

The tightest constraint on tensor modes r (Equation (4.3)) and on the running scalar index d dln sn k  from 
the nine year WMAP combined data are [71] 

0.13 (95% CL),d dln 0.023 0.011sr n k< = − ± .                      (4.3) 

Therefore, the current data strongly disfavor a pure Harrison-Zeldovich spectrum, also if tensor modes are in- 
cluded in the model fits. 

In the large classes of inflation models, the WMAP data [71] well support the predictions of single-field infla- 
tion models for features of primordial curvature: the temperature fluctuations, which linearly trace the primordi- 
al curvature perturbations are adiabatic and Gaussian [118]. The limits on primordial gravitational waves are 
consistent with many inflation models, including the Starobinsky model [8] with spectral index sn  and tensor 
to scalar ratio r given by 

( ) ( )

( )

2

2

1  ln dln 2 , 0.966 60

12 0.0033 60 ,
wmap

s R sk k
n d k k N n N

r N N

=
− = ∆ = − = =

= = =
                (4.4) 

where N is the number of e-folding related to sn  and r. The non-Gaussian features of primordial fluctuations in 
inflationary models [29] [30] has not been evidenced. In general, since an analysis of the CMB maps [118] has 
shown that all the quantities ,locl

NLf  ,eqil
NLf  ,ortho

NLf  does not differ significantly from zero, there is no compel- 
ling evidence for deviations from Gaussianity. Hence, inflationary models predicting the existence of no-Gaus- 
sianity are strongly disfavored by the WMAP results. 

The two dimensional joint marginalized constraints (68%, 95%) on the primordial tilt ( ),sn r  allows to con- 
strain and distinguish inflation models on sn r−  plane [70]. In this class of models, as reported in [69], the 
single-field inflation models with chaotic potential ( )V αϕ ϕ∝  with 4α = , 2α =  have different fate. The 
model with potential ( ) ( ) 44V ϕ λ ϕ=  is far away from the 95% region for both N = 50 and 60, and then is ex- 
cluded at more than 99% CL. The inflation model with potential ( ) 2 2 2V mϕ ϕ=  lies outside of the 68% re- 
gion for N = 50, while for N = 60 is at the boundary of this region. Hence the model is under pressure. 

In conclusion, the six parameters ΛCDM model and the single-field inflation models for Gaussian features of 
primordial curvature survived the most stringent WMAP tests. 

4.4. The Planck Datasets 
In the Plank 2013 results [72] the most important conclusion is that the Planck temperature power spectrum at 
high multipoles ( )40l ≥  agrees with the predictions of the six-parameter ΛCDM model. Here we report only 
the (Plank + WP 68% limits) data given in ([72], Table 2, Table 11 for τ ). 
ΛCDM parameters (Planck) 
 

Baryon density, 2 0.02205bhΩ =  Cold matter density, 2 01199chΩ = ; Dark energy density ( )1w = − , 0.685ΛΩ = ; Matter density 

0.315mΩ = ; Amplitude scalar curvature perturbations ( )10ln 10 3.089sA = ; Scalar spectral index 0.9603sn =  Reionization optical depth, 

0.095τ =  ([72], Table 11) 
Derived parameters 
Age of the universe (Gyr) 0 13.817;t =  Hubble parameter 0 67.3H =  Density fluctuation 8 0.829;σ =  Redshift of matter-radiation 

equality 3391;eqz =  Redshift of reionization 11.1rez = . 

 
The Planck data show that the simplest ΛCDM model provides a good match to the Planck power spectrum of 

the lensing potential, ,lCφφ  and to the TE and EE power spectra at high multipoles, but no in the low multipoles 
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range 20 40.l≤ ≤  This mismatch, and other anomalies at low multipoles, although not of decisive significance 
for the model, imply that it may be incomplete. 

Moreover, in the Planck 2013 data given in ([72], Table 11) the low value of the nine years WMAP Hubble 
parameter, H0 = 74 ± 11, with respect the Planck + WP H0 = 65.2 ± 1.8, and a high matter density, Ωm = 0.315 ± 
0.016 are in tension. Therefore, as noted in [119], if the tension between previous measurement of H0 and that 
recently derived by the Planck team within the assumptions of a six-parameter flat ΛCDM model (including 
tension with WMAP 9), cannot be resolved by unknown systematics, it will force the rejection of the six-para- 
meter model in favor of a more complex alternative. 

