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Abstract 
In this paper, a method to calculate the vacuum to vacuum transition amplitude in the presence of 
a non-abelian background field is introduced. The number of non-perturbative quark-antiquark 
produced per unit time, per unit volume and per unit transverse momentum from a given constant 
chromo-electric field is calculated and its application to quark-gluon plasma is presented. 
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1. Introduction 
Lattice QCD predicts a phase transition from Hadrons gaz (HG) to quark-gluon plasma (QGP) at deconfinement 
temperature, T ∼  170 MeV. It is believed that QGP has been produced in relativistic heavy ions collision 
[1]-[4] where in the initial pre-equilibrium stage of QGP about half the total center-of-mass energy, cmE , goes 
into the production of a semi-classical gluon field [5]-[17]. Therefeore, to study the production of a QGP from a 
classical chromo field, it is necessary to know how quarks and gluons are formed from the latter. The production 
rate of quark-antiquark from a given constant chromo-electric field aE  has been derived in Ref. [18] and the 
integrated Tp  distribution has been obtained in [19]-[22] (for a review see [23]). 

In this short technical note, we will extend the results of Ref. [18] to a general constant background field. The 
method presented here may simplify the complexity found in the Non-perturbative QCD calculations. Also, the 
obtained Tp  distribution for quark (antiquark) production can be used in the analysis of the experimental 
results at the RHIC and the LHC colliders. 

The paper is organized as follows: in the next section, we will calculate the one loop effective action needed 
in the evaluation of the Tp  distribution of the quark (antiquark) production. In Section 3 the Tp  distribution 
is presented. Finally, in Section 4, an application to heavy ion collision is given. 

2. The One Loop Effective Action 
As described in the above section, we will evaluate here the one loop effective action in the presence of a 
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constant chromo-field. For this purpose, we start from the QCD Lagrangian density for a quark in a non-abelian 
background field aAµ  which is given by 

ˆ   pψ=  agT A−( ) [ ]   ,
a

m D Aψ ψ ψ − =  
                        (1) 

Then the vacuum to vacuum transition amplitude is given by 
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And the one loop effective action can be written in this form 

ˆ
  i ln 0 0   i Trln

p
S = − = −

 agT A−( )
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                       (3) 

Thus, using the invariance of trace under transposition and the following relation 

( ) ( )i   i i   i

0

dln    e  e ,s b s aa s
b s

∞ + + = − ∫                                (4) 

we obtain the following expression1 

( )2 2 2 2
0

d ˆ ˆ2 iTr expi i expi  i .
2

a a a as gS s p gT A T F m s p m
s

µν
µνσ

∞     = − + − + − − +      
∫          (5) 

The quickest way to calculate the effective action is to work in a basis Ψ  that are the eigenstates of ˆ H  
defined by: 

( )2ˆ ˆ    .
2

a a a agH p gT A T F µν
µνσ= − +                            (6) 

which is a part of the one loop effective action S  of Equation (5). 
As an application to this idea, we first consider the case of a constant electric field in the z  direction 

(direction of the beam in the heavy ion collision). In this case, we choose a gauge such that we can take 
a a
zA E t= . Thus the second part of Equation (6) can be written in this form 

3

0 1
i

1 02
a a a ag T F gE Tµν
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                          (7) 

The Hamiltonian becomes 

( )22 2 2ˆ ˆ ˆ ˆ ˆ           .
2

a a a a
t x y z

gH p p p p gT E t T F µν
µνσ= − − − − +                    (8) 

After a straightforward algebra one can find the following eigenvalues of the Hamiltonian Ĥ  

( ), , , , 2ˆ 2 1   i .x y z i jp p p
n T j i jE p g n gλ λ λΛ = − − + + Λ                       (9) 

where iΛ  are the eigenvalues over the Dirac matrices such that 1 3 1,Λ = Λ =  and 2 4 1Λ = Λ = − . And jλ , 
with 1, 2,3j = , are the eigenvalue for a aT Eλ =  over the group space and are given by [18]. 

( ) ( )1 1 1
1 2 3 cos ,  cos 2π 3 ,  cos 2π 3 ,

3 3 3
C C Cλ θ λ θ λ θ= = − = +             (10) 

 

 

1see Ref. [18] and reference therein. 
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with θ  given by 

( ) 32
2 10 3 3 1.cos C Cθ≤ = ≤                            (11) 

where 
2

1 2, .a a a b c
abcC E E C d E E E = =                            (12) 

Using the obtained eigenvalues of the Hamiltonian Ĥ , the effective action becomes 

( )
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Performing the i and n summations we found 
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which is the same results as Ref. [18]. Clearly, the one loop magnetic effective action can be found upon the 
following substitution ia aE B→− . Therefore 
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         (15) 

3. Pair Production in Non-Perturbative QCD 
Now, in the same manner as in Ref. [18] we may derive the non-perturbative quarks (antiquarks) production per 
unit time, per unit volume and per unit transverse momentum from a given constant chromo-electric field aE . 
Thus as done in Ref. [18] we can find that 

( )2 23
,

3 2 3
1

πd 1 ln 1 exp ,
d d d 4π

Tq q
j

jT j

p mN
g

t x p g
λ

λ=

  +  = − − − 
    

∑              (16) 

where m  is the effective mass of the quark and the eigenvalues jλ  are given above. 

4. Application to Heavy Ion Collisions 
Let's consider the situation of two relativistic heavy nuclei colliding and leaving behind a semi-classical gluon 
field which then non-perturbatively produces gluon and quark-antiquark pairs via the Schwinger mechanism 
[19]. As estimated in Ref. [24] for Au-Au collision at RHIC collider with 10R ≈  fm and center-of-mass energy 

200≈  GeV per nucleon, the initial energy density is 100ρ ≈  GeV4 and 1 100C ∼  GeV4. For our analysis we 
take 0θ =  which can be justified by the sensitivity check that has been made in Ref. [24] where it has been 
found that the production rate is not very sensitive to 2C . 

In Figure 1 we plot the rate of quark production as a function of the transverse momentum for two values of 
0.3sα =  (used in [25]) and 0.4sα =  with initial energy density 100ρ ≈  GeV4. Clearly seen from this figure 

that the production rate decrease with Tp  and becomes negligible at 3Tp ∼  GeV. The obtained Tp  distri- 
bution for quark (antiquark) production can be used to fix the initial conditions for the QGP in heavy ion 
collision at the RHIC and the LHC colliders. 

5. Conclusion 
In this note we have proposed a method for calculating the vacuum to vacuum transition amplitude in the 
presence of the non-abelian background field. The method can be applied to a general background field and it 
can be updated to study the non-perturbative soft gluon production [26]. Also, we have evaluated the rate for  
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Figure 1. (Color online) Transverse production rate for quarks for 4

1 100 GeVC =  for 
0.3, 0.4sα = , as a function of Tp . For simplicity we denote here the quark production 

rate given in Equation (16) by qR . We take 0θ = , 1 3qm m= ≈  GeV. 

 
quark (antiquark) production in a constant chromo-electric field aE . These results are used to determine the 
quark (antiquark) production rate in heavy ion collision. 
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