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Abstract

In this paper, we derive eight basic identities of symmetry in three variables related to g-Euler polynomials
and the ¢ -analogue of alternating power sums. These and most of their corollaries are new, since there have
been results only about identities of symmetry in two variables. These abundance of symmetries shed new
light even on the existing identities so as to yield some further interesting ones. The derivations of identities
are based on the p-adic integral expression of the generating function for the ¢ -Euler polynomials and the
guotient of integrals that can be expressed as the exponential generating function for the ¢ -analogue of al-

ternating power sums.
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1. Introduction and Preliminaries

Let p be a fixed odd prime. Throughout this paper, Z ,,
Q,, C, will respectively denote the ring of p-adic
integers, the field of p-adic rational numbers and the
completion of the algebraic closure of Q,. For a con-
tinuous function f:Z,—>C, , the p-adic fermionic
integral of f'is defined by

p’!

771

. £ (2)dus(2) = fim Zf( (1)

Then it is easy to see that

[ f(z40)dus(2)+ [, 7(z)dua(z)=2/(0). @)

Let | |,, be the normalized absolute value of C,,

such that |p[ =1/p,and let

E:{te(cp

Assume that ¢,teC,, with g-1,teE, so that
q° =exp(zlogg) and e are, as functions of z, ana-
lytic functions on Z,. By applying (1) to f with
f(z)=q°¢", we get the p-adic integral expression of
the generating function for g-Euler numbers E, :

jZPquZ’dy_l (z)= =YE,, t—(t €E). (3)

i, < pﬂ} @
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So we have the following p-adic integral expression of
the generating function for the g¢-Euler polynomials

E,,(x):

2 4(x+2) _ 2
.[qu € ld'u*l(z) - qez +1

—ZEM( ) (teEer )

n=0

xt

e

(4)

Note here that in [7] ¢ was used in place of ¢, and
that ¢ -Euler numbers and polynomials were coined re-
spectively as £ -Euler numbers and polynomials.

Let 7, ,(n) denote the g-analogue of alternating kth
power sum of the first » + 1 nonnegative integers, namely

T, (n)= 2 (-1) i*q
)
= (—1)0 0“¢° +(—1)1 14" +---+(—1)n n*q".
In particular,
n+l
7 —
]z),q (n):L:[n_}_l] ,

(-a)-1 B
1, fork =0,
Ty (0)= {0, for k > 0.

From (3) and (5), one easily derives the following
identities: for any odd positive integer w,

(6)
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J’Z qxeXtd’u—l (x) w=l
P

[ o) -

In what follows, we will always assume that the p-adic
fermionic integrals of the various exponential functions
on Z, are defined for te £ (cf. (2)), and therefore it
will not be mentioned.

[1,2,5,8,9] are some of the previous works on identi-
ties of symmetry involving Bernoulli polynomials and
power sums. These results were generalized in [4] to
obtain identities of symmetry involving three variables in
contrast to the previous works involving just two vari-
ables.

In this paper, we will produce 8 basic identities of
symmetry in three variables wi, w,, ws related to g-Euler
polynomials and the g-analogue of alternating power
sums (cf. (44), (45), (48), (51), (55), (57), (59), (60)).
These and most of their corollaries seem to be new, since
there have been results only about identities of symmetry
in two variables in the literature. These abundance of

symmetries shed new light even on the existing identities.

For instance, it has been known that (8) and (9) are equal
and (10) and (11) are so (cf. [7,(2.11),(2,16)]). In fact,
(8)-(11) are all equal, as they can be derived from one
and the same p-adic integral. Perhaps, this was neglected
to mention in [7]. In addition, we have a bunch of new
identities in (12)-(15). All of these were obtained as cor-
ollaries(cf. Cor. 4.9, 4.12, 4.15) to some of the basic
identities by specializing the variable w; as 1. Those
would not be unearthed if more symmetries had not been
available. Related to g-Bernoulli polynomials and the
g-analogue of power sums, identities of symmetry in
three variables were also obtained in [3] as an extension
of identities of symmetry in two variables in [6].

