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Abstract 
The planar oxygen isotope effect on Tc observed in copper oxide superconductors is remarkable in 
that it increases from near nil at optimal doping to a value twice that derived from BCS theory in 
the underdoped region. This behavior is quantitatively followed by a formula proposed by Kresin 
and Wolf in 1994 for polarons along the c-axis. Herein it is revisited in a more transparent way, 
and it is pointed out that the heterogeneity of pairing is relevant and has to be taken into account 
to explain the unusual planar isotope effects on Tc in underdoped cuprates. 
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In crystals, phase transitions from one state to another can occur. If the naturally present isotopes of certain at-
oms or ions are replaced by chemically identical isotopes with a different mass M the transition temperature Tc 
can change. This is called the isotope effect, and it is described by Tc ∝ M−α, where α is the isotope exponent, 
which for classical metal or metal alloy superconductors are mostly 1/2. It supports the value derived in BCS 
theory. This square-root law results from the phonon energy, which yields the coupling between the electrons 
forming the Cooper pair [1]. 

The first experiments in copper oxides were carried out in Battlogg’s group at Bell Laboratories by substitut-
ing the naturally present 16O by the 18O isotope. At optimum doping, a vanishing effect was found [2]. This 
marks the starting efforts of electronic theories, such as RVB, the t − J model and others, pursued by the main 
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community interested in the superconductivity of cuprates [3]. Thereby it was ignored that in Canada nearly si-
multaneously an oxygen isotope effect was reported by the group of Frank in underdoped LSCO [4]. Thus, the 
possibility exists that in this new type of superconductors with small carrier concentration α may actually de-
pend on the carrier concentration n: α (n). 

Several groups, especially that of Keller at the University of Zürich, have investigated this possibility and 
found ample evidence of it. Upon reducing n, α (n) increased to a large value of α (nSI) ≅ 1, i.e., twice the BCS 
value at the superconducting-to-insulator transition at nSI ≅ 0.06 [5]. From optimum doping with α ≅ 0 toward a 
reduced temperature of t = T/Tmax = 0.4, the experiments were quantitatively reproduced by a vibronic theory of 
Bussmann-Holder and Keller (BHK) [6] in which the electronic d-type ground-state band is coupled by a linear 
vibronic term to the next excited s-oxygen band. The agreement occurred for lattice distortions around the Cu2+ 
ions of the t2g conformation. These are the distortions that for Cu2+ are Jahn-Teller active, thus in a way confirm- 
ing the original concept of Müller that JT polarons are relevant for finding high-temperature superconductivity 
[7]. 

The deviation of the data from the above-discussed theory for smaller values of T/Tmax = 0.4 was attributed to 
the more heterogeneous distribution of charge carriers resulting from the lower dopings [8], because the BHK 
theory is a mean-field theory that represents homogenous distributions of polarons better. 

Recently Weyeneth and Müller [9] demonstrated that the planar isotope effect as a function of hole doping in 
various cuprate superconductors can be described very well by the formula 
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As can be seen from Figure 1, this formula provides an excellent description of the isotope effect from op-
timal doping down to the quite underdoped region with near-vanishing superconductivity. 

Originally the formula in Equation (1) was obtained by Kresin and Wolf for the case of polarons, i.e., for local 
vibronic lattice deformations along the crystallographic c-axis [10]. However, the site-selective oxygen substitu-
tion 16O → 18O experiments showed that the observed oxygen isotope effect is predominantly due to oxygen 
atom vibrations in the CuO2 planes [11]. The success of this formula for describing planar isotope effects means 
that Equation (1) is generally valid also for polarons in the CuO2 planes, and not only for polarons along the c- 
axis, for which it was originally obtained. 

To understand the reason why Equation (1) can be valid also for planar polarons, let us first reproduce it here 
using the arguments of Kresin and Wolf. This is also useful as the derivation of this formula was described only 
 

 
Figure 1. The oxygen isotope exponent α as a function of 
Tc/Tc,max for various high-Tc cuprate superconductors. The so- 
lid line represents the fit using Equation (1). From [9]. 
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briefly in the original publication [10]. 
Kresin and Wolf proposed that the dynamic of apical oxygen along the c-axis is described by a double-well 

potential. As a result, the charge transfer between the charge reservoir and the CuO2 planes occurring through 
apical oxygen depends on the tunneling of this oxygen to another minimum of the double-well potential. The 
tunneling is affected by the oxygen isotope mass M. In the case of a large asymmetry between the two different 
potential electronic terms (double-well structure), Kresin and Wolf found that the in-plane concentration of the 
charge carriers is proportional to the probability of charge transfer from the charge reservoir to the CuO2 plane 
[10]: 

2 22
12 12n F M Fε∝ ∝ ,                                 (2) 

where ε is the splitting between the vibrational levels of the two terms ( )2 1 Mε ∝ , and F12 is the Franck- 
Condon factor (see [10] [12]): 
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Here v is a vibrational quantum number, δ is the distance between the minima, and k is the effective elastic 
constant. It is important to note that the strongest dependence of F12 on M yields the exponent. From Equations 
(2) and (3), we obtain 
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The isotope exponent was defined in the following way [10]: 

( ), c
c

c

TM nn T
T n M

α
∂ ∂

= −
∂ ∂

.                                 (5) 

Using Equation (4) yields 
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Finally, for the isotope exponent α(n, M) we obtain 
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This result is consistent with Equation (1). The value of sM−1/2 actually does not depend on the doping. 
According to the model of Kresin and Wolf, the isotope effect described by Equation (1) is unusual as it is not 

related to the change of vibrational frequency, but reflects the impact of the isotope substitution upon the charge 
transfer [10]. To apply this formula to the planar polarons, it is necessary to find a microscopic mechanism of 
how the change of the isotope mass of the in-plane oxygen ions could influence the local charge-carrier concen-
tration in CuO2 planes. We propose that this mechanism may be related to the microscopic electronic phase se-
paration into metallic and dielectric regions in the CuO2 plane, which is especially pronounced in underdoped 
cuprates. The results of an electron paramagnetic resonance (EPR) study of such a phase separation in lightly 
doped La2−xSrxCuO4 showed that the starting point for the creation of metallic regions is the formation of a bipo- 
laron by two three-spin polarons (3SP) [13]. EPR experiments also demonstrated upon cooling bipolarons con-
dense into metallic clusters or stripes. The percolation of these clusters/stripes leads to a superconducting transi-
tion [14]. Therefore we can expect that the concentration of charge carriers in the metallic regions will be related 
to the probability of bipolaron formation. This bears some similarity with the mechanism considered by Kresin 
and Wolf, but this time it concerns polarons in the CuO2 planes. Now, the interaction between polarons to form 
the bipolaron was considered to be a coupling via elastic interaction, which involves acoustic modes [13]. How- 
ever, it is possible that the coupling via optical modes related to in-plane vibrations of oxygen atoms is more 
important. Then the probability of bipolaron formation due to the interaction between the 3SPs will strongly de-
pend on M. These qualitative considerations need to be confirmed by a detailed study, which will be a subject of 
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future work. 
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