Journal of Applied Mathematics and Physics, 2014, 2, 253-263 .0:0 Scientific
Published Online May 2014 in SciRes. http://www.scirp.org/journal/jamp ‘0’0:0 Research
http://dx.doi.org/10.4236/jamp.2014.26030

Linear Instability of the Supersonic
Boundary Layer on a Compliant Surface

S. A. Gaponov

Khristianovich Institute of Theoretical and Applied Mechanics SB RAS, Novosibirsk, 630090, Russia
Email: gaponov@itam.nsc.ru

Received January 2014

Abstract

In the paper the influence of flexible covering properties on the linear development of distur-
bances in a supersonic boundary layer is investigated for Mach numbers M = 1.0, 2.0, 5.3, 6.0. As a
model of a covering the porous plate closed by a flexible film is used. In the absence of gas in pores
it is established that the flexible covering stabilizes boundary layer in the area of large Reynolds
numbers and destabilizes it at small Reynolds numbers. Joint influence of the thickness and ten-
sion of a film leads to an appearance of additional unstable waves. For filled with gas pores the
researches are conducted as taking into account losses of energy of disturbances in pores and in
their absence. Calculations without power losses indicate possibility of existence of an absolute
instability of the boundary layer on the flexible surface. The damping properties of a flexible cov-
ering connected with power losses in pores reduce their stabilizing role.
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1. Introduction

Interest in the use of compliant walls for laminar flow control dates back to the seminal papers of Kramer [1] [2].
He achieved drag reductions of up to 60% in experimental tests on bodies of revolution covered with his spe-
cially designed compliant coatings. Tests were carried out for various compliant coverings, and considerable a
drag reduction was received. As a result the assumption was coming out that damping in a covering prevents
development of Tollminn-Shlichting waves. Theoretical researches of the stability of incompressible fluid flows
were conducted in [3]-[6]. There it was established that in addition to Tollmin-Shlichting disturbances the new
waves were revealed which were caused by an interaction of a flow with a surface. Besides they came to con-
clusion that only very flexible coverings which density differs little from density of a streamline liquid can be
the effective. With this they should have low damping that contradicted to the initial assumption. The first suc-
cessful experiments on the stability of boundary layer on a flexible surface were carried out in [7]. It was found
that decreasing the tension produced a significant increase of the stability region, increasing the critical Rey-
nolds number by about a factor of two. For more information on questions related to the interaction of flexible
coatings with the incompressible fluid boundary layer can be found in reviews [8]-[12].

How to cite this paper: Gaponov, S.A. (2014) Linear Instability of the Supersonic Boundary Layer on a Compliant Surface.
Journal of Applied Mathematics and Physics, 2, 253-263. http://dx.doi.org/10.4236/jamp.2014.26030



http://www.scirp.org/journal/jamp
http://dx.doi.org/10.4236/jamp.2014.26030
http://dx.doi.org/10.4236/jamp.2014.26030
http://www.scirp.org
mailto:gaponov@itam.nsc.ru

S. A. Gaponov

As to possibility of using of flexible coverings for stabilization of a supersonic boundary layer, this question
remains open because of the limitation of the corresponding studies. There are two works [13] [14] where the
stability of the supersonic boundary layer on a flexible surface was studied.

In the first of them the stability of a supersonic boundary layer above a flexible surface is considered in the
limit of large Reynolds number and for Mach numbers O(l). Asymptotic theory of viscous—inviscid interaction
has been used in it. It was found that for a simple elastic surface the boundary-layer flow remains stable as it is
for a rigid wall. However when either damping or surface inertia is included the flow becomes unstable. The
lack of these studies was the following. Due to the fact that the problem is considered in the limit of large Rey-
nolds number and for Mach numbers O(l), its conclusions may be incorrect for flows with a finite Reynolds
number and large Mach numbers.

In [14] researches are conducted on the basis of the stability equations of Dunn-Lin (see [15]). There the In-
fluence of a flexible covering on the stability of a supersonic boundary layer without its damping properties was
studied. Within the framework of the linear theory the supersonic boundary layer stability is considered for the
Mach number M = 2; 5.3. It was established that flexible coverings influences on the boundary layer stability
even at a gas flow. At moderate supersonic speeds, M = 2.0, application of thin flexible coverings leads to the
flow stabilization, at least in the field of large Reynolds numbers. At the same time in the domain of small Rey-
nolds numbers the insignificant destabilization can be observed. Influence of flexible coatings on the boundary
layer stability at M = 5.3 and M = 2.0 is different because at high Mach numbers there are two unstable modes.

