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Abstract

We present some convergence and boundedness theorems with respect to filter convergence for
lattice group-valued measures. We give a direct proof, based on the sliding hump argument. Fur-
thermore we pose some open problems.
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1. Introduction

In the literature there have been several recent studies about limit theorems with respect to filter/ideal conver-
gence for measures, taking values in abstract spaces, whose a particular case is the statistical convergence, re-
lated with asymptotic density of subsets of the set of natural numbers. Though in general it is not possible to
give versions of limit theorems completely analogous to the corresponding classical ones in the filter/ideal set-
ting (see also [1], Example 3.4), there are different kinds of results on these topics, whose an overview can be
found in [2] and its bibliography, together with a historical survey on several types of kinds of such theorems
and related topics since the beginning of the last century. Some classical like limit theorems for measures and
integrals in the context of lattice groups or similar structures can be found, for instance, in [3]-[7]. In particular,
in [1] [8], some versions of basic matrix theorems are given, extending results of [9] [10], which were proved in
the normed space context and with respect to statistical convergence. In [11]-[17], some Schur, boundedness,
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decomposition and/or convergence theorems are given in the lattice group setting with respect to a suitable class
of filters, extending some results of [18], while for positive measures it is possible to have some similar results
even for a larger class of filters (see also [19]). Analogous results have been established also in the setting of
topological group-valued measures in [20] [21]. In [22]-[24], some limit theorems are proved by means of the
tool of uniform filter/ideal exhaustiveness. Moreover, in [25], some results about equivalence between Brooks-
Jewett, Vitali-Hahn-Saks, Nikodym convergence and Dieudonné-type theorems are presented, using the Stone
Isomorphism technique and extending results of [26], given in the classical case for topological group-valued
measures. In this paper we use sliding hump-type techniques, similar to those used in the topological group-set-
ting first by D. Candeloro and G. Letta in 1985 in [27]-[30] for proving limit and boundedness theorems for
families of finitely additive group-valued measures defined on suitable Boolean algebras, and successively in [4]
[5] [16] [17] [20] [21] in the setting of lattice groups and filter convergence. We prove some new further ver-
sions of Nikodym convergence, boundedness and Brooks-Jewett-type theorems for lattice group-valued meas-
ures, defined on a c-algebra of an abstract nonempty set. The results and the proofs are direct and, differently
than in [14] [16], without using Schur-type theorems proved for measures defined on P (N). Finally, we pose
some open problems.

2. Preliminaries

A lattice group (shortly, (¢)-group) R is said to be Dedekind complete iff every nonempty subset of R,
bounded from above, admits supremum in R . A Dedekind complete lattice group is said to be super Dedekind
complete iff for every nonempty set Ac— R, bounded from above, there exists a countable subset A" c A,
such that \yA=\/A".

Let R be a Dedekind complete (¢)-group. A sequence (o—p)p of positive elements of R is called an

(O) -sequence iff it is decreasing and Aop =0. A sequence (xn )n in R is said to be order convergent (or
(O) -convergent) to x e R iff there exists an (O) -sequence (O'p)p in R such that for every peN there

is a positive integer n, with |x, —x|<o, forall n>ny, and in this case we will write (O)lim,x, =x. A
bounded double sequence (at,l)u in R is called a (D)-sequence or a regulator iff for each teN the
sequence (a“) isan (O)-sequence. A sequence (x,) in R issaidtobe (D)-convergentto xeR (and
we write (D)iimn x, =x) iff there exists a (D)-sequence (a, ) in R, such that to every peN"

there is n, e N with |Xn_X|SVtw:1at,go(t) for every n>n,. An (¢)-group R is weakly o -distributive iff

/\(pENN(VLat,go(t)):O for every (D)-sequence (at,,)u.

Observe that, if X is the o -algebra of all Borel subsets of [0,1] and v is the Lebesgue measure, then
the space L°([0,1],%,v) of all v-measurable real-valued functions on [0,1] (with identification up to v
-null sets) is super Dedekind complete and weakly o -distributive (see also [5], [6], Example 2.17).

We now recall the following theorem, which links (O)-and (D)-sequences in lattice groups.