However, despite these limits, the six parameters ΛCDM model has proven to be successful in describing a 
wide range of cosmological data, including the Type Ia supernovae magnitude-distance relation, baryon acoustic 
oscillation measurements, the large-scale clustering of galaxies and cosmic shear, and its predictions have been 
confirmed but the nine years WMAP and Planck 2013 results. Hence, the tension between the WMAP and 
Planck data are not a compelling evidence of its incompleteness. Other observations are needed to decide about 
its limits. 

4.5. The Planck Datasets: Non-Gaussianity 
In the Planck results 2013 [73], dedicated to constraints on primordial non-Gaussianity, the final results 

2.7 5.8,loc
NLf = ±  42 75,equil

NLf = − ±  and 25 39ortho
NLf = − ± statical) (68%              (4.5) 

show that there is no evidence for primordial NG in these shapes. Therefore, the models predicting the non 
Gaussianity of the primeval perturbations via these bispectrum shapes are strongly disfavored or constrained. 

Here, we give a partial list of models. 1) For the non Bunch-Davies models with flattened bispectral often in 
combination with non trivial squeezed limit, which can be generated by strong disturbance away from back- 
ground slow-roll evolution or additional trans-Planckian physics [61] [65] [115] [120], there is no convincing 
evidence for the predicted bispectra and the related non-Gaussianity of the primordial perturbations. The same 
results hold for the non-Bunch-Davies resonant models. 

2) Warm Inflation [52] [53] produce a related shape with a sign change in the squeezed limit. The resulting 
bispectrum has no evidence for significant correlation with Planck data. 

3) In the ekpyrotic/cyclic scenarios [49]-[51] the “ekpyrotic conversion” mechanism has been ruled out and 
the parameter space of the “kinetic conversion” mechanism significantly limited. 

However, as noted in [73], the results for the non-Bunch-Davies (NBD) models are just preliminary. A sys- 
tematic search for best-fit Planck NBD models using the parameter freedom available has to be undertaken. 

Anyway, a possible explanation for the non-detection of the non-Gaussianity in the NBD models is given in 
[121] for open inflation. The amplitude of the bispectrum is exponentially suppressed in the sub-curvature re- 
gion for wavelengths shorter than the today curvature radius, and so the non Bunch-Davies effect of open infla- 
tion on the observable bispectrum is exponentially suppressed. 

4.6. The Planck Datasets: Cosmic Inflation 
In the Planck 2013 results [74], dedicated to the status of cosmic inflation, the scalar amplitude As and the scalar 
spectral index ns (adding a tensor component) for the primordial curvature perturbations spectrum (Equation 
(3.15)) are 

( )910 2.23 0.02 68% CL , 0.9600 0.0072s sA n= ± = ± ,                     (4.6) 

a 5.5σ  departure from 1.sn =  The tightest constraint on tensor modes r and on the running scalar index 
d dln sn k  are 

( ) ( )0.002 0.11 95% CL , d dln 0.011 0.009 68% CLsr n k< = − ± .                 (4.7) 

Here, we just mention some of the more than hundred inflationary models [110]. 
1) In the Planck 2013 results for cosmic inflation [74], the simplest slow-roll single field ϕ  inflation sur- 

vived an exacting test with the Planck data. The spatial curvature 0.006 0.018kΩ = − ±  at 95% CL and the 
bispectral non-Gaussianity parameter NLf  consistent with zero are compatible with the zero spatial curvature 
and small value of NLf  as predicted in this simplest slow-roll single field model. 
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2) The axion monodromy potentials, 1n =  and 2 3n =  models [109] [122] are the most compatible with 
the Planck data, while the 4λϕ  model is decisively ruled out, the large quadratic potential and natural inflation, 
are somewhat disfavored by the Planck data, when broader entropy generation scenarios are considered. 

3) Other models with an exponential potential, a monomial potential with a power larger than two, or hybrid 
model driven by a quadratic term are disfavored at more than 95% CL. The axion and curvaton scenario in 
which the isocurvature mode is uncorrelated or fully correlated with the adiabatic mode, are disfavored by 
Planck data. The IR DBI (Dirac-Born-Infeld) inflation, k-inflation, inflation involving gauge fields and warm in- 
flation have been strongly constrained. In the ekpyrotic/cyclic scenarios the “ekpyrotic conversion” mechanism 
has been ruled out and the parameter space of the “kinetic conversion” mechanism strongly limited. 

