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Abstract

In this paper, we determine conditions for the existence of an epimorphism between two finite
4-valued modal algebras and state a method to obtain it. Furthermore, we obtain formulas which
generalize those indicated by R. Sikorski for finite Boolean algebras [1], and by M. Abad and A. V.
Figallo for finite 3-valued Lukasiewicz algebras [2].
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1. Introduction

Tetravalent modal algebras were first considered by A. Monteiro and studied mainly by I. Loureiro, A. V.
Figallo, A. Ziliani and P. Landini (see [3]-[10]). Later, in 2000, J. M. Font and M. Rius [11] showed their
interest in the logics originated by the lattice aspects of these algebras. Following A. V. Figallo’s terminology,
we call them four-valued modal algebras (or 4-valued modal algebras). In addition, the interesting 2013 work by
M. Coniglio and M. Figallo (see [12]) has given, in our opinion, a new impulse to the profound study and
development of the tetravalent modal algebras. For further information the reader interested in this subject is
referred to the bibliography recommended below.

Let us now recall that

An algebra (A A,v,~,0,1) of type (2,2,1,0,0) is a De Morgan algebra [13] if (A A,v,0,1) is a bounded
distributive lattice with least element O, greatest element 1, and ~ satifies the equations ~~ X=X and
~(XVYy)=~ XAy,
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It is known that a finite De Morgan algebra A is determined by its determinant system (H(A)‘P) , Where
II(A) is the ordered set of all prime elements of A and W:IT(A)—TII(A) is an antitone involution of

H(A).Thus, Y has the following properties:
(i) ¥(¥(p))=p,foreach pell(A),
(ii)if p, p,eI(A) and p,<p,, then ¥(p,)<¥(p,).
Moreover, the operation ~ is given in the following way:
‘e V{peIl(A):¥(p)£x}, if x=0,
1, if x=0.
In 1978 A. Monteiro defined the 4-valued modal algebras (or M, -algebras) as algebras (A,/\,v,N,V,O,1>
of type (2,2,1,1,0,0), where (A,/\,v,N,O,l) is a De Morgan algebra and the properties
~XvVx=1l ~XAVX=XA~X
are verified.

We assume the reader to be familiar with the theory of M, -algebras as it is given in [3] [4]. In particular, in
[4] is the demonstration of the following properties, which are used in this paper:

X<V, V0=0, VVx=VX, V(xvy)=VxvVy,
If the operator A is defined by the formula Ax =~V ~ x, then it is easy to see that AVx=Vx.
In what follows, we only consider finite M, -algebras.

From [13] me have that the determinant system (H(A),‘I’) of an M, -algebra A has connected com-
ponents of the three following types:

)

Type I: D with ¥(p) = p,
] [p*
Type II: p with p < p*, U(p) = p* and
Type III: o—e with p and p* incomparable, U(p) = p*.
p p*

The ordered set TT(A) has the following diagram:

Diy1 D
e
o ee o aee e et >0  cee o0 cer o0
p1 Dt Pt DPn Pntl Dpyq Dk D

We will denote by B(A), T(A),and M(A) theorderedsets {p,- P}, {Pus P Py P}

{ Do Prases P Py | » respectively.
Frequently we will write A, instead of A.
On the other hand, the operator Vv is given by the formula

VX:{V{DW(D):peH(A),pr}, if x#0,
0 if x =0.
Then,
Pj» if p=p,andl<j<t,
VP=1P;. if p=p,orp=pjandt+1<j<n,
p;v¥(p;), if p=pjorp=pjandn+l<j<k.

2. M4-Epimorphisms and M;-Functions
We will denote the sets TI(A)U{Vp:peII(A)} and M(A)U{Vp:peM(A)} by R(A) and S(A), res-
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pectively.
The lemma given below will be used in the proof of Lemma 2.5
Lemma2.11f peIl(A),theneither p=Vp or Ap=0
Proof. If p=Vp, then p<Vp,so p=p; with t+1<j<k.Then,
~p;=V q=V (,

I gen(a) ' qen(a)
¥(q)<p; 9%p;

Vi~ pJ - qu}'[/(A)q - qe}'l/(xA)vq - qe}‘[/(A)(q v \P(q)) = qe}'l/(A)q =1.

4#p;j 9#p; a%p;

Thus, ~V ~p,;=0,thatis Ap;=Ap=0. O

In what follows, we will denote with Epi(A, A’) the setof all M, -epimorphisms from the M, -algebra A
into the M, -algebra A’.

