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Abstract

The dynamics of inviscid multi-component relativistic fluids may be modeled by the relativistic
Euler equations, augmented by one (or more) additional species equation(s). We use the high-
resolution staggered central schemes to solve these equations. The equilibrium states for each
component are coupled in space and time to have a common temperature and velocity. The cur-
rent schemes can handle strong shocks and the oscillations near the interfaces are negligible,
which usually happens in the multi-component flows. The schemes also guarantee the exact mass
conservation for each component, the exact conservation of total momentum, and energy in the
whole particle system. The central schemes are robust, reliable, compact and easy to implement.
Several one- and two-dimensional numerical test cases are included in this paper, which validate
the application of these schemes to relativistic multi-component flows.
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1. Introduction

In recent years, relativistic gas dynamics plays an important role in areas of astrophysics, high energy particle
beams, high energy nuclear collisions, and free-electron laser technology. The equations that describe the relati-
vistic gas dynamics are highly nonlinear. For the practical problems, it is difficult to solve these equations ana-
lytically, therefore numerical solutions are perused. Several numerical methods for solving relativistic gas dy-
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namics have been reported. All these methods are mostly developed out of the existing reliable methods for
solving the Euler equations of non-relativistic or Newtonian gas dynamics.

The first attempt to solve the equations of relativistic gas dynamics (RGD) was made by Wilson [1] [2] using
an Eulerian explicit finite difference code with monotonic transport. The code relies on artificial viscosity tech-
nique [3] to handle shock wave. Despite of its popularity it turned out to be unable to accurately describe the ex-
tremely relativistic flows [4]. In mid eighties, Norman and Winkler [5] proposed a reformulation of the differ-
ence equations with artificial viscosity consistent with relativistic dynamics of non-perfect fluids. Dean et al. [6]
used flux correcting algorithms for RGD equations in the context of heavy ion collisions.

A good introduction about the recent methods applied to RGD can be found in the review article of Marti and
Miiller [7]. Some popular methods which are extended for RGD and are also discussed in [7] are the Rao me-
thods [8] used by Eulderink et al. [9] [10], PPM method [11] by Marti and Mdiller [12], Glimm’s methods [13]
by Wen et al. [14], HLL method [15] by Schneider et al. [16], Marquina flux formula [17] by Marti et al. [12]
[18] and relativistic beam scheme [19] by Yang et al. [20].

The development of numerical methods for the non-relativistic multi-component flows have attracted much
attention in the past years, for example Fedkiw et al. [21] [22], Karni [23]-[25], Karni and Quirk [26], Mar-
quina and Mulet [27]. Moreover, Xu [28] used BGK-based gas-kinetic schemes to solve multi-component
flows, while Lian and Xu [29] used the same scheme in order to solve the multi-component flows with che-
mical reactions.

This paper is an extension of the relativistic Euler equations to multi-component flows. We use the high-reso-
lution non-oscillatory central schemes of Nessyahu and Tadmor [30] as well as Jiang and Tadmor [31] to solve
these Euler equations. In this study, we consider only two-component flow, however, an extension to further
components will result in addition of a continuity equation for the corresponding species. The central schemes
are predictor-corrector methods which consist of two steps: starting with given cell averages, we first predict
point values which are based on the non-oscillatory piecewise-linear reconstructions from the cell averages. At
the second corrector step, we use staggered averaging, together with the predicted mid values, to realize the
evolution of these averages. This results in a second-order, non-oscillatory central scheme.

The second order accuracy of these schemes is based on MUSCL-type reconstruction. Like upwind schemes,
the reconstructed piecewise-polynomials used by the central schemes, also make use of non-linear limiters
which guarantee the overall non-oscillatory nature of the approximate solution. But unlike the upwind schemes,
central schemes do not require the intricate and time-consuming (approximate) Riemann solvers which are essen-
tial for the high-resolution upwind schemes. This advantage is especially important in the multi-dimensional
case where there is no exact Riemann solver. Moreover, the central schemes are “genuinely multi-dimensional”
in the sense that it does not necessitate dimensional splitting. Apart from these, central schemes do not produce
spurious oscillations, such as carbuncle phenomena and odd-even decoupling which usually happens in the Go-
dunov upwind schemes. The reason of this advantage is the presence of sufficient numerical dissipation in the
central schemes. This is also the reason here in the multi-component flow that we see almost negligible or no
oscillations at the gases interface [32].