In summary, in the simplest versions of the chaotic inflation with ( ) nV ϕ ϕ∼  for 3, 2,1, 2 3,n =  the predic- 
tions of the inflationary models with ( ) 2 3,V ϕ φ ϕ∼  are consistent with the Planck data, the simplest quadratic 
potential is marginally consistent, whereas the 4λϕ  model is ruled out. In the chaotic inflation in super-gravity 
[123] the predictions of the model with potential 

( ) ( )( )22 2 2 2 22 1 , 0.34, 0.03 0.13V m a b b aϕ ϕ αϕ ϕ= − + = ≤ ≤                 (4.8) 

are in agreement with the Planck data. Therefore, as noted in [123], a slight modification of the simplest chaotic 
inflation with a quadratic potential leads to a model consistent with the Planck 2013 results. 

A Long list of other models compatible with the Planck data is given in [124] where, besides the Bayesian 
analysis of the inflationary models consistency with the Planck results, is noted that the models consistent with 
the Planck results cannot be considered as “true” models, they are the simplest and most effective inflationary 
hypothesis compatible with the Planck 2013 CMB data. 

Before to conclude this section, we recall the predictions of the loop quantum cosmology and discuss their 
consistency with the Planck 2013 data. 

In the LQC application, for the simplest slow-roll inflation with potential ( ) 2 2 2V mϕ ϕ=  [100] [104], the 
LQC and the simplest inflation model predictions are the same in the low energy regime, but strongly differ at 
the Plank scale. In the simplest inflationary paradigm, the state at the onset of inflation state is the Bunch-Davies 
vacuum. In the LQC pre-inflationary for 1.2B Plmϕ <  at the bounce the quantum state at the onset of the slow- 
roll inflation is the non-bunch-Davies vacuum [104]. 

Therefore, since in the Planck 2013 results on the non-Gaussianity [73] there is no evidence for primordial 
non-Gaussianity (Equation (4.4)), the LQC pre-inflationary dynamics predictions 1.2B Plmϕ <  are not consistent 
with the Planck data, but for 1.2B Plmϕ <  its key features and predictions are compatible with the observations. 

Hence, this LQC specific application for the inflation with ( ) 2V ϕ ϕ∼  is under pressure for its pre-inflatio- 
nary dynamics predictions, but the novel features of the loop quantum cosmology—space and time discrete at 
the Planck scale, the modified Einstein equation (Equation (2.9)) which replace the singularity with a quantum 
bounce, and others—are still significant and innovative. 

However, as noted in [73], the results for the non-Bunch-Davies (NBD) models are just preliminary. A sys- 
tematic search for best-fit Planck NBD models using the parameter freedom available has to be undertaken. 

In conclusion, the Planck 2103 data for non Gaussianity and for inflationary models (Equations (4.6), (7)), in- 
cluding the Bayesian consistency, are not definitive since future observations can change the constraint limits. 
Therefore, models that are disfavored or severely constrained by the current Planck data can be favored, or more 
disfavored, by future observation, i.e., in ([73], p. 10): “The model with a quadratic potential, n = 2 (Linde, 
1983), often considered the simplest example for inflation, now lies outside the joint 95% CL for N 60 e-folds”. 

5. Cosmological Models: Unsolved Fundamental Questions 
5.1. The Status of our Universe 
Today, the six-parameters ΛCDM model and the simplest slow-roll single field ϕ  inflation, which are the most 
effective hypothesis compatible with the WMAP and Planck 2013 data, provide a convincing description of the 
status of our universe and of the large-scale formation via primordial quantum fluctuations and gravitational in- 
stability. The ΛCDM model describes successfully many features of the evolution of the universe—the Hubble 
expansion, the existence of a CMB with a blackbody spectrum, the primordial D, 3He and 7Li abundance, the 
sum of the masses of the three families of neutrinos, the dark energy equation of state parameter, the number of 
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effective relativistic species, the big bang nucleosynthesis. 
In the single field slow-roll paradigm, the density perturbations due to the quantum fluctuations in the inflaton 

field itself translate, via the Einstein’s equations, into the curvature and density perturbations which grow over 
time via gravitational instability. High density regions continuously attract more matter from the surrounding 
space, the high density regions become more and more dense in time while depleting the low density regions. At 
late times the highest density regions peaks collapse into the large structure of the universe, whose gravitational 
instability effects are observed in the clustering features of galaxies in the sky. Thus, the origin of all structure 
in the universe probably comes from an early era where the universe was filled with a heuristic scalar field ϕ
generated by the vacuum fluctuations during inflation, and nothing else. 