Definition 2.1 A mapping f :R(A")— R(A) is called an M, -function if and only if the following condi-
tions are satisfied:

(M1) f isoneto one,

(M2) f(¥(p'))=w(f(p")) forall p'ell(A) and f(p’)elI(A),

(M3) f(Vg)=V(f(q)) forall g'eR(A).

We will denote by F(A',A) thesetofall M,-functions from R(A’) into R(A).

Lemma22If feF(A,A), A={qeR(A):f(q)<x} and A ={p eTI(A): f(p')<x},then:

(i) f isanisotone map,

(i) V{g:qeA|=V{p:pecA}.

Proof.

(i) If o;,0;eR(A") and q<q;, then Vg =q,. Thus, f(q;)<Vf(q))="f(Va)=f(q;), and by (M1)
we obtain f (q;)< f(qy).

(i) Let N, =ANA, a=V{p:peA}, b=V{g:qeA}, c=V{r:reN,}. Itis easy to see that
b=avc.Weshall show that c<a. Indeed, if r'eN,, then thereexists p; eTI(A’) suchthat r'=p]v¥(p;).
Hence, p,<r' and w(p,)<r . Since f(r')<x, we obtain f(p,)<x and f(¥(p;))<x, with
Py, ¥(py)ell(A), thatis p;,¥(p;)eA,.Hence, r'<a;thus, c<a.Finally, b=a.

[l

Definition 2.2 Let fe(A,A). F:A— A" is an M -function associated with f if and only if F is
defined by:

F(X):{V{q’:q’e AK}, ?f Ai;t@,
0, if A =0.

We denote by M(A,A’) the setof all M -functions.

The following lemma is used to prove that every M -function is an epimorphism.

Lemma 2.3

(N If p'el(A) and f(¥(p))£x, then W(p')£F(x).

(I If pell(A), then F(p)=0 or F(p)ell(A).

(INIf peIl(A),then F(Vp)=VF(p).

Proof.

(1) Assume that W(p')<F(x). Since F(x)=V{s':s'e A} and W(p')ell(A), it follows that there
exists s, € A, suchthat W (p’)<s, . From this we obtain f (¥ (p’))< f (s,);asaconsequence, f(¥(p’))<x,
which contradicts the hypothesis.

(1) Suppose F(p)=0. There are two possibilities for p:

(@) p is minimalin TI(A). As F(p)#0, A #J, then there exists p'eII(A’) suchthat f(p')<p.
Since f(p’)ell(A) and p is minimal, then f(p)=p must hold, and from (M1), A  ={p’} results.
Thus, F(p)=p" with f(p')=p.

(b) p is maximal and not minimal in IT(A). Then, p=Vq with gqeIl(A) and q<p.From F(p)=0
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there exists p'eIT(A’) such that f(p')<p. If F(q)=0 we get f(p')=p, and then F(p)=p". If
F(q)=0, as in (a), there exists a unique q'eII(A’) suchthat f(q')=q. Moreover, (i) q'<Vq' because if
q'=Vq', then f(q')=f(Vq)=Vf(q')=Vq=p,which is not possible. Consequently, (i) f(q')< f(Vq').
From (i) it follows that g is Type Il or Type Ill; in the latter case ‘P(q’)<Vq' and therefore
p="(q)="(f(q))=f(¥(a))<f(VQ)=Vf(q)=Vag=p,which is not possible. Then, g is Type Il, so

that ¥ (q')=Vq',then Vq' eII(A'),and thus (iii) f(Vq')eII(A").From (i) and (iii) it results f(Vq')=p.
Therefore, A ={Vq'},so F(p)=Vq'.

() Let peTl(A)

(@) If F(p)=0, then from (1) F(p)=p', with f(p')=p. Thus, f(Vp')=Vf(p)=Vp; then,
F(Vp)=Vp'=VF(p).

(b) If F(p)=0,then VF(p)=V0=0.There are two cases:

(b)) p=Vp.Then, F(Vp)=F(p)=0=VF(p).

(b)) p<Vp and F(Vp)=0, then:

(bzy) if Vpell(A), then F(Vp)=p' with f(p')=Vp, and f(Vp')=Vf(p)=VVp=Vp=T(p);
therefore, by (M1) Vp'=p’. Moreover, it is clear that p’ is a minimal prime, because if q'< p’, then
f(a')< f(p')=Vp, which is not possible. Then, Vp'=p’ is minimal, and as a consequence, p'=Y¥(p’).
Thus, Vp=f(p')=f(¥(p'))="¥(f(p'))=¥(Vp), which is a contradiction. Then, F(Vp)=0 holds;
therefore, F(Vp)=VF(p)

(bz) if VpeII(A),then p=f(p') isType lll; therefore, F(p)=p' and
F(Vp)=p'v¥(p)=Vp'=VF(p).