The organization of this paper is as follows. In Section 2, we derive the three-dimensional Euler equations for
the relativistic multi-component flows. We then discuss how to obtain the primitive variables from the con-
served variables. In Section 3, we write the one-dimensional relativistic Euler equations for the dynamics of a
mixture of two gases. Starting from the first order central scheme, we explain the high-resolution second order
central schemes to solve these Euler equations, see [30] and references therein. In Section 4, we explain the
scheme for the two-dimensional relativistic multi-component flows. We again start from the first order central
schemes and then extend it to second order, see [31] and references therein. In Section 5, we present numerical
test cases which include propagation of one-dimensional (1D) relativistic blast waves, collision, cylindrical ex-
plosion, interaction of an air shock with helium bubble and explosion in a square box. Finally, Conclusion is
given in Section 6.

2. Multi-Component Relativistic Euler Equations

For simplicity, we assume a model of mixture of two gases. An extension to more components is analogous. Let
p=p +p, denotes the total density of a mixture, with p, and p, as the rest mass densities of the first and
second components, respectively. Also let Y, and Y, be the mass fractions of the first and second components.
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We assume that both components are in thermal equilibrium and are perfect gases with specific heats at constant
volume C,, C,,, specific heats at constant pressure C, C,, and ratios of specific heats y,, y,.By stan-
dard thermodynamic arguments, the ratio of specific heats y of the mixture of gases is

C, YCn+Y.C,,

>= : @)
C chvl + YZCVZ

}/:

v

Using the Einstein summation convention the equations describing the motion of a two-component relativistic
fluid are given by the six conservation laws

(pu” )w =0,(pu" );# =0,(T) =0, @)

where (y,v :O,---,3), and u denote the covariant derivative with respect to coordinate x*. Furthermore,
u“ is the four-velocity of the mixture, and T*" is the stress-energy tensor, which for a perfect fluid can be
written as
T = phu“u” + pg”’. €))
Here g** is metric tensor
-1, wu=v=0,
9, =9" =11 u=v=123,
0, wu=#v,

p is the mixture density, p the fluid average pressure, and h the specific enthalpy of the fluid mixture defined
by

h=lts+L, )
P
where & is the specific internal energy. Note that we use natural units (i.e., the speed of light ¢ =1) through-
out this study. In Minskowski space time and Cartesian coordinates (t,xl,xz, x3), the conservation equations
given in Equation (2) can be written as
ow o' (w)

—+ —= =0, 5
ot ox' ®)

with the conserved variables w and fluxes f' given as

D,V
D, ! ,

D,v
D2 . Slvi + pgli

w=| 8 |, f'= _ . (6)
82 SZVI + p52I
SZT S3Vi + p53i
s'—-Dv

The six conserved quantities D, Dz,Sl,SZ,S3 and 7 are the rest-mass densities of the two components,
the three components of momentum density, and the energy density (measured relative to the rest mass density),
respectively. They are all measured in laboratory frame, and are related to quantities in the local rest frame of
the fluid (primitive variables) through the relations

D,=p,I,D,=pI,S' = phl'’V', 7 = phI’> — p-D, @)
where V' are the components of three-velocity of fluid
i

vVi=—,1=123,
uO

()
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with the Lorentz factor u® =+1+u®. Letus define T' as
1
J1-Vv,

Note that u® =T, because u = v/'\/l—v2 . The system of equations in Equation (5) along with definitions in
Equations (6)-(8) is closed by mean of an ideal equation of state (EOS) as given below

r= (8)

p=(r-1)pe )
We denote by c, the sound speed, defined by
hc? = P , (10)
op|,

where s is the specific entropy, which is conserved along fluid lines. For EOS under consideration the speed of
sound can be written as

1
2
: :(ﬁj | )
ph
The Mach number of the flow is due to Kénigl [33]
_vI
CS 1—‘S .
For any given initial macroscopic variables in space and time,
le(pl!vilpl)’sz(priz:pz)vi:1’2!3- (12)
The common values of density p, velocity V', and pressure p can be obtained from the conservation re-

quirements,
D=(pI,)+(p.L,).
' =(phIiv )+ (I3 )i =1,2,3, (13)
r=(phI} - p,— ol )+ (20T — p, = o, ).