At Mach number M = 5.3 the area of low Reynolds numbers, where the destabilization of the first mode is
observed, extends in comparison with a case of M = 2.0. However the second mode was stabilized by a flexible
covering at Reynolds numbers, when the greatest instability on a rigid surface is observed.

In the present paper researches of [14] were continued. Here new data are presented both without damping
properties of a flexible covering and with their account for different Mach numbers. Calculations carried out at
Mach numbers M = 1.0, 2.0, 5.5, 6.0.

2. Problem Formulation
2.1. Linear Stability Equations

The flow of a compressible gas in a boundary layer on a flat plate is taken as an initial undisturbed flow. Distur-
bances in a boundary layer we shall consider in orthogonal coordinate system (5,1//,2) [16] connected with
stream-surfaces of basic flow and look like

a(¢&,w)exp(iaé +ifiz—imt) (1)
Here w —flow function; for a plate cf:x+0(Re'2); Re=.ju,x/v, ; u,,v,—speed and kinematical

0?0

viscosity of a running stream; x, y, z—Ilongitudinal, normal to a wall and transversal co-ordinates of the Carte-
sian system with the beginning on an edge of a plate. Gas is perfect with a constant Prandtl number, Pr. Result-
ing a set of Navier-Stokes equations to a linear view, using estimations on the whole degrees of a Reynolds
number, Re, rejecting the members order Re? respect to the main ones, the properties of a critical layer it is
possible to obtain the following equations.

0,9 =—(0,In p)v—[ia—(8, Inu)+0, |i—ipw—u, p|p-g,ud p+ud (T/T),
0, | p+2ul(icii+ifw—28,/3) | =—p(hu+d,) +iaf, +ip,,
0,7, = (ia+0,) p+ p(0,u)v+ p(du+d, )i +u(du) p—ia, —ifif,,
Oyt =—(ia+0,)v—(0u) i/ u+7,/ 1,
0,y =iff p+ pd,Ww—iaf,, —ify, )
0,0 =—iffV+7y | 11,
0,4 =iwp+[ p(0,H )—iau (o) |5+ (0,H)(pii+up)+(a’ + B ) ph/Pr++ pd, H —u(iat,, +ip,),

0,h =—Pr(0,u)ii—(0,h) i/ u+Pr(G—ufy,)/u,
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where: 0,=0/0&; 0, =pud [0y; d, =u +ud; u =iou—iw; h=-0In(pu); 7, =2u(ici-é,/3);
Ty = pu(iaw+ipi); 7, =2u(ipw-¢,/3); & =—(0,Inp)v-up/p;  u—velocity; T—temperature; p
—density; p—pressure; H =h+u’ / 2 —full enthalpy; u—viscosity; v, w—complex amplitudes normal to a
surface and transversal components of velocity disturbances; p/p=g, p—T, /T; T=g, h; H=h+ui,;
g,=1/p; g, =1/cp; c,—specific heat of gas at constant pressure. The view of equations will not change
after normalizing with the help of following scales: v, /u,_—length, v, / u’ —time, u, —viscosity and flow
function, u,—velocity and its disturbances, 7., —temperature, p, —density, u’—enthalpy, p,u’—pres-
sure and disturbances of viscous stresses, p,u —value §, u’ / T, —specific heat (the index o corresponds to
values in the ram airflow). In this case:

g, =yM*, g, =(r-1)M?

where y=c, / ¢, —relation of heat capacities; M—Mach number.
Entering independent variables Re = \/E , dn=dy /uRe and using notations:

0,a=(1/Re)(0a+ fa'), 0,a=pa'/Re

(where 0=0,50 /0Re); the stroke means a derivative onm, f, =—w / (2 Re’ u), Equation (2) are adduced
to a view:

~!

V' =—guldp+pT'v—T(fu'+0)i—i, —iTF—(f,pT"—ud)T - T ++ 1,1,

~1

Pl=—(i, +nu)v+i T, +ify -2,
z, =(i, +70) p+ (i, + fiu' +ud)i+ fou'F—iy + fyii' + pu'v,
i =—iy—u'uT+7,/u,,
Ty =D+ (i, — g, +ud)W—i i, + W,
W=—iV+5, /1, 3)
G =ioRT p+pH'S+ f,H'F—ui, +(iu+ fiH'+ fy' +u*d)ii + £, + fyuit' + (i, = 1, [Pr+ud) h,
n = —Pru'll—h',ut7~’+1’r(q—uf‘12 )/,uR ,

where u, =iu+iw; L= i, + i u, =(if +i22),ur; p=7-2u(iai+ifw-2¢/3);
F=plp=g,p—pT; i.=Reu, =iRe(ua—w); i, =iaRel; i, =iffReT; r,=Reh = fu'+ f,pT";
fo==hlus fo=fu; u =pp/Re; wp=dinp/dT.
Equation (3) have the following structure:
Z'=(A+Do)Z “4)

