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Abstract

We introduce a general iterative method for a finite family of generalized asymptotically quasi-
nonexpansive mappings in a hyperbolic space and study its strong convergence. The new iterative
method includes multi-step iterative method of Khan et al. [1] as a special case. Our results are
new in hyperbolic spaces and generalize many known results in Banach spaces and CAT(0) spaces,
simultaneously.

Keywords

Hyperbolic Space, General Iterative Method, Generalized Asymptotically Quasi-Nonexpansive
Mapping, Common Fixed Point, Strong Convergence

1. Introduction

Let C be a nonempty subset of a metric space X and T:C — C be a mapping. Throughout this paper, we
assume that F(T), the set of fixed points of T is nonempty and | ={1,2,3,...,r}. The mapping T is: 1)
asymptotically nonexpansive if there exists a sequence of real numbers {un} in [0,oo) with limu, =0such

that d (T”X,T”y)£(1+ u,)d(x,y) forall x,yeC and n>1 2) asymptotically quasi-nonexpansive if there
exists a sequence of real numbers {u } in [0,00) with limu =0 such that d(T”x, p)£(1+un)d(x, p)

for all xeC,peF(T) and n>1 3) generalized asymptotically quasi-nonexpansive if there exist two se-
quences of real numbers {u,} and {c,} in [0,00) with limu, =0=limc, such that

d(T”x, p)sd(x, p)+u,d(x, p)+c, for all xeC,peF(T) and n>1 (iv) uniformly L -Lipschitzian if
there exists a constant L >0 such that d(T"x,T”x)s Ld(x,y) for all x,yeC and n>1 (v) (L-y)-
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uniformly Lipschitzian if there are constants L >0,y >0 suchthat d(T"x,T"x)<Ld(x,y)” forall x,yeC
and n>1 and (vi) semi-compact if for any sequence {x,} in C with limd(x, Tx,)=0, there exists a
subsequence {xni} of {x,} suchthat x —ceC. o

Let (X,d) be a metric space. Suppose that there exists a family F of metric segments such that any two
points x,y in X are endpoints of a unique metric segment [x,y]e F[x,y] isan isometric image of the real
line interval [O,d(x, y)]). We shall denote by ax® (1-«a)y the unique point zof [x, y] which satisfies

d(x,2) =(1-a)d(x, y)andd(z,y) = ad(x, y)fora € J =[0,1].
Such metric spaces are usually called convex metric spaces [2] [3]. One can easily deduce that Ox®1ly =y,

Ix@0y=x and ax@®(@-a)x=x from the definition of a convex metric space [2].
A convex metric space X is hyperbolic if

diex@(l-a)y,az@l-a)w) <ad(X,z)+@-a)d(y,w)
forall x,y,z,we X and aeJ.For z=w, the hyperbolic inequality reduces to convex structure [3].
d(ax®(1-a)y,z)<ad(xz)+(1-a)d(y.2). (1.1)

A nonempty subset C of a convex metric space X is convex if ax®(l-a)yeC forall x,yeC and
ael.

Normed spaces and their subsets are linear hyperbolic spaces while CAT(0) spaces [4]-[6] qualify for the
criteria of nonlinear hyperbolic spaces [2] [7].

A convex metric space X is uniformly convex [7] if

5(r.e)=inf {1—%d (a,%x@%y):d(a,x)s r.d(ay)<r,d(xy)= rg} >0,

forany ae X,r>0 and ¢>0.

From now onwards we assume that X is a uniformly convex hyperbolic space with the property that for
every s>0,& >0, there exists 7(s,&)>0 depending on s and e such that o(r,&)>n(s,&) >0 for any
r>s.