From the above equations p, p and V' can be obtained by first solving an implicit function of pressure
whose zero represents the pressure [7] [34]. We have to find the root of the equation

n(p)=(r-1)p.e.-p, (14)
with
+D(1-T,)+p(1-12
, D, Dl )+ ),r*= 1 -5 (15)
T, Dr, \/1_\,*2 t+D+p

The monotonicity of 77(p)e[py,.0] ensures the uniqueness of the solution. The lower bound of the phys-
ically allowed domain, p,;, , defined by

Prin :|S|_T_D' (16)

is obtained from Equation (7) by taking in to account that (in our units) |v| <1. Knowing p, Equation (15) then
directly gives v and density. Similar to Aloy et al. [34], we obtained the solution ;7( p) =0 by means of New-
ton-Rahphson iteration in which the derivative of 77, i.e. 7', is approximated by

2¢2 -1, (17)

S

’

77:

Vv,

*

where c,, is the speed of sound given by

()
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_ |r=Yre, 18)

1+ye,

Sk

This approximation tends to the exact derivative when the solution is approached. On the other hand, it easily
allows one to extend the present algorithm to general equation of state [34].

3. One-Dimensional Multi-Component Flows

Here, we are looking for spatially one-dimensional solutions of the two-component relativistic Euler equations.
We only consider the solutions which depend ontand x=x" and satisfy p=p(t,x), o, =p(t.X),
P, =P, (t,X), v=(v(t,x),0,0) and p = p(t,x). The three dimensional system in Equation (2) then reduces to

of (w
ow oW, (19)
ot OX
with the conserved variables w and fluxes f given as
D, Dyv
D D,v
w=| 2 f=[ % (20)
S Sv+p
T S-Dv
where
Dlzplr,Dz:plF,S:phFZV,r:phFZ—p—D, (21)
and
v=lr=— 1 p=(y-1)pe 22)
TN

where u® =+/1+u” . For any given initial macroscopic variables in space and time,
W1=(,01,V1,pl),W2=(p2,Vz,p2), (23)

the common values of density p, velocity v, and pressure p can be obtained from the conservation require-
ments,

D=(pI,)+(p.L,).
' =(phiv)+(p,h T3, ), (24)
r=(phI; - p,— ol ) +( 20T — p, — o1, ).

From the above equations p, p, and v can be obtained by following the same procedure as given in relations

(8)-(11).

3.1. One-Dimensional Central Schemes

Let us begin by introducing the well-known first order Lax-Friedrichs (LxF) scheme for one-dimensional con-
servation laws. This first order scheme is then extended to a second order central scheme, see [30]. We consider
a piecewise-constant initial data, >W'y; (x), where, z (x) is a characteristic function of the cell,

i N+l

I, = {§|§—xi|s%}, centered around X, =iAx. Integrating Equation (19) over the rectangle [x. X; ]x[t”,t””],

we get

tn+l tn+1

$wdx - f (w)dt =0« — _[ f(w(t,x, ))dt+xT1W(t"+1,§)d§+ .[ f (W(t,xi+1))dt—XTw(t”,§)d§ =0.

X X

Note that our cells I, are staggered with respect to the interval [x;,,,] of integration. This leads to the

()
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LxF scheme

g+l

Wy :%(V_Vin +Win+1)+ﬂ~(f (Win)_ f (Wirll))’ Win = W(tn’ Xi):V_Vin’ (25)

At . . . . . .
where A= " The piecewise constant cells in each step are staggered with respect to those in the previous step.
X

3.2. Extension to Higher Order

Starting with a piecewise-constant solution in time and space, >W!'y, (x) one reconstruct a piecewise linear
(MUSCL-type) approximation in space, namely

w(t”,x):Z(v‘vﬁ+w§‘%j;{i(x), (26)

where w; abbreviates a first-order discrete slopes, see Figure 1. A possible computation of these slopes, which
results in an overall non-oscillatory scheme (consult [30]), is given by family of discrete derivatives paramete-
rized wit 1<6<2,i.e., forany grid function {w;} we set

W' =MME{w,_;, W, W, }=MM (BAW l,g(Awil +AW+1]’HAWHJ' (27)

i+= i
2 2 2 2

Here, A denotes the central differencing, Aw ; =w,, —w,, and MM denotes the min-mod nonlinear li-
i+=
2
miter

min, {x} if x>0, Vi,
MM {X;, X,,---} =4 max; {x} if x <0, Vi, (28)
0, otherwise.