Let wi, w,, be any odd positive integers. Then we
have:

n n )
/;){kjEkvq“’z (lel)ka,qwi (Wz _1) W wh (8)

= Z(k]Ek,qﬂi (Wzyl)T;_k,q"z (Wl _]_) W;—kwlk )

qW2W3X1+M1W3x2 +wiwaxg e

3-i
{ W W3] + Wy WaXp + W Wo X3+ Wy wo w3 [Zy/ J i1

; w -1 i W, .
=W 2 (F) @E | o+ (10)
i=0 nq Wl
wy—1 ; N Wl
=wp X (1) qVE | wy+—ti (11)
i=0 n,q WZ
— n
B k+[+Zm:n k,l,m Ekvqwl“z (yl)Tz,qwz (Wl _1)
T G @)

n = n
- ;(k]Tn—k,q“ (w, —1)wj

o ; (13)
; (_l) q Ek'q“l“Q N +;1
—_ IR k
= 2];) k T,,,k'qwz (Wl_l)wl
wy—1 ; i i (14)
; (_1) q Ek'qleZ N +W_2
" wy—lwy -1 e ) )
= (WlWZ) Z z (_1) J qw2t+wl/
i=0 j=0
. . (15)
1
E o ( N +—+ij.
’ wmwW,

The derivations of identities are based on the p-adic
integral expression of the generating function for the
g-Euler polynomials in (4) and the quotient of integrals
in (7) that can be expressed as the exponential generating
function for the ¢ -analogue of alternating power sums.
We indebted this idea to the papers [5,6].

2. Several Types of Quotients of Fermionic
Integrals

Here we will introduce several types of quotients of
p-adic fermionic integrals on Z, or Zi from which
some interesting identities follow owing to the built-in
symmetries in wy, w,, wa. In the following, wi, w,, ws are
all positive integers and all of the explicit expressions of
integrals in (17), (19), (21), and (23) are obtained from
the identity in (3).
(@) Type A}, (for i=0,1,2,3)

J=1

dey () dpey (o) daey ()

. VA
I(A}) =—=

(16)

i
WIWoW3Xg A W W2 M‘3X4/
(IZ q e dey (x4 )j
P
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3-i

wiwa W3 Vi |t )
3-i Jj=1 WiWp W3 o W Wy W3t !
27'e q e +1

= , 17
(qwzwg ewzwy + 1) (quiw3 ewlw31 + 1) (qw1w2 ewlwzt + 1) ( )
(b) Type A}, (for i=0,1,2,3)
3-i
{Wlxl +WoXp +W3X3+Wy Wy W3[ Vi ||t
| i Wix] +WoXp + W33 e Jj=1 d/-Ll (xl ) dﬂ,l (xz )d/le (xa)
I(Az) = — ,- (18)
(J.qu“iwz‘%ﬂ eWLWZW3x4’ d,u—l (X4 )j
3-i
W Wy w3 {Zyj Jf )
23—1’ e j=1 (qnj_wzwg ewlwzwgt 4 1)’
= : (19)
(e +1)(g™e™ +1) g™ +1)
(c-0) Type Ay,
1 (A](_)Z ) = J‘Z3 inJClJrWZXZJrWﬁ?’ e(WlX1+W2X2+w3X3+WZ w3y+le3y+wj,Wz}’)fd/'Ll (xl ) d,LLl (xZ ) dlufl ('x3 ) (20)
r
B 8e(w2 W3 +w w3 +wywy )yt (2 1)
(qniewlt +1)(qw2 ewzt +1)(qW3eW3t +1) ’
(c-1) Type Ay,
g g () () s ()
I(Aiz) = w, :z W WaZp +Wwozg A (Wawazy W wazp +wywozg )t (22)
J'Z3q231 g2y T 1waz3 (12437 2+Wwozg dﬂ_l(zl)dﬂ-l(zz)dﬂ-l(z3)
P
(qWZWS ewz wat + 1) (qwlws ele3t + 1) (qwlwz ewlwzf + l) (23)

(a7e +1)(gme™ +1)(g™e™ +1)

All of the above p-adic integrals of various types are
invariant under all permutations of w;, w,, ws, as one can
see either from p -adic integral representations in (16),
(18), (20), and (22) or from their explicit evaluations in
(17), (19), (21), and (23).

