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Abstract 
The horizontal axis wind turbine (HAWT) blades rotation in the steady wind flow is considered. 
We discuss the problem of determining the blade twist which could guarantee the maximum value 
of the power coefficient. We define the blade twist as the technological turn of sections of blade 
around its axis. This turn changes the effective pitch angle of turbine blade along its length. For 
description of aerodynamic load upon the blades we used the quasi-steady approach. Air veloci-
ties of centers of pressure of blade sections are represented when taking into account components 
induced by flow and vortex. We reduced the functional maximization problem to find the maxi-
mum of non-dimensional function. This function is given by Riemann integral depending on sec-
tion pitch angle and tip speed ratio. We suggested the algorithm for solving the problem under 
consideration for a given blade shape. 
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1. Introduction 
The problem of designing the new shape for wind turbine blade is very complicated. Along with taking into ac-
count vibration and strength properties of blade, one must allow for necessity to utilize the maximum energy of 
wind. Wide spreading of different types of wind turbine enables to construct engineering techniques for blade 
design. For example, in [1,2] authors proposed the engineering method for choosing blades parameters, such as 
the aerodynamic profile, blade width, pitch angle, and etc for several sections along the flow. On the other hand 
the wind turbine aerodynamics is comprehensively studied [3]. Some authors use analytical approaches for 
power efficiency estimating of wind turbine. The method based on using Goldstein functions is proposed in [4] 
for ideal turbine with the finite number of blades. The simple enough algorithm of numerical estimation of the 
upper bound of the power coefficient is suggested.  

In present paper, we propose the analytical-computational approach for calculating the distribution of twist 
blade angle along the blade length, which guarantee the maximum value of power coefficient for given blade 
section profile and give distribution of blade width (Figure 1). We use the mechanical-mathematical model of  
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Figure 1. Blade twist for several sections. 

 
aerodynamic load upon turbine blades developed in [5]. This model is based on quasi-steady approach. In order 
to advance this model we introduce the components that related with induced velocities (see for example, [5]).  

2. Problem Formulation 
We consider the turbine with radius R (where R is a distance between axis of rotation and blade tip) that has n 
blades (usually n = 3 - 6) and rotates with angular speed Ω  in steady airflow. The wind speed W is directed 
along the turbine axis. The output power P of turbine looks as following: 

30.5 ( )pP C SWλ ρ= ⋅ , 

where λ  is TSR (tip speed ratio) of turbine, ρ  is the air density, 2S Rπ=  is turbine swept area, ( )pC λ  is 
the power coefficient that characterizes the efficiency of wind turbine. 

We assume that the blade section, which is located at distance r (0 < r < R) from axis of rotation, represents 
the given airfoil. The shape of section is the same for all blade sections. We formulate the following problem: to 
determine the specified value λ  and specified dependence ( )rϑ ϑ=  for twist angle of blade along its length, 
which ensure the maximum value of power coefficient. 

We use the flat cross-section hypothesis for needed characteristics obtaining. We allocate the section element 
dr which is located at distance r from axis of rotation (Figure 2). Dependence b = b(r) is given. The air velocity 
of point of intersection of blade axis and blade section is a sum of flow speed W(1 - а) and speed (1 )r a′Ω +  of 
its rotation. Here coefficients ,a a′  to be determined are functions of r.  

In Figure 3, the side view of this element is shown. In this projection, it is convenient to introduce all re-
quired values: pitch angle θ , angle of attack α , velocity V  with respect to the flow, angle φ  between the 
turbine plane and V , and vectors D , L —components of the aerodynamic force (drag and lift, respectively) 
acting upon the selected element. By construction, we have:  

2 2 2 2

, tg (1 ) / (1 )
(1 ) sin , (1 ) cos ,

(1 ) ( ) (1 )

W a r a
W a V r a V

V W a r a

θ φ α φ
φ φ

′= − = − Ω +
′− = Ω + =

′= − + Ω +

                        (2.1) 

Aerodynamic forces are defined by the following conventional formulae: 
20.5 ( )DD C V dSα ρ= , 20.5 ( )LL C V dSα ρ=                      (2.2) 

where ( )dS b r dr=  is the element area, and aerodynamic coefficients ( ), ( )D LC Cα α  are known functions for 
a given airfoil [6]. Note that such approach to describing the aerodynamics was used in [7].  