This interpolate, is then evolved exactly in time and projected on the staggered cell-averages on the next time
step, t"*.

Consider the balance law over the control volume [x_ 1 X 1}<[t" ,t”*l] , we have

tn+l tn+1

gﬁwdx—f(w)dt:0c>—_[ f(w(t,x ))dt+xTw(t"+1,§)d§+ jnf(W(t,xi+1))dt—XTw(t”,§)d§=O.

X

X

Figure 1. Second order reconstruction.
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This yields
tn+1 tn+l

W =W L(t)+4 jf dr—ijf W, (7))dr |. (29)

Here, 1 :%. The averaging of the linear data in Equation (26) at t=t", yields
X

B 1 . 1 X”g Xis1 1 § §
WH%:E;!;W(I vg)dfzg ;!: (t f)d§+.[ |+1( ’ )dé: = (W +W|+l) g(VVI _\N|+l) (30)

|+—
2

So far everything is exact. Moreover, the Courant-Friedrichs-Levy (CFL) condition guarantees that f (wi (‘r))
and f (wm(r)), are smooth functions of z ; hence they can be integrated approximately by the midpoint rule
at the expense of an O(Ats) local truncation error. Thus we can write

_tnff W, (1))dt ~ f (wi (t"é]}o(m). (31)

Putting Equation (31) in Equation (30), we finally get

V_Vln:% - ; (W + Wl+l)+ ; (W WI+1)+ ﬂ’[ f [Wi [tm; JJ_ f (WHI [tm; JJ] (32)

By Taylor expansion and the conservation laws in Equation (19), we have

At A

Fen[cH)w S (o) Lrsol) 6

1
. . . n+— Ly - . .
This may serve as our approximate mid-values w, 2 within the permissible second-order accuracy require-

ment. Here, Ai £ (vv,) stands for an approximate numerical derivatives of the flux f (w(t, X=X ))
X

if*(wi):ﬁf(W(t,x:xi))+O(Ax).

The fluxes f* (W,) are computed by applying the min-mod limiter to each of the component of f, i.e.,

F*(W)=MMO{F (w_),F(W),F(wW,)}=MM [6’AF[Wi+;J,§(AF[Wi;J+AF[ ZD HAF( J]

Here, A denotes the central differencing, AF (w_ 1]= F(w,,)—F(w), and MM denotes the min-mod non-
3

i+1
linear limiter given by Equation (28). This component wise approach is one of the main advantages offered by
central schemes over corresponding characteristic decompositions required by upwind schemes [30] [31]. It is
important to emphasize that while using the central type LXxF solver, we integrate over the entire Riemann fan,
which consists of both the left and right going waves. On the one hand, this enables us to ignore the detailed
knowledge about the exact (or approximate) generalized Riemann solver. On the other hand, this enables us to
accurately compute the numerical flux, whose values are extracted from the smooth interface of two non-inte-
racting Riemann problems.

In summary, this family of central differencing scheme takes the easily implemented predictor-corrector form,

n

Wi% .——f (W), (34)

()
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Wa =%(v‘vi" +v‘vi“+1)+%(wr —wiil)m{f {wi (tm;D— f [w [tm (35)

4. Two-Dimensional Multi-Component Flows

Here we are looking for spatially two-dimensional solutions of the multi-component Euler equations. We only
consider the solutions which depend ont, x=x', y=x* andsatisfy p=p(t,x,y), o =p(tXY),

Py =P, (LX), v:(v1 (t,x),v, (t, y),O) and p=p(t,x,y). The three-dimensional system in Equation (5)
then reduces to

ow o (w) ag(w)