3. Identities for g-Euler Polynomials

In the following wy, wy, ws, are all odd positive integers
except for (@ — 0) and (¢ — 0), where they are any positive
integers.

(a — 0) First, let’s consider Type Aj,, for each
i=0,1,2,3. The following results can be easily ob-
tained from (4) and (7).

I(Agg) j qmzmg,\lewzm xp+wp ) dﬂ 1(xl)

[, gmmeemstemidy (x,) 24)
)4

W W X3 ‘4‘1‘42 v3+W3y3
[, qe ‘dey (%)
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w E L (wmy
— [Z k.q"? 3k|( 1 1)(W2W3Z‘)kJ
k=0 .

[w E wwz( 2y2)

; La 0 (wlw3t)lj

[i 42 (W3.V3) (wlwzt)m}

=0

3

) z[k / [k /, m] k,g"2"3 (lel)Ez,qwe (Wz)’2)

n=0

(24)

tn
I+m ferm k+l)
n!

Em'qwlwz (W3y3)W1 W, W

where the inner sum is over all nonnegative integers %, /,
m,with k+/+m=n,and

n nl
(k,l,m) " imt (25)

(a-1) Here we write [ (A123) in two different ways:
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I(A 3) J. w21¢3x1ew2w3 x1+w1)1 d/,l L (xl)

1) [, qoeember=2iy  (x,) (26)

P
W W X3 W Wo X3l
IZ q € duy (xs)
P
WIWoW3Xg AW WoW3Xgt
J.Z q € 7 (x4 )

| (wzwst)k
- ];Ek'q“?‘% (lel) k!

> n
i Z:;J(k Ttm= [k l m]Ekvq“m (lel)

1.4 (Wzyz)Tmyq»m (W3 _1) (27)

tn

I+m_ k+m_ k+l

Wl > W3 )_I
n:

2) Invoking (7), (26) can also be written as

wz—1 ) )
I (Aé:,;) — Z (_1)’ q""lWZ’ '[quwzwg)qe“'z“é(*l"'""l}’l)tdﬂ71 (xl)

i=0

wlwg[xz +wo o +W—2i]t
j WiWwgx2 "3 d
Z

q e H_y (xz )

(a-2) Here we write 7(A3,) in three different ways:
1(A§3) _ J'quwzw3xlewzw3 Xy +w g td/,l ) (xl)

1) J'quwlngz eningzrd,u_l (x2 )

Wy WoW3X4 W) Wy WaX4l
_[Z q € dey (%)
P
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P Vo X3t
J‘quwlwz‘@ ewiwzr3 dﬂ71 (xg)

Wy W W3Xg W)Wy WaX4t
_[Z q € dge, (x,)
P

(29)

(w2w3t)k

= Z()Ekvq“ws (lel) ! J

!
ke Wy Wyt
ZT],‘[HM (WZ _1)( 1l|3 ) ]
1=0 H

> ww,t)"
ST, e (9 -1>%}

m=0

- i(hz (k 7m]Ekq (wn1)

n=0
g (WZ 1) T,,,vqw‘m (W3 _1) (30)

T
I

g

n

Lem krm g+l \
w " wy " wy )—I
n!

2) Invoking (7), (29) can also be written as
wy—1 . )
1A5)= 5 (1) g
i=0

Wo W X1 W )ll
J‘Z qwzw3x1e 2 3[ T J d,U 1(xl) (31)
P

J'Z q“‘l"“’Z’Q eniwzxgl d/,l_l (x3 )
P

WIWp WXy W WpW3X4t
-[Z 4 ¢ du 4 (x,)
P

wp -1

) ( ) wywgi (];)Ek 273 [lel +71J

i= 2

(w2w3t) & (wlwzt)l
k! ;Tzvq“l‘ﬂ (W3 l) l'

< < n et i i
IS [ NEPE

i=0
E Wy, 2|7 (w, —1) (32)
k'qwz w3 1y 1 Wz n—k,q"1"2 3

.
1 3 );
3) Invoking (7) once again, (31) can be written as

wy —1wy -1

AZ i+ ”1 W31+w2j)
3)-£3 0
- M2M3[¥1+W’11’1+:’1 1+W1]J
Izpq e du 1(x1)
OJDM
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wy —1wg -1