Theorem 2.1 ([25], Theorem 2.3, see also [31], Theorems 3.1 and 3.4) Given any Dedekind complete (¢)
-group R and any (O)-sequence (o), in R, the double sequence defined by a, =0, t1eN, is a

regulator, such that for every ¢ e NV, if I=¢(1), then o VL Conversely, if R is super Dedekind
t=1

complete and weakly o -distributive, then for every (D)-sequence (aty,) in R there are an (O)-se-

tl
quence (b ), in R andasequence (¢ ) in N, with \O';atmt)sbk for each k.
t=1
Let G be any nonempty set and £ < P(G) be a o -algebra. A bounded finitely additive measure
m:X—R is said to be o -additive (resp. (s)-bounded) on X iff (D)Iimnv(m)(Uf:nH,):O (resp.
(D)lim, v(m)(H, )= 0) for each disjoint sequence (H,) in X, where v(m)(E):=V{|m(A)|:Aez,Ac E},

E X, is the semivariation of m on X . Moreover, if G is a compact Hausdorff topological space and =
is its Borel o -algebra, we say that a positive finitely additive measure m:X — R is regular iff for every
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Eex there exists a (D)-sequence (a, J) , depending on E, such that forall @ eN" there are a compact
set K and an open set U with Kc e cU and mU\K)<\a, - We recall the following.
Theorem 2.2 ([32], Theorem 2.2) Assume that R is a Dedekind complete and weakly o -distributive Riesz
space, and let m:X — R be a regular measure defined on the Borel o -algebra of a compact Hausdorff space
G.Then m is o -additive.
The following result (Fremlin lemma, see [33], Lemma 1C) allows us to replace a countable family or a
“series” of (D)-sequences with a single regulator.

Lemma 2.3 Let R be any Dedekind complete (¢)-group and (afrl‘) )“ , e N, be asequence of regulators

in R.Thenforevery ueR, u>0 thereexistsa (D)-sequence (atvl)tl in R with

q o0
u /\(Z(Va[ n D < VA forevery geN and peN".

n=1\t=1

We now give some basic properties of filters, which will be useful in the sequel. Let Q be a countable set
and F beafilterof Q.Asubsetof Q is F -stationary iff it has nonempty intersection with every element
of F .Wedenoteby F the family ofall F -stationary subsets of Q.

A filter F of Q is said to be diagonal iff for every sequence (Ah) in F and for each | € F" there
existsaset J <1, JeF suchthattheset J\A isfinite forall ne N (see also [15] [16] [18]). Given an
infinite set | < Q, a blocking of 1 is a countable partition {D, :k € N} of I into nonempty finite subsets.
Afilter F of Q is said to be block-respecting iff for every | e F" and for each blocking {Dy :keN} of
| there is a set JeF , Jc| with #(JND,)=1 for all keN, where # denotes the number of
elements of the set into brackets. A particular class of filters, which are block-respecting and diagonal at the
same time, is that of the category respecting filters. A filter F of N is said to be category respecting iff for
every compact metric space K and for every family of closed subsets (FA) ar OF K, if Fyc Ry
whenever Bc A in F and K=|J, .F,, then there is a set B F such that the interior of F, is non-
empty (see also [18], Theorem 4.3).

Let D=(D,) be a disjoint partition of N into infinite subsets. For each sequence C =(C,) of finite
subsets C, =D, and every qeN, set B, = U::q(Dn \C,) The filter F, generated by the sets of type
B,c is anon-diagonal and block-respecting filter. Furthermore, note that the filter of all subsets of N having
asymptotic density one is a diagonal and not block-respecting filter (see also [18]).

If 1 eF , thenthetrace F(1) of F on 1 isthe family {AN1:AeF}. Itis not difficult to see that
F(1) isafilterof I (seealso[21]).

Remark 2.4 Observe that, if F is a block-respecting filter of N, then F (1) is a block-respecting filter
of | forevery | eF  (seealso [20], Proposition 2.1, [21], Proposition 2.3).

We now recall some main properties of filter convergence in the lattice group setting (see also [1] [16]).

Let F be a filter of N. A sequence (xn)n in R (DF)-converges to xeR iff there is a (D)-se-

quence (a,, )t . with the property that {n eN:|x, —x|< vf:law(t)} e F foreach peN".

Let = be any arbitrary nonempty set. A family (,Bg,n) is said to be (RDZF)-convergent to a family

£eE,neN

(ﬁ5 )‘f _ Withrespectto ¢ e = iff there is a regulator (au )tI such that for each @ e NV and £eZ= we get

{n e N:|ﬂ5,n —,35| stvlaw(t)}e F

Given a<beR, set [a,b]={xeR:a<x<b}. For ABcR, neN, put A+B={a+b:acAbeB},
nA={a+---+a} (n times). Let U =[-u,,u,], neN, be such that 0<u, <u,,, forevery neN. A set
{x,:neN}cR issaidtobe (P ) " F -bounded by (U,),.iff {neN:x, eU,}eF,and (PR)-eventually
bounded by (U, ) iffitis (PR)- ., -bounded by (U )n (see also [1] [15] [16] [34]).

cofin

3. The Main Results

We begin with recalling the following
Lemma 3.1 ([16], Lemma 2.3) Let F be a diagonal filter of N, (ai )i be a sequence in R with

G2
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(OF)lim; a; =0 with respect to an (O) -sequence o,) - Thenforevery Ie F thereexists JeF  such
that J <1 and (O)lim,_; a, =0 with respect to the same (O)-sequence (ap) .