Here prime stands for derivative with respect to 5, dn=(dy/u)/Re, Re= \/E , 0=0,50/0Re,
7= (ﬁ,ﬁ,ﬁ,w,h,fmfﬂ,cj), A, D —quadratic matrixes of given functions of Re, 7. ﬁ,ﬁ,ﬁ,ﬁ/,ﬁ are ampli-
tudes of pressure; normal to a surface of a plate, longitudinal and transversal speeds; enthalpy disturbances. The
expressions for 7,, 7, ¢ can be found in the paper [17]. Reduced above a systems (2,4) are systems of pa-
rabolized equations.

According to [16] except the full parabolize Equation (4) at high Reynolds numbers it is possible to limit by
the approximate equations of two types. The first approximation is connecting with a neglect by the perturba-
tions amplitude deformation in (4) (6Z = 0), but taking into account terms which are proportional f;. It was
called as the locally nonparallel approach. The second one can be received neglecting by members of DOZ and
f1. Such approach is called by the Lees-Lin parallel approach. At some additional Dunn-Lin assumptions it is
possible to receive the truncated system of the equations (see, for example [15] [18]). Dunn-Lin approach was
used in [14]).

2.2. Boundary Conditions and Impedance on a Flexible Surface

Similar to conditions on a porous surface [19] for disturbances on a flexible coating the boundary conditions are

)
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defined as follows: u, v, w, $=0at 5 = o0; u, w, 3 = 0, v(0)= Kp(0) on the wall.

For definition of K we consider the forced oscillations of the membrane tense on one end of a pipe when
the other end is closed by a rigid plug, Figure 1. Damped waves propagate in a round pore. According to [20]
average on the area of a pore section a dimensionless velocity and a pressure near a membrane are defined by a
ratio:

v(0)= % P )

K:thanh(AReH), Z,=\Z,1Y,, A=\Z,Y,,
0

7, =10 /®  pe |
T, J,(k) 1%

w

J,(k+/Pr)
Jy(kPr) |

Here p is gas density; Re, =r'U,/v., Re, =H'U,/v.;J,, J—Bessel functions of the corresponding or-
der; an index w serves for designation of the corresponding quantities in a pore, n—porosity (the ratio of the
occupied by the pores area to the total area), y—the ratio of thermal capacities, dimensional quantities are des-
ignated by an asterisk.

We write down the movement equation of a membrane in a view:

L. dy Nk

=— " (p" = pexp(—iwt 6
Pt =5 R (p> - p)exp(—iat) (6)

Y, =—ioM; {7+(7—1)

Here h—a membrane thickness. p,; —density of a membrane material , N is a tension force of unit length
[21], y—a mass center coordinate of a membrane, k—the factor depending on a form of a section contour of a
pore, p,—pressure on the outside of the closed tube, p*—the pressure on the inside the pore. Because of
dy. . . . . . np U dy

yf the correlation (5) can be written in a view: p~ = Llj
dt K dt
2 % * * *
...d’y. Nk . npU; dy.
Pl — Ve
dt S K dt

The common solution of the last equation is defined by the sum of the solution of homogeneous, fading over
time, and particular one, which is proportional to exp(—iwf). We are looking for a solution in the form

V' (0) =

and (6) as follows:

=—p. exp(—iot)

5
C

v, =y, exp(—iwt) and the velocity amplitude v, = a4 ¢ =—iw"y, . Therefore the dimensionless form of the last
t

/—_—f——__—_;y————

flexible film

—siboundary layer

Figure 1. Scheme of the flexible coating.
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equation has a view:
o b Nk
(_i a) *pm * + i * * * * - l
pU,  pUwoS K

e

)ﬁv :_er’

V. =v./U, p,=p,/pU’
Assuming that an average velocity of a gas in a boundary layer near a surface v(0) =nv, we obtain:
Av(0) = p, = p(0), (0) = p(0)/4 = Kp,

A=t - _Ciaw+iblo-"n
K K

*h* _
a=L" vy, b=— oo
pPU S

e

3. Results
3.1. A Case of Empty Pores

Calculations are carried out for a case of the blank by gas pores (in the vacuum assumption in a pore). In this
casec=d=0 K=-n/(-iaw+ib /).