=53 (g

i=0 j=0

{i [WlJﬁ"' i+— Jj—(wzwst) J
-0 w, W, n!
(33)

((W " )n wyp 1wz -1
23

_ < ( )H/ wy (wgi+wy j)
1=0 i=0 ;=0

tn
En,q“wa (W3l + WZ]));

(a-3)

qW2W3X1 eWzW3~’C1fd’lA (x )
I(ASS)ZJ‘IZP —

WIWoW3Xy WiWp W’3x4t
, 4 e duy (x,)
P

WiW3Xy WiwaXot
jz q e deey ()
P

WIWoW3Xg WiWoWaXyt
JZ q e duy (x4 )

W WoX3 Wi WpX3l
.[zpq e duy (x3 )

X
WIWoW3Xg Wi WoW3Xyt
IZ q e de (x4)
14

X

k,
k=0 k!

ke (w2w3t)k
= T, e (1)

1=0

& (w W, t)l
ZTlvqwm (WZ _1)%

m=0

o - .
27:71,51“1‘1’2 (W3 —1)%J

:i[ > (k;?mjrmm(wl—l)

n=0\_k+l/+m=n

T'q (w,-1) quwM (wy 1) (34)

i éﬁ»mwéﬁ»l)%.

b) For Type Ay (i=0,1,2,3), we may consider the
analogous things to the ones in (a-0), (a-1), (a-2), and
(a-3). However, these do not lead us to new identities.
Indeed, if we substitute w,w,, wywy, ww, respectively
for wy, w,, wy in (16), this amounts to replacing ¢ by
ww,wyt and g by ¢""2" in (18). So, upon replacing
wy, w,, wy respectively by w,w,, wyws, wyw,, and then
dividing by (ww,w;)" and replacing ¢""?" by g, in
each of the expressions of Theorem 4.1 through Corol-
lary 4.15, we will get the corresponding symmetric iden-
tities for Type Ay, (i=0,1,2,3).

(c-0)

Copyright © 2011 SciRes.

[(Afz) = -[Z q“‘me”’l xp+wp) d,u 1(x1)

p

.[ A pq“’zxz gzl ) du, (xZ )
.[quww ew3(x3+w1y)td,u4 (x3 )

E (wzy)

_ i kg™

k=0 k!

(Wlt)k]

(3%)

n
kI . m

t
E’ o (Wsy)E,Mug (wly)w1 Wy W4 );

J‘quwlxl ewlxltd/,lil (xl )

Wiwpz3 \4/1\4/'223[
q € deey ()

J‘ qwzxzewzvztdy L (xz )

J' quwSZleWZWSZﬂd/J L (Zl )

JZ pq W3Xx3 eW3X3t d,ll_l (x3 )

X J.Z qwswlZZ eWngzztdlu_l (22 )

s
(wat)”

q

(W -1) (36)

4. Main Theorems

As we noted earlier in the last paragraph of Section 2, the
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various types of quotients of p-adic fermionic integrals
are invariant under any permutation of w;, w,, w;. So
the corresponding expressions in Section 3 are also in-
variant under any permutation of w;, w,, w;. Thus our
results about identities of symmetry will be immediate
consequences of this observation.

However, not all permutations of an expression in
Section 3 yield distinct ones. In fact, as these expressions
are obtained by permuting w;, w,, w, in a single one
labeled by them, they can be viewed as a group in a
natural manner and hence it is isomorphic to a quotient
of S;. In particular, the number of possible distinct ex-
pressions are 1, 2, 3, or 6. (a-0), (a-1(1)), (a-1(2)), and
(a-2(2)) give the full six identities of symmetry, (a-2(1))
and (a-2(3)) yield three identities of symmetry, and (c-0)
and (c-1) give two identities of symmetry, while the ex-
pression in (a-3) yields no identities of symmetry.

Here we will just consider the cases of Theorems 4.8
and 4.17, leaving the others as easy exercises for the
reader. As for the case of Theorem 4.8, in addition to
(50)-(52), we get the following three ones:

n
2 [k 1, m]E g2 (w 1y1)T, e (W3=1)

k+l+m=n (37)
m A ( 1) L k+m k”,
k+l+m= n(k, ,ij ,q""3 Zyl 1,g"2"3 (Wl —1) (38)
R
E -1
k+l+m= n(k, ,mj kg2 3yl g (WZ ) (39)

I+m_ k+m_ k+I
T s (W =2) w37 w3 ")

But, by interchanging / and m, we see that (37), (38),
and (39) are respectively equal to (50), (51), and (52).

