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Abstract

If P(z):= Z'J’.:Oajzf is a polynomial of degree n, having all its zeros in |z|<K, K >1, then it was pro-

vied by Aziz and Rather [2] that for every real or complex number « with |a| >K Max‘

n(lel-K)
(K”+1)
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1. Introduction

Let P(z):= Z;’,:Oajzf be a polynomial of degree n and
P'(z) its derivative, then

Max;|P'(2)| < nMax_, |P()) (1)

Inequality (1) is a famous result due to Bernstein and
is best possible with equality holding for the polynomial
P(z)=Az",where A isacomplex number.

If we restricted ourselves to a class of polynomial
having no zeros in |z| <1, then the above inequality can
be sharpened. In fact, Erdds conjectured and later Lax [6]
proved that if P(z)#0 in |z|<1,then

Max‘z‘:l|P'(z)| S%Max‘z‘:l|P(z)| (2

On the other hand, it was proved by Turan [10] that if
P(z) is apolynomial of degree n having all its zeros in
|z| <1, then

Max‘z‘:1|P'(z)| Z%Max‘z‘:l|P(z)| (3)

The inequalities (2) and (3) are also best possible and
become equality for polynomials which have all zeros on
zl=1.
| |For the class of polynomials having all the zeros in
|z| < K, Malik [7] (See also Govil [5]) proved that if
P(z) is a polynomial of degree n having all zeros lie in
|z| <K , then
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|D,P(z)2

z‘=1

Max‘z‘:1|P(z)|. In this paper, we sharpen above result for the polynomials P(z) of degree n>3.

P(z), ifK <1, (4)

Max,,_, |P' (z)| > #Max‘z‘:l |

where as Govil [5] showed that

n
Max‘z‘:l |P’(Z)| > m
Both the inequalities are best possible, with equality in
(4) holding for P(z)=(z+K)" and in (5) the equality
holds for the polynomial P(z)= gz" +K").
Let D,P(z) denote the polar derivative of the
polynomial P(z) of degree n with respectto « , then

DaP(z) = nP(z)+ (a —z)P'(z) .

M%‘=1|P(z)|, if K>1 (5)

The polynomial D,P(z) is of degree at most n-1
and it generalizes the ordinary derivative in the sense that

DLE)_ sy,

Aziz and Rather [2] extended (5) to the polar deri-
vative of a polynomial and proved the following:

Theorem 1: If the polynomial P(z) = z;zoajzj has
all its zeros in |z| <K, K21, then for every real or
complex number o with |a| >K,

limaese

Max,,_, |DaP(z)| >

In this paper, we prove the following result which is a
refinement as well as generalization of Theorem 1.

APM



24

=0%) 2/

Theorem 2: Let P(z):=

2,

, a,a, 20 be a po-

G.SINGH ET AL.

K 21, then for every real or complex number o with

lynomial of degree n >3, havmg all its zeros in |z|<K |a|2K,
al-K 2la, || (K" -1
Maxzzl|DaP(z)|2%{Maxzzl|P(z)|+MinZ:K |P(z)|+(n"_:1)[( - ) (K—l)]
"-1 1 o1 2 1 "
+2la, , H(K - )_n(K_ )}—{(K (_ )_(n_ (K- )H} if n>3.

n(n—l)

Remark 1: For K =1, Theorem 2 provides a refi-
ment of a theorem proved by Shah [9].
Remark 2: For K >1,andfor y>1,

(k" -1)-y(k-1)] (x-1)
y(r-1) ¥
sing functions of y and so the expressions

and are both increa-

n—2)(n—3)

(K" 1)
——(K-1)
n
are always non-negative so that for polynomials of
degree »n >3, Theorem 2 is an improvement of Theo-

rem1.
Dividing both sides of (7) by || and letting |a| — =,

(k"-1)-n(k-1)| [(K"?-1)-(n-2)(K-1) we get the following:
n(n-1) B (n—2)(n-3) Corollary 1: Let P(z)= Z _@,2’, a,ay#0 beapo-
lynomial of degree n >3, havmg all its zeros in |Z| <K,
and K 21, then
, . 2Ja, | (K" -1)
Max‘z‘:1|P (z) (K”+l) Max‘z‘:1|P(z)|+Mm‘Z‘:K |P(z)|+ (n+1) . -(K-1)
(k" -1)-n(k-1)| [(K"*-1)—(n- ©
+ 2|a,,2||:{ n(n—l) } { (n 2)( ) }]}, if n>3.
2. Lemmas Lemma 2: If P(z):= zn._oajz a,#0, is a poly-

We need the following lemmas.
Lemma 1: Let P(z) be a polynomial of degree n,
then for R>1.

Max‘z‘:R |P(z)| < R"Max‘z‘:l |P(Z)|

The above lemma is a simple consequence of the

nomial of degree n having all its zeros in |z| <1, then

Max,,_ 1|P | E{Max‘z‘zl|P(z)|+Min‘z‘=l|P(z)|} .