We now prove the main result, by means of sliding hump-type techniques.

Theorem 3.2 Let R be a Dedekind complete (¢)-group, F be a block-respecting filter of N,
m,:X— R, neN, be asequence of equibounded o -additive measures, (Ck) be a disjoint sequence in X,
with

(i) (D)lim,m, (C,)=0 forany keN,and

(i) (RDF)lim, m, ({J,,C,)=0 withrespectto PeP(N).Then,

3.2.1) for every strictly increasing sequence (kn )rl in N we get

(D]-")Iilfnmn (Ckn):o; 1)

k

3.2.2) if F isalso diagonal and R is super Dedekind complete and weakly o -distributive, then the only
condition (ii) is sufficient to get (1).
Proof: Foreach neN, set H,=C, . Let u:=

\ acs.nne [Ty (A)| - such an element does exist in R, thanks

to equiboundedness of the m,_’s. For each neN let (af',‘) )H be a (D)-sequence related with o -additivity

of m, and the sequence (H,) .Forevery peN" and neN thereis I N, with
Im, (A) < gaf:g(m) forallAcz, Ac | JH,. @)

By the Fremlin Lemma 2.3 there isa (D)-sequence (a,, ), Wwith

q 0 ES
un [Z(Vat(,r;;)(wn) D < [\:/lat,(p(t) 3)

n=1\t=1

for each qeN and @eN". From (2) and (3) it follows that for every @< N" and neN there exists

©

TeN with |mn(A)|sf/at'¢(t) forall Acz, Ac | JH,.
t=1

Let (by,)

Since (D)lim,m, (C,)=0 for every ke N, then for each k eN there exists a regulator (ct(,k,) such

that for every peN" there is TeN with |m, (C,)|<\r o, for all n=M. Since the m"s are

equibounded, arguing analogously as above, by the Fremlin Lemma 2.3 we find a regulator (cty, )tI such that

o be a regulator, satisfying the condition of (RD.)-convergence as in (ii).

foreach peN" and keN thereexists TeN with |m, (C,)[<\q, foralln>m.
t=1

Again by Lemma 2.3, there are two (D)-sequences (d,,) , (e,),,, with
q 0 ®©
un [Z(\/al,(p(t+k+1) D AV RS 4)
k=1\t=1 t=1

q © )
un (Z(t\/lct,q;(uk) ]] S VELo(1) ©)
forevery geN and ¢eN".Forevery t,leN,set

7., =2(y, +d,, +e,). (6)

We prove that the (D)-sequence (z,),,

\ satisfies the condition of (D) -convergence in 3.21). Otherwise

My, (Hn) St\_/lzt,(/)(t)} eF.

there is ¢ e N with the property that C = {n eN:

We get that I::N\C:{neN: m, (H,)

INF=9,thatis F=C andhence C e F ,a contradiction.
Let N, =1.By o -additivity of m,, there is a cofinite subset P, = N, with

:{v;zw(t)}e}'*: otherwise, there would be FeF with
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©

No < p :=minP, and v(m)(F)<\a,,

,p(t+1)?
t=1 )

where F =(J_,H,. By (i) there is an integer N,>p, with Im, (H,)|< Vcw(m) whenever n> N, and

I=1---,p.By o add|t|V|ty of m, m,,...,m, there is a cofinite subset P, R, with N, <p,:=minP,,

and v(m,)(F,)< \/at (2 Torevery n=12.-,N,, where F,:=(J_, H,. Proceeding analogously as above,

we find an integer N2 >p, With |m, (H,)|<\/{ €, Whenever n>N, and I=1--,p,.
By induction, it is possible to find: a strictly decreasing sequence (Pk )k of cofinite subsets of N, a strictly

decreasing sequence (F ) in = and two strictly increasing sequences (N, ) , (p,), in N such that, for
every keN, N, >p,,p.;>Np =minP;F =JH;

leR
v(m,)(Fy) < NVar e andsov(m,)(F.,,)< t\_/dw(t), foranyn=1,---,N,; )
Im, (H,)|< \/Cip(t+k)» @Nd SO Im, (H,)|< Ve foralln> N, and =1, p,. 8
t=1 t=1