+ =0. (36)
ot X oy
The conserved variables w and fluxes f, g are given by
D, DV D,v,
D, D,v, D,v,
w=|S" |, f=|Sv,+plg=| Sv, | @37)
S? S, S, +p
T S'-Dy, S*-Dv,
where
D, =pT, D, = p,T, S" = phT"®v,, S? = ph'*v,, 7 = phI'* — p—D. (38)
and
ut u’ 1
W=V, =, '=- 2, .2 p=(r-1)pe. (39)
u u 1—(v1 +v2)

Here, u®=./1+u?+uZ . For any given initial macroscopic variables in space and time,
le(pl,vli,pl),sz(pz,Viz,pz),i:l,Z. (40)

The common values of density p, velocity V', and pressure p can be obtained from the conservation re-
quirements,

D=(pal)+(p. L),
' =(phIiv, )+ (T3} )i =1,2. (41)
r=(phI7 = p, = ol ) +(A0TS — p, = o).
From the above equations p, p and V' can be obtained by following the same procedure as given in Equa-
tions (7)-(11).
4.1. Two-Dimensional Central Schemes

To approximate Equation (36), we begin with a piecewise constant solution Zv‘v{fj;(i,j (x, y). We denote by v‘vﬁi ,
the approximate cell-average at t =t", associated with the cell C, ; = I, xJ;, centered around
(x =iAxy; = jay), ie.

AX A
Ci,i={(§"7)‘|§—Xi|S7y|§—yj|ﬁ?y}, (42)
and 7z, (X, y) is a characteristic function of the cell C; ;.

The arguments applied to the one-dimensional case can be easily extended to the higher dimensions. In the
following, we will abbreviate to denote the normalized integral, i.e., normalized over its length, area, etc. Also let
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A . - S .
A= A_t and u :% denote the fixed mesh-ratio in the x- and y-directions, respectively. Let
X Yy

W, (t):—jC w(t,x, y)dxdy
I+E’J+E i+%,j+%
denote the staggered averages. Integrating Equation (36) over the volume [i,i+1]x]j, j+1]><[t”,t"*1], we get
[31]
n tn+l Vin
| 1W(t ,x,y)dxdy—ﬂ{—ftn -V [f (w(t, % y))—f (W(t,xi,y))dedt

i+ Vi

? (43)

tn+l

- ”{_Ln _Iil [9 (W(t' XYu))-0(w(txy, ))} dth}'

As given in Figure 2, the first integral has contribution from the four cells C
Simplifying the above balance law we finally get the following LxF scheme [31]

N+l _
\A[ 1.17 J’C
i+=, j+= 1
2" 2 i+

C C and C.

ij? i+1,j i+1, j+1° ij+l"

_::;j% =%(V_Virjj +V_Vir11,j +V_Virjj+1+v_vi11,j+1)_§<f (Win+1,j)_ f (\Nir,‘j)_" f (Vvin+1,j+1)_ f (WirjjJrl))

(44)
—ﬁ(g (\NirjjJrl)_ g (\Nir,‘j )"' g (Win+1,j+1)_ g (Win+1,j ))

4.2. A Second-Order Extension in 2D

A two-dimensional extension of the second order central scheme was introduced in [31]. As in one-dimensional
case, this staggered scheme can be viewed as an extension to the first-order LxF Scheme. A piecewise-linear in-
terpolant is reconstructed from the calculated cell-averages at time t",

n —n X X—= Xi y - yj
w(t", x,y) ZZ(WL] +Wivj( o j+Wiy,,- [A—yDZ” (x,y). (45)
Here w/ ; and vviyj are discrete slopes in the x- and y-directions, respectively, which are reconstructed from

the given cell averagés. To guarantee second-order accuracy, these slopes should approximate the corresponding
derivatives,

)

W~ Ax%w(t”,xi,yj)+O(Ax2),vvin ~ Ay%w(t”,xi Y )+O(Ay2). (46)

A possible computation of these slopes, which results in an overall non-oscillatory schemes is given by family
of discrete derivatives parameterized with 1< <2, for example

y
y1+1 I H
(:le i (:iiti/,af”’/’/’(:H%J %
NW; NE
Y, Vo]
i+ v
’ SW1i SE
L]
C, 1 G
H
Yi
t t t X
X X X

i+

Figure 2. Floor plane of the staggered grid.