This lemma is due to Aziz and Dawood [1].
Lemma 3: If P(z):: zl;zoajzj is a polynomial of

degree n having no zeros in |z| <1, and

maximum modulus principle [8]. m=Min‘Z‘=l|P(z)|,thenfor R>1 and n>3,
R R"-1)  2|P'(0)| (R"-1
M(P,R)g( Maxz=l|P(z)|—( > )m— (|n+l)|[( . )—(R—l)]
(R"-1)-n(R-1)| [(R"*-1)-(n-2)(R-1)

o

The above result is a special case of a result due to
Dewan, Singh and Mir [4, Theorem 1] with K =1 and

u=1.

n(n—l)
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Remark 3: Here we note that for the proof of this

result an additional hypothesis that P(O) =0 isrequired.
A simple counter example in this case is P(z) =

(n—2)(n—3)
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3. Proof of Theorem 2

Since P(z) has all its zeros in z|£K, therefore
G(z)=P(Kz) hasallits zerosin |z <1 and hence by

25

a de Bruijn [3]
|H'(z)| < |G’(z)| for |Z| =1 (11)

Now for every real or complex number a with |a|> K,

applying lemma 2 to the polynomial G(z), we get we have
— _ ' g '
Max,, G'(z)|2%{Max‘z‘:1 G(2)+ Min,,|G(2)}. ©) D%G(Z) =|nG(2)~26"(2)+G'(2)
- (24 B ’
Let H(z)= z”G[éj . Then it can be easily verified z X |G (Z)HnG(Z)_ZG (Z)|
z
that For this, we get by using (10) and (11)
|H,(Z)| :|nG(z)—zG’(z)|, for |Z|:l' (10) Max _, |D G(z) > |a|_KMax _ G’(z)| (12)
et [P K =

The polynomial H(z) has all its zeros in |z|>1 K

and |H(z)|=|G(z)| for |z|=1, therefore, by result of Using (9) in (12), we get
al-K
Mas,., D%G(z) 2(||—K)2{Max2:1 G (2)|+ Min,, |G (=)}
Replacing G(z) by P(Kz),we have
nl(|la|-K
Max,,., D%P(Kz) 2%{Maxz=l|P(Kz)|+Minlzlzl P(Kz)}.
This gives
-K
Masx,, nP(Kz)+(%—zjKP’(Kz) 2%{Maxlzlw([(zﬂ+Minz=l|P(Kz)|}.
Equivalently
nl|a|—-K
Max,. |D,P(z) > (|2|—K){MaxZ:K |P(2)|+ Min_ | P(2)}. (13)

Since the polynomial P(z) has all its zeros in
lZ|<K, K=21.If Q(z):z"PGj be the reciprocal

polynomial of P(z).Then the polynomial Q(%) has

all its zeros in |z|>1. Hence applying lemma 3 to the

polynomial Q(%} K >1, we get

N (K41 2 (k-1 . a |[(K"-1
Max,,_ Q(?J < ( )Maxz:l Q(Ej —( 5 )Minz=1 Q(Ej _(Zn—wLZI.)[(n—)_(K_l)]
ol (k"-1)-n(k-2)| [(K"*-1)-(n-2)(K-1)
" n(n-1) (n—-2)(n-3)
This in particular gives
Max,,_, P(z)| < (IjT—:l)Maxz:K |P(z)| —%Minz* |P(z)| _%[(K"n_l) ~(K —1)]

(K" -1)-n(K -1)

(k"% -1)-(n-2)(K -1)

o

n(n-1)
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i |

(n—Z)(n—S)
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which is equivalent to

(k" -1) 4K

. (K" -1)
—Mzn‘z‘:K |P(Z)|+ (K" +1) (n+l) —(K—l)

(K" =1)-n(K-1)| [(K"*-1)-(n-2)(K-1)
n(n—l) (n—Z)(n—S)

anfl

LAk
(K"+1)

an72

Using (14) in (13), we get

n(|a|—K)r 2K" (K" —1) _ 4K"  la,, (K”—l)
Max‘z‘:K|DaP(z)|2 T I(Kn+1)Max2:1|P(z)|+(Kn—+l)MznZ:K|P(z)|+(Kn+1) ()| -(K-1)
n K"-1)-n(K -1 K"?-1)-(n-2)(K -1
+ 4K a,_, ( ) n( ) - ( ) (n )( ) + Min :K|P(z)| , ifn>3.
(K”+1) n(n—l) (n—2)(n—3) #
Equivalently
n(|a]-K) K" . 2a,.,|| (K1)
MaxZ:K|DaP(z)|2(Kn—+1) Max‘z‘zl|P(z)|+Mm‘Z‘:K |P(z)|+(n+ll) . -(K-1)
, (15)
K"-1)-n(K-1 K" -1)-(n-2)(K-1
ol | | KD KD K ]y
n(n—l) (n—2)(n—3)
Since DQP(z) is a polynomial of degree n—1 and K >1, therefore by using Lemma 1, we get
Max,_|D,P(z) < K"*Max,,, |D,P(z)| (16)
Combining (16) and (15) we have
o(le]-5) | 2o, [ (" 1)
Max‘z‘:1|DaP(z)| ZW{MaxFJp(z)hMmFK |P(z)|+(n+£){ . -(K-1)
K"-1)-n(K -1 K"?-1)-(n-2)(K -1
+2|a,_, | ( il )—( )-(n-2)(K 1) , if n>3.
n(n—l) (n—2)(n—3)
This completes the proof of Theorem 2. of Paul Turan Concerning Polynomials,” Journal of
Mathematical Inequality Application, Vol. 1, No. 2, 1998,
pp. 231-238.
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