As to Theorem 4.17, in addition to (60) and (61), we
have:

n
z (k l m]Tk(WZ “1)7; (w; ~1)T,, (w 1) wywymy',
k+l+m=n
(40)
n
Z (k / m]Tk (W3 _1)T1 (Wl _1)Tm (Wz —1)W§Wéwlm,
k+l+m=n by
(41)
n
z (k 1 m]Tk (W3 _1)7; (Wz —1)7—;71 (Wl _1)Wlkwéwg1’
k+l+m=n 1y
(42)

k1. m
Tm |W3 _]-I W3 W, W, .

k+l+m=n

I P AT IO

(43)
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However, (40) and (41) are equal to (60), as we can
see by applying the permutations k — 1,/ > m, m —>k
for (40) and k —>m,l - k,m — 1 for (41). Similarly,
we see that (42) and (43) are equal to (61), by applying
permutations &k —>1[,/—>mm—k for (42) and
k—>m,l—>k,m—1 for(43).

Theorem 4.1 Let wy,w,,w; be any positive integers.
Then we have :

n
k /z— (k [ ijkvq”m (lel)Ei,q“m (w,32)

I+m_ k+m k+l
m q "2 (W3y3) W2
k1, m Ek q“m 1y1 2 (W3y2)
k+l+m n l.q
m k+m k+l
m "3 (W2y3)w
k.1, Ek q“m 2y1 253 (lez)
k+l+m n m L
+m k+m k+1
P (W3y3)W wy
k1, E R 2)’1 e (Wgyz)
k+l+m n m k.q l,q
+m k+m fe+1
m g"2"3 (le3)w w
k,l,m £ k qum 3)’1 o (lez)
k+l+m n lLq
+m k+m k+1
m "3 (W2y3)W
(44)
k l Ek qmlmg 3y1 PR (W2y2)
k+l+m n m

l+m_ k+m_ k+l
Em,quz‘) (le3)W3 1/1}2 wl

Theorem 4.2 Let w;,w,,w; be any odd positive in-
tegers. Then we have:

n
z (k / ijk,quMg (\’\/’1,]/1)1':‘“]‘41w3 (Wzyz)

k+l+m=n

I+m_ k+m_ k+l
Tm,qulw (W3 _l) Wl W2 W3

n
) 2 {k [ m\JEk,q”Q”g( 1y1)E g2 (W3J’2)

(45)

k+l+m=n

I+m_ k+m_ k+I
T, o (W2 =1 "0 w]

n
) k 12 (k l m]Ek’ "3 ( Zyl)E, w3 (W1J’z)

I+m_ k+m_ k+I
Tm,q“j-”? (W3 _1) W2 Wl W3

0JDM
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n

= z ( E wpw (WZyl)E['quWZ (W3y2)

™3
k+l+m=n kalam k.

I+m_ k+m_ k+l
vaqw (wl—l)w2 wy wy

n
= . IZ: (k I'm Ek’qwlwy (WSyl)EI’quug (Wzyz)
+l+m=n 199

I+m_ k+m_ k+l
quw (wy =L) W™ wy """

n
- Z (k Ji ijk,qwz (W3J/1)E]’qw2“3 (lez)

k+l+m=n

I+m_ k+m_ k+l
T, o (W2 = 1) 0w ™

Putting wy; =1 in (45), we get the following corol-
lary.