Dependences of spatial rate amplification on Reynolds’s number for solid and flexible surfaces are calculated
for three theories: parallel approach, locally not parallel flow, parabolized stability equations is shown in Figure
2.

Both on solid and on a flexible surface the greatest stability corresponds to parallel approach. For a flexible
surface in the parallel and locally nonparallel approach the amplification rate is negative that indicates to stabi-
lizing role of a flexible covering. Though the calculations which have been carried out on the basis of the para-
bolized equations indicate on some decrease in efficiency flexible coverings in a suppression of disturbances, as
a whole, they confirm a possibility of their application for increase of a Reynolds number of a laminar-turbulent
transition. In view of the fact that parallel approach, as a whole, describes stability characteristics not too badly,
given below results were received by this method. When it will be a need, for example, for a confirmation of the
theory by an experiment, it is possible to specify the received results.

In Figure 3 dependence of the amplitude of disturbances of the longitudinal velocity, received in a linear pa-
rallel approach, on Reynolds number is presented. It is visible essential suppression of disturbances under the
influence of a compliant surface. Thus application of flexible coverings can be used successfully for a tightening
of process of the laminar-turbulent transition.
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Figure 2. Dependence of spatial amplification rates of dis-
turbances on Reynolds number (M =2, = 0.5 x 107, g =
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Figure 3. Dependence of a disturbance amplitude of
longitudinal velocity on Reynolds’s number (M = 2, @

=05%x10%=01x10", @=0,b=10").

In Figure 4 influence of parameter b on an amplification rate is shown. The boundary layer stabilization is
observed in the area of large Reynolds numbers and its destabilization at low Reynolds numbers with decreasing
of the film tension.

In Figure 5 the dependence of the amplification rate on the Reynolds’s number is shown at difference para-
meters of which is proportional to thickness of a film. From these data it is possible to conclude that with a film
thickness increase results approach to rigid surface data. Another important result is the following. At @ =100
there are two amplifying waves. Near Re ~ 800 the wave (1) disappears. It means that in the region of Re < 800
there are two growing waves and in the area of Re > 800 there is only one unstable wave.

Shown in Figure 4 and Figure 5 results for M = 1.0 are similar to data of the paper [14] for the M = 2.0.

Investigation of two amplifying waves was studied in more detail at the Mach number M = 2.0. The results of
these studies are shown in Figure 6. In case of a flexible covering along with a wave which is similar the wave
at a rigid surface, there are additional disturbances which fade in the area of small Reynolds’s numbers. It is
shown in Figure 6(a). However on long distances these waves increase intensively. It should be noted that in the
area of large Reynolds’s numbers waves lengths (27/a;) of two types of disturbances approach. It is visible well
in Figure 6(b).

Influence of a film thickness and its tension degree on stability of a boundary layer was investigated also at
Mach number M = 6.0, 5.35. Influence of a film tension on the amplification rate is shown in Figure 7 (M =
6.0). At high Mach numbers the boundary layer destabilization is observed in the area of low Reynolds numbers
as in case of M = 1.0. However at large Reynolds numbers, where instability is defined by the second mode, the
flexible covering stabilizes the flow.

Figure 8 shows the effect of a film thickness on the amplification rate of disturbances (M = 6.0). It is possible
to see that increasing of the film thickness (its inertia) destabilizes a flow that is consistent with the results of
work [13]. However its stability increases in comparison with a case of a rigid surface.

Dependence of an amplification rate on frequency parameter is studied also, see Figure 9 (M = 5.3, Re = 10°,
a =10°, b =107). Because of the fact that the frequency Eigen disturbances of boundary layer @ = 10* is

in resonance with a Eigen frequency of a stretched film, |I€ | approach to infinity when @ — @,. Really,

]E,: —n n

—igo+ib /o i@’ -o’)
where @, = \b | @ —frequency of Eigen oscillations of a stretched film. However, it was obtained that values

of an amplification rate on the right and on the left of a resonant frequency doesn’t undergo a jump. So it is
possible to determine its value by interpolation.