We now translate the iterative method (1.3) [1] from normed space setting to the more general setup of hy-
perbolic space as follows:

=U_x,n>1 (1.2)

X €C,X, 4 mXns
where
Uy, = I (the identity mapping)
Uy X =2, T,"Ug, x®(1-a, ) X

U, X =2,,T, U, x®(1-a,, )X

U mX = arnTrnU(r—l)n X® (1_ an ) X

and {T,:iel} is a family of generalized asymptotically quasi-nonexpansive self-mappings of C, i.e.,
d(T"x, p,) <(1+u,)d(x, p)+c, for all xeC and p eF(T,),iel{u,} and {c,}are sequences in
[0,0) with »" u, <o and )" ¢, <o foreach i.

The purpose of this paper is to:

1) establish convergence of iterative method (1.2) to a common fixed point of a finite family of generalized
asymptotically quasi-nonexpansive mappings on a hyperbolic space(uniformly convex hyperbolic space).

Our work is a significant generalization of the corresponding results in Banach spaces and CAT (0) spaces.

In the sequel, we assume that F ={)._ F(T,) = Q.

2. Convergence Theorems in Hyperbolic Space

Lemma 2.1. Let C be a nonempty, closed and convex subset of a hyperbolic space X . Then, for the sequence
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{x,} in(1.2), there are sequences {v,} and {&} in [0,»0) satisfying D" v, <0, )" & <oo suchthat
1) d(Xp1, P)<(1+v,)d(x,,p)+¢&,, forall peF andall n>1
2) d (X P)SM(d(X,, )+ &), forall peF and n>1m=>1M, >0.

Proof. (a) Let peF and v, =maxu, for all n>1. Since Z:Zlum<0°f0r each i, therefore

iel
Zn an <00,

Now we have
d(Uln n ):d(aﬂ.nT UOan@(l_ain)Xmp)S(l_ain)d( )+a'1n (1 n’p)
s(l—ain)d(xn,p)+a1n[(1+uln)d(xn,p)+clnls(l+u1n)d(xn,p)+c1n$(1+vn)ld(xn,p)+cln.

Assume thatd (U, X,, p) < (L+V,) d (X, p)+(1+v, )" Zik:lcin holds for some k >1.
Consider

@ (Uyegeor ) = 0 (Tl Xy © (L= ) %00 ) < (1800 ) (5 2) + 8 (0%, )
( )d(xn, P)+ 340 (1+u k+1)n)d(Ukn 2 P)+ 80 Ccayn

g(l—ak+l)n)d(xn,p)+ Gl +a(k+l)n(1+u(k+l)n)d( wXes P)
(-8
(-3

j=1 7in

d (Xn’ p) + a(k+1)n (1+ Vi )k_l Z:(:llciﬂ

d (Xﬂ’ p)+ak+1 (k+1)n +a(k+1)n (1+Vn)|:(1+Vn) d (Xn’ p)+(l+Vn )k71 Zk G :|
< 1_a(k+l)n (1+v, )M d (Xys P)+ 8y (14 V0 ) Sy + By (L4, )m
<(L+v, )Md (X, P)+(1+V, )k Z:‘:llcm

By mathematical induction, we have

d( in n,p) (1+vn)jd(xn,p)+(1+vn)j_lz G l<js<r (2.1)
Now, by (1.2) and (2.1), we obtain

d (X1 P) = (8,70 4 X D(1-a,)x )

8,0 TV, 0%, p) (1-a,)d(x,, p)

| (L+u %0 P)+ Gy |+ (L=, )d (%, )
<am(1+um){(l+vn)r1d(xn,p)+(1+vn)rerc }+amcm+(1 a,)d(%,.p)

I/\

I/\

i=1

<a, (1+v,) d (X, p)+ay, (1+v,)" ZCmcm+(1 a,)d(x, p)

< [1— A+, (1+V, )rJd (%, P)+a, (1+v,) " 3 c,

{l_am +amzr:[l+(r(r—l)...(r—k+1))VEHd(Xn, o)ra, (14v,) fcin

k! i-1

r

<(14V,) d (%, )+ (1+v,) 7 D6, < (14V,) d (X, P)+E,

i=1

Where M =supM =sup(1+v,)" ", & =M >roc, and Y& <.
(b) We know that 1+t <expt for t>0. Thus, by part (a), we have