5.2. The Unsolved Questions 
The inflationary paradigm has successfully explained the generation of primordial perturbation and of gravita- 
tional waves. However, despite its successes, it is conceptually incomplete in several respects. The inflationary 
space-time is past incomplete, and then inherit the big bang singularity. The initial conditions are specified at the 
onset of inflation and then evolves the quantum perturbations, but at the onset of inflation the curvature is some 
10−11 - 10−12 times the Planck scale. Thus, what really happened at the Planck regime is bypassed. Another ques- 
tion is the quantum to classical transition [125]-[127]. The inflationary physics replaces the quantum state of 
perturbations with a Gaussian statistical distribution of classical perturbations, but what happens physically is 
not explained. 

Furthermore, the inflationary paradigm, as well as the ΛCDM model and also the loop quantum cosmology, 
does not tell where the inflaton with mass-energy above 1012 Gev comes on, nor how the potential arise. The 
hypothesis of its generation from vacuum fluctuation does not explain what physically happens in the early era. 
A crucial question then the origin of the inflaton, a question closely related to the problem of the origin of our 
universe, but its solution is beyond the existing theories. In the same Standard Model of particles physics, whose 
26 free parameters justifies that is only a low energy effective theory, an approximation, an outstanding question 
is “why our universe is matter dominated”, “what is its origin?” [128]. 

In our days, the available understanding of the physical world is fragmented, leaves unanswered fundamental 
questions, and then the need of a new synthesis is the great challenge of fundamental physics. It is not then a 
case, if on the crucial question of the universe origin the relativistic and quantum cosmological theories are still 
confined in the old paradigms—the eternal, endless sequence of epochs and the quantum creation from nothing. 
Today, the deepest mysteries of our universe is yet the puzzle of whence it came [129]. 

6. Conclusions 
In our days, we live in an unusual time, perhaps a golden age of the cosmology. The impressive cosmological 
observations and measurements have revealed, not only that the observable part of the universe is nearly flat, 
filled with photon, baryons (4%), dark matter (23%) and dark energy (73%), but also that the expansion of the 
universe is accelerating: a pair of galaxies separated by a million light years are drifting apart at a velocity of 68 
kilometers a second as the universe expands. An universe then, that is expanding more faster than in the past and 
consists primarily of mysterious exotic substances, defined generically as dark matter and dark energy since 
their real nature is yet unknown. These observations have deeply changed the key features of the universe and 
put under pressure many of the more than hundred cosmological models available. 

The WMAP and Planck 2013 results have already ruled out many models and significantly constrained others. 
Their severe screening of large classes of models has ruled out the inflationary 4λϕ  model and others, margi- 
nalized the simplest quadratic potential model, disfavored the ekpyrotic/cyclic model, already under strong 
pressure after the discovery of the universe acceleration and the detection of primordial gravitational waves, and 
favored both the six-parameters ΛCDM model and the simplest slow-roll single field ϕ  inflation, which have 
survived their stringent tests. 

Thus, in the landscape of more than hundred model, the standard cosmological model combined with the sin- 
gle field ϕ  inflationary model is one the most effective hypothesis which provides a convincing description of 
the status of the observable universe and of the large-scale formation via primordial quantum fluctuations and 
gravitational instability. 

The cosmological observations then, have significantly restricted the number of models compatible with their 
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datasets and, beyond their tests on different classes of models, have deeply affected the development of new 
cosmological theories. Their main purpose is no more the construction of hypothesis and models to describe and 
predict large local non-Gaussianity, but the elaboration of new models of inflation capable to fit their predicted 
data in the ( ),sn r  plane provided by the current and future cosmological observations, as WMAP, Planck and 
others. 

In conclusion, the standard cosmological model and the simplest single field ϕ  slow-roll inflation well-fit the 
current WMAP and Planck 2013 datasets. Thus, if this combination will survive future observations, is likely to 
be the one chosen by Nature: the more than 350 millions cosmic structure, catalogued in the SDSS (Sloan digital 
sky survey) and others archives, come from an early era where the universe was filled with a scalar inflaton field 
ϕ  and nothing else. Future observations will decide the fate of this heuristic conclusive hypothesis. 
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