3.2. The Influence of Energy Losses on the Stability of the Boundary Layer on a
Porous Surface Coated by a Flexible Film

Above it was considered the influence of the flexible cover on the boundary layer stability in the case of empty
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Figure 6. Amplification rates (a) and wave numbers (b) of two
Eigen fluctuations (w = 0.5 x 10, M = 2.0, # = 0.1 x 107,

a=100, b =107).

pores. Before consider its impact on the stability in the case of gas-filled pores it is necessary to study the boun-
dary layer stability in the absence of energy losses in the pores. In this case the sound wave propagates inside

pores with parameters: Z, :—ZTE, Y, =—ioM?, 1/Z,=\T, /M, A=ioM,/|T,. Relationship between

w
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fluctuating velocity and pressure takes the form: v(0) = n\/TT I M tg(oM,/ \/f Re, ) p(0).

Figure 10 shows the dependence of the spatial amplification rates on the thickness of the porous coating. You
can see that in the range 0 < Rey < 19,500 the stability increases with the boundary layer thickness. However a
further increase of Rey leads to the appearance of a new type of oscillations with large amplification rates. For
example the amplification rate at Rey = 21,000 is greater than the corresponding value for the solid impermeable
surfaces (Rey = 0) about by 10 times. A new type of oscillations requires further study. Calculations show that
its group velocities are complex and its absolute value is close to zero. Special studies will help to determine the
propagation character of such disturbances. Probably the found instability is absolute, similar instability of a
boundary layer of incompressible liquid on a flexible surface [6].

Neglect by energy losses is equivalent to increasing of Re; to infinity. In Figure 11 and Figure 12 the influ-
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Figure 10. Dependence of the spatial amplification rates on
the thickness of the porous coating. Einfluss der Dampfung
auf die Stabilitdt der Grenzschicht. Influence of damping on
the stability of boundary layer. You must consider the stability
of boundary layer in the absence of energy losses in the pores
You must consider the stability of boundary layer in the ab-
sence of energy losses in the pores You must consider the sta-
bility of boundary layer in the absence of energy losses in the

pores Positive (M =2.0, =05 10, =107, a=b =0,
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Figure 11. Influence of damping properties of the coating on
the boundary layer stability (M = 2.0, = 0.5 x 10°*, g =

107, @=0, b =10, Rey = 10%).
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ence of damping properties of the coating on the boundary layer stability is show for Mach numbers M = 2.0 and
5.3.

Figure 11 shows that the maximum value of a spatial amplification rate of disturbances in the boundary layer
on a flexible surface at M = 2.0 and Rey; = 10" in absence of energy losses is less than the corresponding value
received on a solid impermeable surface ( K = 0). Energy losses in the pores (Re, = 1000) lead to the destabili-
zation of the boundary layer, the maximum value of spatial amplification rate of disturbances increases. Another
important fact is that in the absence of energy losses in the pores (Re, = ) you can find the value of the coating
thickness (in our case Rey = 19500) when the stability at filled pores by a perfect gas is not different from the
stability at empty pores.

Influence of damping properties of flexible coating on spatial perturbation increments of the second mode
with M = 5.3 is shown in Figure 12. As well as at M = 2.0 at the accounting of power losses (Re, = 1000) in the
region of Reynolds numbers Re > 1000 increments are less than in case of their absence (Re; = o). Again in the
absence of energy losses in the pores (Re; = ©) you can find the value of the coating thickness (in our case Rey
= 5000) when the stability at filled pores by a perfect gas is not different from the stability at empty pores.
However unlike a case with M = 2.0 at M=5.3 always increments of disturbances on flexible coverings are less
than on a solid impenetrable surface (K =0) in this area of Reynolds numbers. In the field of Re Reynolds
numbers Re < 1000 influence of flexible covering properties on the boundary layer stability is ambiguous.

4. Conclusions

In the case of empty pores, it is established that the supersonic boundary layer stabilization is observed in the
area of large Reynolds numbers and its destabilization at low Reynolds numbers with decreasing of the film ten-
sion. At finite thicknesses of the film along with a wave a similar to waves at a rigid surface, there is the addi-
tional disturbance which fades in the area of small Reynolds numbers. However on long distances this wave in-
creases intensively.

In the case of gas-filled pores and the absence of energy losses in the pores, there are waves whose group ve-
locities are close to zero. Another important fact is that in the absence of energy losses in the pores there are
flexible coating thickness when the stability is not different from the stability at empty pores. Energy losses in
the pores lead to the destabilization of the boundary layer.

At last it is necessary to notice that the impact of flexible coverings on the stability of a supersonic boundary
layer have different directions, on the one hand it allows to hope for their successful use for the laminar-turbu-
lent transition control and on the other hand it is necessary to apply them carefully.
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