Lemma24If F(A,A)=J, then M(A A)cEpi(AA).

Proof. Let f e F(A,A) and FeM(AA) bethe M -function associated by f .

(a) Itis obvious that F(1)=1 and F(0)=0.

(b) F(xvy)=F(x)vF(y). Actually, it is easy to see that A/ UA < A ; moreover, p'e A if and
only if f(p')<xvy. Since f(p')ell(A), f(p)<x or f(p’)<y must hold; hence, f(p’)eA, or
f(p)eA thatis p'e AUA ;then A =AUA . Finally,

F(xvy)=VA, =V(AUA)=V{r:f(r)<xor f(r)<y}=F(x)vF(y).

(c) F(~x)=~F(x) forall xe A.Indeed,
(1) F(~x)s~F(x).
It is sufficient to show that, if q'e A’ ,then q'<~ F(X).

If g eA,, then g ell(A) and f(q))<~x= v{pe;r(A (p)%x} . Hence, there exists
p, € [1(A) such that f(qo)< P, and ¥(p,) <X, . Then, ¥(p, <‘P(f q,)) holds. Taking into account
that f(W(q,))="¥(f(q,)), by Lemma 2.3(1), we have that ¥ (q )« F(x); then g <~ F(x).

(C) ~F(X)<F(~ x)
Let p'e H(A) . The proof is a consequence of the fact that the following conditions are pairwise equivalent:

D) p'<~F(x) (2 ¥(p)£F(x) @) f(¥(p)) £x

@ ¥(f(p))£x  (5) f(p)s~x  (6) p'<F(~X)

(d) F(Vx)=VF(x),forall xe A, which isinmediate consequence of (), V(xvy)=VxvVy and (b).
(e) F isclearly onto.
[l

Lemmas 2.5 and 2.6 are necessary to show that all M, -epimorphisms are an M, -function M.

Lemma2.5I1f heEpi(A A’) and g eR(A’), then there exists a unique qe R(A) suchthat h(q)=q’.

Proof.

(1) (@ If q'eII(A’), then there is qeII(A) such that h(q)=q" Indeed, let q'eIT(A’); since h is
onto, there exists x e A such that h(x)=gq'; therefore h™({q'})=@, and then, h™*({a'})={x.---x}.If

|
q:i/:}xi,then, h(q)=q" and q=0.If q=yvz,then y<q, z<q and q'=h(q)=h(y)vh(z); since

©,
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q'el(A), g'=h(y) or q'=h(z) must hold. If g'=h(y), then yeh" ( q'); therefore y=x; for
some je{l,--,1};hence, q<y andso q=y.Then q=y or q=z.Thus, H(A)

(b) If qeII(A) and h(q)=q’, then g is unique. Indeed, if peh™({q ) , then peTI(A)
and h(p)=q'. Accordlingly, q is the smallest r eII(A) such that h(r)_q, q<p If g<p, then

=q
p=Vq;byLemma2.1, Aq=0 musthold. Furthermore, q'=h(p)=h(Vp)=Vh(p)=Vq', and then
Ag'=Ah(p)=AVq' =Vq'. On the other hand, Aq’=Ah(q)=h(Aq)=0, which is a contradiction.

(2) If q'eR(A)\II(A"), then there is p’eIT(A’) such that q'=p'v¥(p’); by 1. there is a unique
pell(A) suchthat h(p)=p'.Let q=pv¥(p);itiseasytoprovethat p and p’ are of the same type.
So q'=Vp'=Vh(p)=h(Vp)=h(pv¥(p))=h(p)vh(¥(p)).

In addition, the following holds: q'=Vp'=p'v¥(p’)=h( p)v‘P(h( p)) , giving the result that follows:

h(p)vh(¥(p))=h(p)v¥(h(p)) (i)
Moreover, h(p)A¥(h(p))=p'A¥(p)=0; h(p)ah(¥(p))=h(pA¥(p))=0;then

h(p)AR(¥(p))=h(p)~¥(h(p)) (id
From (i) and (ii), it follows that h(W¥(p))=¥(h(p)). It is evident that qeR(A) is unique and

h(q)=q'.
[l

Definition 2.3 Let he Epi(A, A"). The function f:R(A")— R(A) is induced by h if f is defined by
f(a')=q,ifandonlyif h(q)=q".