()
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=MM {9( i+1,j V_Vlrjj)'g(v_vinﬂ,j _Win—l,j)'g(v_virjj _V_Vinl,j)}’

= {0( 0, ) (0, -, ) 0, )

Here MM denotes the min-mod nonlinear limiter given by Equation (28). This guarantees that the correspon-
ding piecewise-linear reconstruction in Equation (45), w(t“,x, y), is co-monotone with the underlying piece-
wise-constant approximation, W' i (x y) Similar to one-dimensional case, the construction of the central
scheme proceeds with a second step of an exact evolution. The integration of Equation (36) over volume
[ii+2]x[j, j+1]x[t",t™] yields [31]

W, = IC_HW(t“,x,y)dxdy—/l{I =[ L (wt, .+1,Y))—f(W(t'Xi,y))Jdth}

(47)

|+ ]+

o (48)
tn+1 X
_”{_Ln _IXi 1[g(w(t, X, yjﬂ))—g(w(t,x, yj))}dxdt}.
We begin by evaluating the cell average —j (t”,x, y)dxdy. It has contribution from the four inter-
1+f
secting cells, C;;, Ci,;;, Ciyj, and Gy Startlng with the intersecting cell C,; at the corner (see Fig-

ure2), C¥ ,=C 1 ﬂCi,j , we find an average of the reconstructed polynomial in (45),

. 1
|+E,J+E HE'HE
X 1 Y1
Jeoy Wt xy)dudy=—f -] Jf{w'n' i (U5 (y ; DdXdy
i o UM ax Ay (49)
1 ., 1,
=Zwi’j+E(wi'j+wiyyj).
Continuing in a counter clockwise direction, we have
_'[CSE (t X, y)dxdy_ Wy +%(—wix+lyj +wiy+1vj). (50)
i+E,j+E
_J.CNEl 1W(tn,X,y)dXdy_% i+1, j+1 %(\A/i)il,j+l+\/\li{’1,j+l)' (51)
i+, 4>
_Ic_NW 1 (tn X, y)dxdy— .,+1+%(V"ix,j+1‘VViy,j+1)- (52)

By adding the last four integrals, we find that the exact staggered averages of the reconstructed solution at
t=t".

=

N _ —
" _—IC (t X, y)dxdy (W +W|+1] + W, J+1+WI+1J+1)
ot i+1,,-+1

2

(83)
+%{(Wix.j =0 )+ (= W) (0 =W )+ (0 ”1)}

So far everything is exact. We now turn to approximating the four fluxes on the right of Equation (48), start-
ing with the one along the east face (consult Figure 3), i.e.

tn+1

_.[t“ _IyEJ R t, .+1,Y))dydt

We use midpoint quadrature rule for second-order approximation of the temporal integral,
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W, ()

o
2

STl y) v

—I J' w(t,x, y, dxdt

Figure 3. The central, staggered stencil.

1
_.[yer i f[w(t 21Xi+1,dey,
2

and, for the reasons to be clarified below, we use the second-order rectangular quadrature rule for the spatial in-
tegration across the y-axis, yielding

_J.I:Jrl__[yd. h f(W( ! |+1’ ))dydtNE{ [Wlnﬂj]—i_ f[ :;yd}j (54)

In similar manner, we approximate the remaining fluxes,

tn+1

| thJ+l XtN_gV\II1+1 +9
[1"L., oty ot o[ o

i+
2

VY

WI +121 +1 ] ' (55)

tn+1

_L”

‘I::A‘Jye“f( w(t,x;,y) dydt~—(f(w 2 +f[ Jl] : (56)

W 2 +g[ I+lj] : (57)

IXE.l ( (txy;) dxdt~_[

i+
2

The fluxes in Equations (54)-(57) use the midpoint values, vvi,j2 =w(t 2 x %Y ] and we take advantage of
utilizing these mid-values for the spatial integration by the rectangular rule. Namely, since these mid-values are

secured at the smooth center of their cells, C, ;, bounded away from the jump discontinuities along the edges,
we may use Taylor expansion,

(ta&yJ 0+ (1, +0(ar)