()
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d (Xn+m' p) < (]‘_{_Vner—l)r d (X”““*l' p)+ n+m-1
< eXp(rVer,l ) d (Xner—ll p) + §n+m—l

< eXp(erm—l FIVoime2 ) d (Xn+m72’ p) + §n+mfl + é’”m*Z

= exp(rz:nmilvi )d (Xn' p) + Zin:nn;lvi Zin:nmilgi
<exp(r Y v )(d (6. )+ X6 ) =My (d (%, p)+ 74 ).
where M, = exp(rZ:ilvi )
Theorem 2.2. Let C be a nonempty, closed and convex subset of a complete hyperbolic space X . Then
the sequence {xn} in (1.2) converges strongly to a point in F if and only if liminf,_ d(x,,F)=0, where
d(x,F)=inf . d(x,p).

Proof. We only prove the sufficiency. By Lemma 2.1 (a), we have
d (X0, P)<(1+V,) d(x,, p)+& forallpe F andn>1. Therefore,

d (X1, F)s(1+ZL21((r(r—1)...(r—k+1))/k!)vrf)d (%, F)+&,

As Y v <o, s0 Z::lzizl((r(r—1)...(r—k+1))/k !)v[‘j <. Now Y” & <oo inLemma 2.1 (a), so
by Lemma 1.1 [1]and liminf __d(x,,F)=0,we getthat lim _,_ d(x, F)=0.Let &>0. From the proof of
Lemma 2.1 (b), we have

d (Xpoms %) S A (X, F)+d (X, F) < (1+My)d (%, F)+M, D" & (2.2)
Since lim,_,_ d(x,,F)=0 and zzné <o, therefore there exists a natural number n, such that

d(x,,F)<e/2(1+M,) and D" & <g/2M, forall n>n,.
So for all integers n>n,,m>=1, we obtain from (2.2) that

d (X %,) < (L4 Ml)[%(1+ Ml)} Ml(%Mlj _ e,

Thus, {xn} is a Cauchy sequence in X and so converges to qe X . Finally, we show that qeF . For

any >0, there exists natural number n, such that d(xn,F)zinfpeFd(xn,p)<% and d(xn,q)<%

forall n>n,.

There must exist p e F such that d(xn, p*)<% for all n>n,, in particular, d(xm,p*)<«?2 and

d(xnl,q)<%.

Hence d(p*,q)s d(xnl, p*)+d (x,0)<& . Since z is arbitrary, therefore d(p*,q) =0. That is,
q=p eF.

Theorem 2.3. Let C be a nonempty, closed and convex subset of a complete convex metric space X, If
lim,_,, d(x,Tix,)=0 forthe sequence {x,} in(1.2), i<l and one of the mappings is semi-compact, then
{x,} convergesstronglyto peF.

Proof. Let T, be semi-compact for some 1<I<r. Then there exists a subsequence {x,} of {x,} such
that x, > peC. Hence

d(p,T,p)=limd(x,T,x)=0.

Nj o0

Thus peF and so by Theorem 2.2, {xn} converges strongly to a common fixed point of the family of

mappings.
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3. Results in a Uniformly Convex Hyperbolic Space
Lemma 3.1.Let C be a nonempty, closed and convex subset of a uniformly convex hyperbolic space X . Then,
for the sequence {x,} in(1.2) with a, €[5,1-5] forsome &€ (Oéj , we have

(a)lim,_,, d(x,, p) existsforall peF

(b) lim,,,d(x, T;x,)=0, foreach jel.