Corollary 4.3 Let w,,w, be any odd positive inte-
gers. Then we have:

n

n -

k=0

n n -~
=3 O ot

n
B z [k [ m]Ekvq”l‘Q (yl)Ez,qwl (Wzyz)

k+l+m=n

k+m_ k+l
T (W —1)wy " wy

n
:k tzz [k / m]Ekvq“l (Wzyl)El,q“lwz (yz)

I+m_ k+l
7:,1,,]“2 (Wl _1) W, W

n
:k zz: [k l ijkvq“i"Q (yl)Ez,qwz (lez)

k+m_ k+l
7:71,‘;“1 (w2 —l) w " w,

n
B z (k [ mJE"vq“2 (lel)E/,q“m (yz)

k+l+m=n

(46)
Twm’th (W2 _1) W11+”1W§+l.
Letting further w, =1 in (46), we have the following
corollary.
Corollary 4.4 Let w, be any odd positive integer.
Then we have:

n(n
Z( ]Ek,q (lel)En—k,q”l (yz)wf_k

o\ k

*(n
= kzo[kJEk’qM (yl)En—k,q (leZ )WJ{(

Copyright © 2011 SciRes.

n +
:k ]Z: [k ) ijkvq“l (yl)El,q“l (72) Ty (s =)™

(47)

Theorem 4.5 Let w;,w,,w; be any odd positive in-
tegers. Then we have:

n(n B
wa( k]Ek,m (wayy) ws ™ wy
k=0

-1 . )
(_1)1 (/IwzwstEn_kY‘]le3 (Wzyz +&lj
)

=

I}
o

" (48)

n

n
n n—k_ k
=W [ j Ekqumg (WZyl w, W,

im0\ k
wy -1 .
i W.
_ 1\ Wewsi 73
S 2E, [+ 2
i=0 ’ wy

t(n
— n—k_ k
=W, Z(k) Ek,q"m (wg,yl)w3 w
k=0

wp—1 ( _1)i Wi E W n ﬁ i
z q n—k,q"2"3 12
i=0 w.

& i Wywpi WZ :
; (—1) q En—k,qwlw:” W, V5 +731 .
Letting w, =1 in (48), we obtain alternative expres-
sions for the identities in (46).
Corollary 4.6 Let w,,w, be any odd positive inte-
gers. Then we have:

n n —
S G, oot

s (49)
= k—o[kjEk’q‘q (Wzyl)Enik'qwz (lez ) ngkwf
n(n ‘
:WlkZ:;) k Ekvqwm(yl)WZ
w -1
(_1)1 wzlEn L [WZyZ +_21J
i=0 1
0JDM
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n(n

- szo(k]E"vq“ (wzyl)wgfk
w i i l
_ (_1) q En,k,qwlwz Y, +;1

n -7 k
= w2 z k Ek'qwl“Q (yl)wl
wy—1 P wl )
Z (_1) q " En—k,q“z Wi, +—1

i=0 Wz

n(n ~
S RCRES
et i i l
D> (-1) g™ E_ |V +; )

i=0 2

Putting further w, =1 in (49), we have the alterna-
tive expressions for the identities for (47).

Corollary 4.7 Let w, be any odd positive integer.
Then we have:

S v (5w )

k=0

=3 02 i

. n(n n-1 Iy i

Theorem 4.8 Let w,,w,,w; be any odd positive in-
tegers. Then we have:

k+l+m= ,,[k IR m]Ek qwm 1y1 1" (Wz —l) 0)
m g2 ( 1) W]+m k+m k+1

E g )T o (=1
k+l+m= ,,[k, ,mj k,g""3 Wohr lq 12( 3 ) (51)
m e (Wl 1)Wl+m k+m k+1

E g Y g (W1 —1
[’f mj e (19T 0472)
7:,1 "3 (WZ 1 é*”’ Wk+m W;Hl

Putting w, =1 in (50)-(52), we get the following
corollary.

Corollary 4.9 Let w,,w, be any odd positive inte-
gers. Then we have:

n

n —
Z(k]Ek,q“Q ( 1y1)T kg (Wz _1)W1" kW;

k=0
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= Z[/JEM‘“ (wzyl)Tn_W2 (W —1)wy~ Fwf

n
B k /Z: (k / ijk-q”m (yl)yz,q”? (Wl _1) (53)
Tm,qwl (Wz —1) Wlkmwgﬂ.

Letting further w, =1 in (53), we get the following
corollary. This was also obtained in [7,(2.12)].