Finally, we use the differential form of conservation laws in Equation (36) to express the time derivative, w,,
in term of the spatial derivatives, f(w) and g(w) ,
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0 2 A gy y 2
—Eg(wi'j)JrO(At) =W, - f (w,.)—%g (w;)+O(At?).  (58)
Here,

fx(wi,j)~Ax§f(W(t”,xi,yj))+O(Ax2), gy(vviyj)~Ay%g(w(t“,xi,yj))+O(Ay2),

are one-dimensional discrete slopes of the fluxes in the x- and y-directions, of the type reconstructed in Equation
(46). We find these slopes in the same way as done for the conservative filed variables using min-mod procedure.
Inserting these values, together with the staggered averages computed in Equation (53), into Equation (48), we

n+l

get new staggered averages at t=t"",
. 1, _ _ 1 ) nel nel
Wi+%j+% :Z(Wir,]j +\Nin+l,j +Wirjj+1+Win+1,j+1)+E(Wi%j _Wix+1,j)_5£f [Wm,zjj_ f (\Ni,szj

+l<w_x_ LW 1)_i f W_ml%_ |- f W.n%l +i(W.y. —w 1) (59)
16 I, ]+ 1+1, J+ 2 1+1, ]+ 1]+ 16 (] I, ]+

1 1 1 1
n+>= n+> 1 n+> n+>
_%(g (Wi,jflJ_ g (Wiq 2 jJ-FE(Wi);“ _Wi):r1,j+1)_%(g [WHLZMJ_ g [\Nh—l,zj J]

In summary, we end up with a simple two-step predictor-corrector scheme in Equations (58) and (59). Start-

ing with the cell averages, W', , we use the first-order predictor in Equation (58) for the evolution of the mid-

ijo
1
. _ N+
point values, W, ;?,
new cell averages, v‘v{f}l. This results in a second-order accurate non-oscillatory central schemes. As in the one-
dimensional case, no exact (approximate) Riemann solvers are involved. The non-oscillatory behavior of the
scheme things on the reconstructed discrete slopes, w*, w”, f*(w) and g”(w).

which is followed by the second-order corrector in Equation (59) for computation of the

5. Numerical Test Cases

Here we present one- and two-dimensional numerical problems in order to validate the application of central
schemes for the solution of multi-component flow problems.
Problem 1: Propagation of relativistic blast waves:

W, =(p, U, P, 7,Cy ) =(10.0,0.0,13.33,1.4,1.0) if x<0.5,
W, = (.U, P, 7,,C, ) =(1.0,0.0,0.66x10°,1.67,1.0) if x> 05,

where the computational domain 0< x <1 is subdivided into 400 mesh points. This test problem has been con-
sidered by several authors in one-component case, for example, Hawley, Smarr and Wilson [35], Schneider et al.
[16], and Marti and Mdiller [7] [12], etc. It involves the formation of an intermediate state bounded by a shock
wave propagating to the right and transonic rarefaction wave propagating to the left. The fluid in the interme-
diate state moves at a mildly relativistic speed (v =0.7098c) to the right. Flow particles accumulate in a dense
shell behind the shock wave compressing the fluid by a factor of 5 and heating it up to values of internal energy
much larger than the rest-mass energy. Hence the fluid is extremely relativistic in thermo-dynamical point of
view, but mildly relativistic dynamically. The results are shown in Figure 4.
Problem 2: The initial data are:

W, =(p,U., Py 74,Cy ) =(1.0,0.0,1000.0,1.4,1.0) if x <05,
W, =(p,.Ug. P, 7:,Cy ) =(1.0,0.0,0.01,1.67,1.0) if x>0.5,

where the computational domain is 0<x <1 with 400 mesh points. This problem was first considered in sin-
gle-component case by Norman and Winkle [36]. The flow pattern is similar to that of problem 1, but more ex-
treme as shown Figure 5. In case of 4000 mesh points the relativistic effects reduces the post-shock state to a
thin dense shell with a width of only about 2% of the grid length at t = 0.35. The fluid in the shell moves with
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Figure 4. Comparison of problem 1 results at 400 mesh points (Dashed line) versus 4000 points (solid line) at t = 0.4.
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Figure 5. Comparison of problem 2 results at 400 mesh points (Dashed line) versus 4000 points (solid line) at t = 0.35.
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Vg =0.957 (i.e., T, =3.35), while jump in density in the shell reaches a value of 8.17.