Lemma 2.6 Every function induced by an M, -epimorphism is an M, -function.

Proof. f be the function induced by the M, -epimorphism h.

(M1) It is easy to prove that f is one to one.

(M3) Let f(p')=p,with p’=h(p). Therefore, h(Vp)=Vh(p)=Vp’; consequently, f(Vp')=Vp,i.e.
f(Vp')=Vi(p).

As a consequence of (M1) and (M3), f isan order-preserving function.

(M2) Let p'eIl(A’), f(p')=q with h(q)=p".

() If p' isTypel, then p'=¥(p’)=Vp',and

(a) if g<¥(q), since h(g)eIl(A) and h is one to one on the set of all prime p that h(p)=0,
h(a)<h(¥(q)) musthold; then p’=h(q)<h(¥(q))=h(Vq)=Vh(q)=Vp’, which is a contradiction.

(b) if ¥(q)<q,then h(¥(q))<h(q)=p". If h(¥( ,then f(p’)="¥(q); since f es one to one

@)-p

must be =¥ (q), which is a contradiction. So h(¥(g))< p’ and consequently h(‘¥(q))=0 and then
p’=Vp'=Vh(q)=h(Vq)=h(V¥(q))=Vh(¥(q))=V0=0, which is not possible.

This shows that in this case ¥(q)#q and q«¥(q); as a result W(f(p’))="f(p’), so that either
‘P(f(p))—f( (p)),or W(q) and q are not comparable, which is not possible since
q=f(p )_ f(Vp) Vi(p')=Vq.

(2) If p' is Type II, then either p'<¥(p') or W(p')<p'. In the first case f(p’)<f(¥(p')) and
therefore W (f (p’))= f (¥ (p’)). A similar argument is valid if ¥ (p')< p’.

(3) If p' is Type I, then f(p’) is Type I, and it is not comparable with f(‘{’(p’)); consequently,

F(E(p))=¥(1(p).

Lemma 2.7 Epi(A A)c M(AA).

Proof. If Epi(A A')=, the proof is obvious. Let he Epi(A A’"), f the function induced by h, and
F the M -function associated to f . It is clear that h(0)=0=F(0). Let xe A, x=0. Then,
x=V{p:pell(A), p<x} and consequently, h(x)=V {h(p):peIl(A), p x}. For each pell(A),
p<x,let p'=h(p)ell(A). Then h(x)=V{p':p'ell(A), f(p)<x}=V{p':p'eA}=F(x). Thus,
h=F;asaconsequence, he M(A A).O

Teorema 2.1 Epi(A A)=M(AA).

Proof. It follows from Lemmas 2.4 and 2.7. [

Teorema 2.2 |Epi(A,A')=|F (A, A).

Remarks2.1Let A=A . ., A=A . Then,

(i) F(A,A) =@ ifonlyif s<t, n-s<m-t,and r-n<k-m.

O

F
(



A.V. Figallo et al.

(ii) The following holds
|Bl(A,’ A)|:Vls,l |T1(A” A)|:Vn?:ts1 |81(A"A)| 1
p! . =
where VI ={(p-q)! Te>a
0, otherwise,

B, (A", A) is the set of all injective functions f e B(A)B(A'), T,(A',A) is the set of all injective functions
feT(A)™ such that f(¥(p'))=Y(f(p')) for each peT(A), S,(A,A) is the set of all injective
functions f e S(A)S(A') suchthat f (¥ (p’))="¥(f(p’)) forall p'eM(A),and f(V(q'))=VFf(q) for
all g'eS(A).

Teorema 2.3 1f 1<s<t, 1<n-s<m-t,and 1<r-n<k-m,then

|Ep| (At,m—t,k—m’ As,,n—s,r—n )

Il
—_
N
—
=~
|
3
~
|
N
—_

—n-1
N ERVARVAN § ()

i=0
Proof. If feF(AA), fi="fg,, fo="F ) and fy="fg,, thenthemap f —(f,f,, f,) isabijec-
tive correspondence between F(A’,A) and B, (A’, A)xT,(A’,A)xS, (A", A). From this, Theorem 2.1 and Re-
marks 2.1 this theorem follows.

An immediate consequence of theorem 2.3 is
Teorema 2.4 |Aut(,’-\ym4kam )| =2t (m-t)!-(k—m)!
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