Since F is block-respecting, there is J ::{jl, j2,~-} eF , Jcl,with N <j <N,, forevery keN.
As JeF, then either J,:={j, Js s} € F or J,:={i,, Iy Js:--} €F . Without loss of generality, let
J,eF" (seealso [15] [16] [18]). Put A:=|J, H, . .We have:

m, (A)=m; (H,)+m, (Hj UH, U~--);

©)
Mians (A) =M (H UH; U U Hiana )+ M (Hizm )+ Mighs (H Jan1 U Hipns U"')' h>2.
Since  j,,; <N, <P, and
szh+1 UH JETE) U- Cl U H - F2h+l foreveryheN, (10)
P2h+1
from (7) and (10) we get
‘mJZh—l (H I2hi UH ians3 U)‘ < t\:/1dt,¢(t) (11)
Moreover, since  j,, 5 < N, 5 < Py, < Poyy fOrevery h>2, from (8) we obtain
‘mjzm (H I UH I3 U---UH i2n-3 ) < t\:/et,(p(t)' (12)
If |m12h N )| Vi, » then from (9), (11) and (12) we have ‘mjm (Hjm) SV )
t=1

But we know that ‘mj H» )
2h-1 J2h1

£\/Z, ). and so we get a contradiction.
t=1

Thus |mj2hf1 (A)| v, forall heN, andhence L:= {I eN:|m (A) 2 t\w/lbl,w(l)} eF .

Since, by (i), N\Le F, we obtain that LN(N\L)z= <, which is absurd. This proves 3.2.1).

3.22) Put H, =C, . neN, and let (bt,) be a (D)-sequence, satisfying (RDF)-convergence in
condition (ii). Of course, for every F statlonary set J, the regulator (bn), satisfies (ii) also with respect to
(RDJ-'(J)) -convergence. Since R is super Dedekind complete and weakly o -distributive, by Theorem 2.1
there is an (O) -sequence (ap) , satisfying condition (ii), when (RDXF)-convergence is replaced with
(ROF)-or (RO]—‘(J))-convergenpce. Forevery | e F thereis JeZ , Jc I, with (RO)lim,_, m (C,)=0,
k e N, with respect to (ap) (see also Lemma 3.1). From this and Theorem 2.1 it follows that there is a
regulator (c,, ), such that fofevery 1 e 7" thereexists JeF , Jc |, with

G
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(RD)IniErpmn (C,)=0, keN, (13)

with respect to (ct,,)“.Let now (af‘”,))“, ne N, be regulators associated to o -additivity of the m,’s, u be

as in the proof of 3.2.1), (a,, )tI beasin (3) and (d,, )tI Y )tI (2 )tI be as in (4), (5), (6) respec- tively.

We prove that the regulator (Zu) satisfies 3.2.2). Otherwise, by proceeding analogously as in the

tl
proof of 3.2.1), we find 1€ 7™ and peN" with |m, (H,)| £\/{Z, foreach nel. In correspondence
with |, thereis JeF , Jc|, satisfying (13). Note that the sequence m, (H,), neJ, does not (F(9))-

converge to 0 (see also [18]). Since JeF and F is block-respecting, then, by Remark 2.4, F(I) is

block-respecting too. By 3.2.1) used with m,, neJ,and F(J), it follows that (F(J))lim,_, m (H,)=0,
getting a contradiction. This proves 3.2.2). J

A result analogous to Theorem 3.2 holds in the setting of finitely additive measures.

Theorem 3.3 Let R be a Dedekind complete (¢)-group, (C,), be as in Theorem 3.2, F be a block-
respecting filter of N, m :X— R, neN, be an equibounded sequence of finitely additive measures, and
assume that

(i) (D)lim,m, (C,)=0 forany keN;

(i) (RDF)lim, > _m (C,)=0 withrespectto PeP(N).

Then for every strictly increasing sequence (kn )n in N we get

(DF)limm, (C, )=0. (14)

If F is also diagonal and R is super Dedekind complete and weakly o -distributive, then the only
condition (ii) is enough to get (14).

Indeed, it will be enough to apply Theorem 3.2 to the measures ., , defined by

t(P)=>m(C,), PcN,neN. O
keP

Analogously as Theorem 3.2 it is possible to prove a Nikodym boundedness-type theorem in the context of
(¢) -groups and filter convergence, extending [34], Theorem 4.6 (see also [15] Lemma 3.4).