The aerodynamic torque dM  with respect to the rotation axis produced on this element is given by the ex-
pression 

( cos sin )dM r L Dφ φ= −  

or, taking into account (2.1) and (2.2), 

( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( )( )

2

222

0.5 cos sin

0.5 1 ( ) 1 1 1

L D

L D

dM rb r C C V dr

rb r W a C a C r W a r a W dr

α φ α φ ρ

ρ α α

= −

′ ′= − − + Ω × − + Ω +  
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Figure 2. Blade element. 

 

 
Figure 3. Side view of blade element. 

 
Denote: 

/ /r W r Rω λ= Ω =                                  (2.3) 
Then the torque produced by all blades can be represented as an integral  

( ) ( ) ( ) ( ) ( ) ( ) ( )2 22 2

0

0.5 1 1 1 1
R

L DM n W rb r a C a C a a drρ α α ω ω′ ′= − − + − + +  ∫  

The power P M= Ω  looks as follows:  

( ) ( ) ( ) ( ) ( ) ( ) ( )2 23 1 2

0

0.5 1 1 1 1
R

L DP n W rb r R a C a C a a drρ λ α α ω ω− ′ ′= − − + − + +  ∫       (2.4) 

Substituting r in (2.4) using the expression (2.3), we obtain 
2 30.5 ( )P n R Wρ λ= Φ                                    (2.5) 

Here the non-dimensional function is introduced 

( ) ( ) ( ) ( ) ( ) ( ) ( )2 21 1 2
0

1 1 1 1L DbR a C a C a a d
λ

λ λ ω α α ω ω ω− − ′ ′Φ = − − + − + +  ∫        (2.6) 

Comparing (2.5) with the general formula 2 30.5 pP C R Wρπ=  for the power produced by the wind turbine, 
one can readily see that the following relation holds: 

1( ) ( )pC nλ π λ−= Φ ,                                   (2.7) 

and the initial optimization problem is reduced to the problem of maximum search for the function (2.6). 

3. Solution of the Problem 
Before solving the problem of optimization of this coefficient (values to be varied are ( )rθ  and λ , blade 
chord b is a given function of /r Rω λ= , values ,a a′  are also to be defined as functions of /r Rω λ= ), 
consider the process of calculation of the integrand in (2.6) for fixed , , , ,r bω λ θ . For that, following [3], we 
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introduce the adjustment coefficient 2arccos( ) /fF e π−= , taking into account losses at the blade tip, where 
( ) / 2f n λ ω ω= − , ( ) 12nb Rσ λ π ω −= , ( ) cos ( )sinN L DC C Cα φ α φ= +  is the component of aerodynamic 

force along HAWT the axis, and ( )sin ( ) cosT L DC C Cα φ α φ= −  is the component of aerodynamic force lying 
in the turbine plane. Then induced speeds coefficients can be represented as follows [3]: 

( )

2 1

1

( )(4 sin ( )) ,

( ) 4 sin cos ( )
N N

T T

a C F C

a C F C

σ α ϕ σ α

σ α ϕ ϕ σ α

−

−

= +

′ = −
                        (3.1) 

Angles α  and ϕ  can be expressed as follows (using (2.1) and (2.3)): 

α ϕ θ= − , ( ) ( )( )1 1arctg 1 1a aϕ ω− −′= − +                        (3.2) 

Relations (3.1)-(3.2) make a system of four equations with respect to , , ,a a ϕ α′ . Contrarily to the iterative 
method of solving these equations proposed in [3,5], consider another way for determining the sought values. 
Substituting (3.1) into the second Equation (3.2), we obtain 