Proof. (a) Let peF and v, =max,,u,, forall n>1.By Lemma 1.1 [1] and Lemma 2.1 (a), it follows

iel Min?

that lim,_,, d(x,, p) exists. Assume that

lim,_,,. d(x, p)=c. (3.2)
(b) The inequality (2.1) together with (3.1) gives that
limsup, ., d(U;,x,,p)<cl<j<r, (3.2)

Note that
d (%1, P) =d (U, p) = d (8, TV, X, ®(1-a,)%,, p)
<a,|(1+v,)d ( n,p)+c J+(-a,)d (x,.p)
(1+vn)d( T X ®L=8 Xy, B)+ 3G + (18, )d (%, D)
2 (1+y, )[ Tr Yo n,p>+(1—a\(r_l)n)d(xn,p)]+amcm+(1 a,)d(x,,p)
< 8pd, ), (1+v, ) d(U (r-2)n n,p) (1—ama(r_l)n)(1+vn)2d(xn,p)

+88 ¢ g0 (1+v, )2 Cr_n T 8 (1+ vn) c

m

< TTan (v, ) " d (U %, p)+ (1_ ﬁain](l+vn)rjd(xn,p)

i=j+1 i=j+1

r » r » i
+Tan (V) ¢+ [Tan (@v,) Top +oota, (L4v,) ey

i=j+1 i=j+2

and therefore, we have

me n+’ C'” cl'ﬂ
d Xﬂ’p ( / j ( 1 Aj(l'i‘Vn) JJ d(UJ” "’p)+cl+l) ( Jéjdl_“.-'_ Aphl

Hence

c<liminf_, d(U;x,p), 1<j<r. (3.3)

Using (3.2) and (3.3), we have lim ( inXn s p)
Thatis, lim, d(a T/U |y % ®(1- ajn)xn,p):c for 1<j<r.

inT i (j-)n’n

This together with (3.1), (3.2) and Lemma 2.5 [8] gives that

lim, d(T”U(J o ) 0 for 1<j<r. (3.4)
If j=1, we have by (3.4), lim d(T1 xn,xn) 0.
Incase je{2,3,4,-,r},we observe that
4 (%000 0] = € (008 00T e @ (185 0 )% ) €80 (TRU o ) 50 (35)
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Since T, is (L—y)— uniformly Lipschitzian, therefore the inequality

d (Tj“ Xq s X, ) <d (Tj“xn ’TjnU(jfl)an )+ d (TjnU(jfl)an VX, ) <Ld (xn,U(H)nxn ), +d (TjnU(jfl)an , xn),
together with (3.4) and (3.5) gives that lim, _,, d(T'x,,x, ) =0.
Hence,

d(Tj”x X )—>0asn—>oofor 1<j<r. (3.6)

n’*n

Note that d(X,,X,,,)=d (xn Ty @ (1-2, )X, ) <a,d (xn T X ) —0.
Let us observe that:

d (xn T%, ) <d (X, X, )+d (xn+1,Tj”*lxn+1)+ d (Tj”*lxn+l,Tj“*1xn)+ d (Tj”*lxn T xn)

n? n+l
sd(xn,xn+1)+d(x

Soby (L—y)— uniformly Lipschitzian property of T;, (3.5) and (3.6), we get
lim,, d(x,,T;x,)=01<j<r.

Theorem 3.2. Under the hypotheses of Lemma 3.1, assume that, for some 1< j<r, T is semi-compact
for some positive integer m. Then {xn} in (1.2), converges strongly to a pointin F .

Proof. Fix jel andsuppose T;" issemi-compact for some m>1. By Lemma 3.1 (b), we obtain

d (Tj"‘xn X, ) <d (Tj'“xn ,ij’lxn)+ d (Tj’“’lxn T2, )+~--+ d (szxn T xn)+ d(Tix,x, )

Tj”*lxn+1)+ Ld (X,,1,%,) +Ld (Tj” X, X, )y :

n+11

ﬁd(T.x X )+(m—1)Ld(ijn,xn)7 —0.

j%n M
Since {x,} is bounded andT;" is semi-compact, {x,} has a convergent subsequence {xni} such that

X, = €C . Hence, by Lemma 3.1 (b), we have d(q,Tq)=lim_, d(xnj X, ):O,i el.

Thus ge F and so by Theorem 2.2, {xn} converges strongly to a common fixed point q of the family
{Ti e I} .
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