Problem 3: A similar problem in non-relativistic case was solved by Quirk and Karni [26]. It consists of a
Ms =1.14 shock tube filled with air, where shock wave moves to the left. In the pre-shock wave stage, a bubble
of Helium is set. The initial data are as follow

W =(p=1.0,u=0.0,p=20,y =1.4,C, =0.72), pre-shoc air
W =(p =1.2977,u = -0.155947, p = 2.88387, =1.4,C, = 0.72), post-shoc air
W =(p=0.138,u=0.0,p =10,y =1.67,C, = 2.42), helium.

Here, the computational domain is 0< x <1. We compute the approximate solution of this problem with a
grid of 400 mesh points at time t=0.65. The reference solution is obtained at 3000 mesh points. The results
are shown in Figure 6.

Problem 4: Cylindrical Explosion Problem:

Consider a square domain [0,1]><[0,1]. The initial data are constant in two regions separated by a circle of
radius 0.2 centered at (0.5,0.5). Inside the circle is helium with density 10.0 and pressure 13.33, while outside
is air of density 1.0 and pressure equal to 0.066x10°°. The velocities are zero everywhere. The specific heat
ratios for helium and air are 1.67 and 1.4, while specific heats at constant volume are equal to 1 for both air and
helium. The solution consists of a circular shock wave propagating outwards from the origin, followed by a cir-
cular contact discontinuity propagating in the same direction, and a circular rarefaction wave travelling towards
the origin. The results are shown in Figure 7 for 400 mesh pointsat t=0.15.

Problem5: A Ms=1.16 shock wave in air hits a Helium cylindrical bubble:

In this example, we introduce a single planar shock, moving in the air, with a cylindrical bubble of Helium. A
schematic description of computational set-up is shown in Figure 8, where reflection boundary conditions are
used on the upper and lower boundaries, while out flow boundary conditions on are used on the left and right
boundaries. The bubble is assumed to be in both thermal and mechanical equilibrium with the surrounding air.
The non-dimentionalized initial data are

1.4 — 3
U
1.2 ! 281
) 26}
1 2.4}
= [
ey = L
Zos 52_2
2 g2
0.6 1.8}
0.4 [ L6r
. 1.4}
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b
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801 ~§
[}
> o L5t
-0.2b =
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0.3 s !
’ 1.4 y J
-0.4 135
0 01 02 0304 0506 07 08 09 1 70 0.1 02 03 04 05 06 07 08 09 1
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Figure 6. Problem 3 results using 4000 points att = 0.7.
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Figure 8. Sketch ok computational domain in problem 5.

W =(p=1.0,u=0.0,p=1.0,y =1.4,C, =0.72), pre-shoc air
W =(p =1.36931,u =-0.178598, p =1.55603, y =1.4,C, = 0.72), post-shoc air
W =(p=0.1358,u=0.0, p=1.0,y =1.67,C, = 2.42), helium.

Although the density in the bubble region is low, it is still stable. The results are shown in Figure 9.

Problem 6: Explosion in a box:

Here, we consider a helium gas with high pressure in a small box of sides length 0.2 at the center of a large
box of unit length containing air. The outer box has reflecting walls. Initially the velocities are zero. The pres-
sure of helium gas is equal 1000 and density equal to 1, while air has pressure 10 and density 1. The specific
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Figure 9. Problem 5 (shock and helium bubble interaction) results at the different times.
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heat ratios for helium and air are 1.67 and 1.4, while specific heats at constant volume are equal to 2.42 and 0.72,
respectively. The results are shown in Figure 10.

6. Conclusion

A high-resolution staggered central scheme was applied to solve the relativistic multicomponent flow equations.
The equilibrium states for each component are coupled in space and time to have a common temperature and
velocity. Several case studies of the one- and two-dimensional flows were considered to validate the schemes. It
was found that the suggested schemes have capability to resolve strong shocks without spurious oscillations.
The schemes also guarantee the exact mass conservation for each component and the exact conservation of total
momentum and energy in the whole particle system. The central schemes were found to be robust, reliable,
compact and easy to implement for such complicated model equations.
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