( ) ( )24 sin sin cos 0N TF C Cω ϕ ϕ ϕ σ ω− + + =                       (3.3) 

From here, ϕ  is expressed via , ,α ω λ . In particular, for 0 ( )F ω λ≈ ≈  we have:  
[ ]arctg ( ) / ( )L D D LC C C Cϕ λ λ= − − + . After having solved (3.3), parameters ,a a′  are also expressed from 

(3.1) via , ,α ω λ , and then the angle θ  is determined from the first Equation (3.2) as a function of the same 
parameters , ,α ω λ . Thus, the integrand in (2.6) represents an explicit function of , ,α ω λ . Such representa-
tion is more preferable for solving the original problem of maximization of the coefficient pC . 

Now return to the problem of maximization of pC , or of function ( )λΦ . Taking into account that λ  is a 
constant (though unknown), the integral (2.6) can be interpreted as a functional defined on the class of differen-
tiable functions ( )α ω . Then the source problem is deduced to the problem of choice of a function 

0 ( , )α α ω λ=  that delivers maximum to the integral, and of subsequent choice of such a value 0λ  that deliv-
ers maximum value to the function ( )λΦ .  

In order to find 0 ( )α ω , we use the convenient method for solving variational problems, we obtain the fol-
lowing necessary condition of the maximum of the integral (Euler-Lagrange equation): the full derivative of the 
integrand with respect to α  is zero (this equation is not written here due to its complexity). 

In [5], results of numerical solution of Equations (3.1)-(3.2) are given for several NACA airfoils, from which 
one can see that coefficients ,a a′  almost do not change for 1ω > . Hence, we assume (as the first approxima-
tion) that 

const, consta a′= =                                   (3.4) 

Then the mentioned Euler-Lagrange equation looks as follows 
(1 ) (1 ) 0L Da dC d a dC dα ω α′− − + =                          (3.5) 

From (3.5) it is possible to find α  as a function of ω : ( )α α ω= . One of branches of this solution will 
contain the optimal dependence 0 ( , )α α ω λ= , and from (3.3) (or from (3.2)) it is possible to determine the in-
termediate variable ϕ , and then from (3.2) it is possible to derive the expression for the desired blade twist 
containing the undetermined (so far) parameter λ : 

 ( )( )( )0 1 1 0( , ) arctg 1 1 ( , )a aθ ω λ ω α ω λ− −′= − + −                    (3.6) 

Substituting the obtained expression for 0 ( )α ω  into the integrand in (2.6), we obtain the function ( )λΦ  of 
single argument λ , maximum value of which is determined analytically (if possible) or numerically. Thus, the 
desired optimal value 0λ  will be found, after which the optimal blade twist is determined from (3.6) as a func-
tion of 0, ( (0, ])ω ω λ∈ . Note that 0 / , ( (0, ])r R r Rω λ= ∈ .  

In principle, the problem is solved. 
Taking into account dependences ( ), ( )L DC Cα α  (e.g., [6]), one can show that the solution ( )α α ω=  of 

Equation (3.5) exists as a monotonically decaying function. If it delivers maximum to the functional (3.6), then 
upon having determined the optimal value of 0λ  and returning back to the variable r, the optimal blade twist  
can also be decreasing function ( )( )( )( )10 0 0 0( ) arctg 1 1 ( / )r R r a a r Rθ λ α λ−′= − + − .  
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This monotony is qualitatively confirmed by the practice of HAWT design. 

4. Conclusion 
In this paper we studied the problem of maximization of power coefficient for a HAWT by optimization of a 
blade twist and tip speed ratio. We obtained an algorithm for determining of the optimal solution of this problem 
in the frame of the quasi-steady model of aerodynamic action taking into account induced velocities. Each step 
of this algorithm depends on parameters of the model, so the final shape of the twist can be specified for each 
particular airfoil. Still qualitative features of the optimal solution remain for the general case: for instance, there 
exists the optimal pitch angle function that is monotone along the blade length. 
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