Corollary 4.10 Let w, be any odd positive integer.
Then we have:

" n
%AMMFEJJQMJMWMA%—”%-6®

Theorem 4.11 Let w,,w,,w;, be any odd positive in-
tegers. Then we have:

B[ s s
wp -1 T Wz )
D (-1) g E, | o1 +71

i=0 1
n

n
— N n—k_ k
=w [k) Zn—k,q”“% (WZ —1) w3 W,

k=0

i wowgi Ws .
(<1) ¢ E, [wsyl +jzj

1

ipAs

n

n
— N n—k_ k
=W [kJT”"'q"m (We _1) W,

k=0
wy—1 .
i W,
_ 1\ mnsi 1
2 (L) ¢E, | Wyt
i=0 ' w,

n

n
- n—k_ k
= w, (}J Tn-k,q"?"B (w1 —1) wy Wy

k=0

wy -1 e Wy
Z (_1) q Ek,quz W +;l

i=0 2

=W Z( j R (w, —1)wl”’kw§
wy—1 ; » W,
z (_1) qwiwzlEk,q”?‘@ [lel +jl}

i=0 3

0 AT IER
wy—1 ) » w,
S GE, [wzyl +—21J-

(55)

Ws

Putting w, =1 in (55), we obtain the following cor-
ollary. In Section 1, the identities in (53), (56), and (58)
are combined to give those in (8)-(15).

Corollary 4.12 Let w,,w, be any odd positive inte-
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gers. Then we have:

(56)

i wi l
(_1) q 2 Ekqulwz (yl +;]

1

n(n
=w [k]T”’“q"? (w —1)wf

E i
; (_1) q b Ek,q“l"z [yl +72]

Letting further w, =1 in (56), we get the following
corollary. This is the identity obtained in (54) together
with the multiplication formula for g-Euler polynomials
[cf.7,(2.17)].

Corollary 4.13 Let w, be any odd positive integer.
Then we have:

wy -1 o .
En,q (lel) = Wf (_1) qlE {yl +LJ

n,q"t w

i=

0
n(n
= ,;,[k)E"'q"l (1), (w =)0,

Theorem 4.14 Let wy,w,,w, be any odd positive in-
tegers. Then we have:

wy—lwy -1 L ( )
n it] wg(waitwyj
(ww,) (-1)"q
i=0 j=0

% w.
3 - 3 .
E g | Wt =it —=]
' W W,
wy —1wg -1

Z Z (_1)i+j qm(wgi+w2j)

i=0 j=0

w w

1M

E g | Wt —it— ]
' W, Wy

= (W, )n

wy—lw -1

_ (W3W1 )n Z Z (_1)i+./' qwz(wling)

i=0 j=0

w, . W
2., W .
Enq“m Woy +—=i+—=j |.
’ w3 oW

(57)
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Letting w, =1 in (57), we have the following corol-
lary.

Corollary 4.15 Let w,,w, be any odd positive inte-
gers. Then we have:

nwjil J woj WZ .
W (_1) q Eﬂ)q»q W2y1+V]

Jj=0 1

nwz_l i wii Wl :
=W, Z(; (-1) ¢ E | W +—W i
i= 2
(58)

wy —1wy -1

() £ 3 (1) g

i=0 j=0

i
E 12 (yl +—+—J.
' W W,

Theorem 4.16 Let wy,w,,w, be any positive integers.
Then we have:

n
k /Z:: [k / ijk,q“B (le)El,q»q (w,»)

E o (w3y) wé‘wllwg”
' (59)

n
:k 123: (k / ijkyq“? (le)El,qu (Wsy)

k1. m
Emqug (WzJ’)Wz WWs .

Theorem 4.17 Let w,,w,,w, be any odd positive in-
tegers. Then we have:

n
Z [k,l,ijk:q"3 (Wl _1)7;,(,“1 (Wz _1)

k+l+m=n (60)
Tm,q”"Z (W3 _1) W§ W]{Wgz
n
- T -1)T -1
k+1+zm:n{k,l,m] kiq"2 (w-1) 1" (s —1) (61)

k_ 1. .m
TMM3 (w, —1) wywinj'.

Putting w, =1 in (60) and (61), we get the following
corollary.

Corollary 4.18 Let w,,w, be any odd positive inte-
gers. Then we have:

" (n
52 (T Ot

k=0

n n
) kz—(:)(k]T"'qwz (m =T,y (w, =1)ms.
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