Theorem 3.4 Let R be any Dedekind complete (¢)-group, ueR, u>0, U=[-uu], F be a
block-respecting filter of N, m;:X—R, jeN, be asequence of finitely additive measures, and assume that

3.4.1) for every disjoint sequence (C,) in £ and jeN there is a cofinite set Q N with
2o (C,)eU foreach Q<Q.

Let (Cn)n be a disjoint sequence in £ and (w,) be an increasing sequence of positive elements of R.

n

Foreach neN,set W, :=[-w,,w,] and V, :=nW, +U . Moreover suppose that:
(i) the set {mn (Cp) ‘ne N} is (PR)-eventually bounded by (Wn)n foreach peN;

(ii) the set {3 m;(C,):neN} is (PR)-7F -bounded by (W,

Then we get:

3.4.2) for every strictly increasing sequence (I,) in N, the set D:={mn(C,n):neN} is (PR)-F -
bounded by (V,), ;

3.4.3)if F isalso diagonal, then the only condition (ii) is enough in order that D is (PR)-F -bounded
by (V,), -

P(roo)f: Forevery neN,let H :=C, .If the thesis of the theorem is not true, then
I ::{n eN:m, (H,)¢V,}eF . Set n,=1. By 3.4.1) there is a cofinite set P, c N, with 1<p, =minP, and
>.om(H,)eu for each PcP . By (i) there is n >p, with m;(H)ew,; for each j>n and
I=1---,n,. By induction, there are a strictly decreasing sequence (Pk)k of subsets of N and two strictly
increasing sequences (n,),, (p,), of positive integers such that, for each ke N,

* N >p, P>N >, m(H,)eU forevery r=1---.n and PcR;

neP ' T
* m;(H)ew, forany j>n_and I=1---p,.
As F is block-respecting, proceeding analogously as in the proof of Theorem 3.2, we find a set

)n foreach PeP(N).

n
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Ji={iy s s }eF , Iyl ,with n <j <n,, forevery keN.Forany heN we have:

0

gmjzh—l (H j2h+2q—1) eU, (15)
m, (H,)eW,,, h>2, 1=13-.,2h-3,and
miZh—l (Hh U Hj3 UU H J'ths)e (h _1)W2h—l' (16)

Put P :={j,,:qeN}.If 3" m_  (H,)ew,  thenfrom (15)and (16)we get
m, (Hp, )Wy, +U c W, +U =V, —and m (H,)eW, +Uc jw, +U =V, . This contradicts

i2n-1 Jan-1 i
m, (Hy,.,) €V, Thus 3 (H,)ew, . forevery heN, and hence {leN:m (A)eW,}eF .

From this, arguing as in 3.2.1), we obtain a contradiction, and this proves 3.4.2). From 3.4.2), proceeding
analogously as in the proof of Theorem 3.2, we get 3.4.3). OJ

Open problems: (a) Find some versions of limit theorems with respect to some other classes of filters and/or
algebras satisfying suitable properties.

(b) Find some convergence and boundedness theorems with respect to other kinds of (s)-boundedness, o -
additivity or boundedness.

m

peP™ i2na

3. Conclusions

The Schur, Nikodym convergence and boundedness, Vitali-Hahn-Saks and Dieudonné limits have been widely
investigated in the literature since the beginning of the last century, and there are several extensions of them
along different directions, concerning for example the set of definition of the involved set functions, their
properties and the structure of their range. The novelties in our context are both the structure of the space in
which the considered measures take values and the types of convergence: indeed we deal with filter/ideal con-
vergence in lattice groups introduced in [1]. Moreover we use a hew technique in the filter setting, inspired by
those in [27]-[30] and [18], and similar to that in [20], which allows us to prove some Nikodym-type con-
vergence and boundedness theorems with respect to filter convergence for measures defined on a o -algebra of
parts of an abstract nonempty set G with a direct approach, without using earlier Schur-type results for
measures defined on 7(N). In this context the main properties of diagonal and block-respecting filters are
used, which allow us to apply the sliding hump argument to filter convergence. So it is possible to pose the
question of finding some other classes of filters for which similar theorems hold or for which they are not valid,
for measures, or even not necessarily finitely additive set functions, taking values in different types of abstract
structures, like topological or lattice groups or metric semigroups, and defined in algebras, which satisfy similar
properties and are not necessarily o -algebras. Note that, in general, filter convergence is not inherited by
subsequences. In this context, another problem that one can pose is to find similar results on convergence and
boundedness theorems for non-additive set functions, or results like some kinds of uniform (s) -boundedness of
o -additivity when the limits of the involved sequences are intended in the filter sense, and/or with respect some
other kinds of convergence in the lattice group-context, like order convergence (see also [2]).
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