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Abstract 

An orthogonal double cover (ODC) of a graph H is a collection ( ){ }vG v V H:= ∈  of ( )V H  
subgraphs (pages) of H, so that they cover every edge of H twice and the intersection of any two of 
them contains exactly one edge. An ODC   of H is cyclic (CODC) if the cyclic group of order 

( )V H  is a subgroup of the automorphism group of  . In this paper, we introduce a general or-
thogonal labelling for CODC of circulant graphs and construct CODC by certain classes of graphs 
such as complete bipartite graph, the union of the co-cycles graph with a star, the center vertex of 
which, belongs to the co-cycles graph and graphs that are connected by a one vertex. 

 
Keywords 
Graph Decomposition, Cyclic Orthogonal Double Cover, Automorphism Group, Orthogonal  
Labelling 

 
 

1. Introduction 
All graphs we deal with are undirected, finite and simple. Let H  be any regular graph, and let 

( ){ }0 1 1, , , V HG G G −=   be a collection of ( )V H  subgraphs (pages) of H . The collection   is an ortho-

gonal double cover (ODC) of H  if it has the following properties: 
1) Double cover property: 
Every edge of H  is contained in exactly two of the pages in  . 
2) Orthogonality property: 
For any two distinct pages iG  and jG ∈ , ( ) ( ) 1,i jE G G =

 
if and only if i and j are adjacent in H . 
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If all pages ,iG G≅ for all ( ){ }0,1, , 1 ,i V H∈ −  then   is an ODC of H  by G . An automorphism of 

an ODC ( ){ }0 1 1, , , V HG G G −=   of H  is a permutation ( ) ( ): ,V H V Hπ →  such that  

( ) ( ) ( )( ){ }0 1 1, , ,V HG G Gπ π π −  where for ( ){ } ( )0,1, , 1 , ii V H Gπ∈ −  is a subgraph of H  with  

( )( ) ( ) ( ){ }: ,i iV G v v V Gπ π= ∈  and ( )( ) ( ) ( ) ( ){ }: .i iE G x y xy E Gπ π π= ∈  According to the obvious prop-  

erties of ODCs by a graph G , the underlying graph H has to be ( )E G -regular. This concept is a generaliza-
tion of the definitions of an ODC of complete graphs and complete bipartite graphs, which has been studied ex- 
tensively [1]-[2]. El-Shanawny et al. studied extensively the ODC of complete bipartite graphs; see [3]-[6]. An 
effective method to construct ODCs in the above cases was based on the idea of translate a given subgraph G  
by a group acting on ( ).V H  If the cyclic group of order ( )V H  is a subgroup of the automorphism group of 
 (the set of all automorphisms of  ), then an ODC   of H  is cyclic (CODC). Therefore, the circulant 
graph is of special interest. In [7], Scapellato et al. offers some insights on the case on ODC of Cayley graphs on 
cyclic groups. In [8], Hartmann and Schumacher proved the following: 1) Let H  be a 2-regular graph. There 
exists an ODC of H  by 22K  with three exceptions for H : 3 4,C C  and 32C , 2) Let H  be a 3-regular 
graph containing a 1-factor and without a component isomorphic to 4K . There exists an ODC of H  by 4P , 3) 
Let H  be a 3-regular graph containing a 1-factor and ( ) 24V H ≥ . There exists an ODC of H  by 3 2P K+ . 
In [9], Sampathkumar et al. introduced a special kind of orthogonal labelling called orthogonal σ-labelling, and 
they found it for some caterpillars of diameters 4. In [7], Scapellato et al. studied the ODC of Cayley graphs and 
proved the following: 1) All 3-regular Cayley graphs, except 4K , have ODCs by 4P , 2) All 3-regular Cayley 
graphs on Abelian groups, except 4K , have ODCs by 3 2P K+ , 

3) All 3-regular Cayley graphs on Abelian groups, except 4K  and the 3 - prism (Cartesian product of 3C  
and 2K ), have ODCs by 23 .K  In [10], Sampathkumar et al. completely settled the existence problem of 
CODCs of 4-regular circulant graphs. 

The above results on ODCs of graphs with lower degrees motivate us to consider CODCs of graphs with 
higher degrees. In [11], El-Shanawny et al. deal with cayley graphs on abelian groups and proved the existence 
of ODCs of cayley graphs by several classes of graphs. Here we are concerned with CODCs of circulant graphs 
of finite degrees higher than 4 . The paper is organized as follows, Section 1.1 describes the method that can be 
used throughout. Section-2 constructs CODCs of circulant graphs of finite degrees higher than 4  by certain 
graph classes. Section 3 offers the general CODCs of circulant graphs. 

Definition 1. For a sequence { }1 2, , , kd d d  of positive integers with 1 21 2kd d d n≤ ≤ ≤ ≤ ≤    , the cir- 
culant graph { }( )1 2; , , , kCirc n d d d , has vertex set { }0,1, , 1n n= − ; two vertices 1v  and 2v  are adja-
cent, if and only if ( )1 2 mod ,iv v d n− ≡ ±  for some i , { }1,2, , .i k∈   

For an edge { }1 2,v v  in { }( )1 2; , , , kCirc n d d d , the length of { }1 2,v v  is { }1 2 1 2min , .v v n v v− − −  Given 

two edges { }1 1 2,e u u=  and { }2 1 2,e v v=  of the same length l  in { }( )1 2; , , , kCirc n d d d , the rotation dis-

tance ( )r l  between 1e  and  2e  is ( ) ( )( ) ( )( ){ }1 2 1 1 2 1 2 1 2 2 2 1min , : , ,r l r r u r u r e v r v r e= + + = + + =  where 

addition and difference are calculated inside .n  Note that if ( ) ,r l l=  then the edges 1e  and 2e  are adja-

cent; if ( ) ,r l l≠  then the edges 1e  and 2e  are non adjacent. 
Throughout the paper we make use of the usual notation: nK  for the complete graph on n  vertices, ,m nK  

for the complete bipartite graph with independent sets of sizes m  and n , nP  for the path on n  vertices, 
nC  for the cycle on n  vertices, D F+  for the disjoint union D F  of D  and F , mF  for m  disjoint 

copies of F  and vD F  for the union of D  and F  with a common vertex v  belongs to F  and D  
Let 1 2, , , , 1rn n n r ≥  be positive integers, 1, 1rn n ≥  and 0in ≥  for { }2,3, , 1 ,i r∈ −  the caterpillar  

( )1 2, , ,r rC n n n  is the tree obtained from the path 1 2:r rP x x x=   by joining vertex ix  to in  new vertices, 
{ }1,2, , .i r∈   Other terminology not defined here can be found in [12]. 

CODC of Circulant Graphs 
Consider the complete graph { }( ); 1, 2, , 2 .nK Circ n n=     The authors of [13] introduced the notion of an 
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orthogonal labelling. Given a graph ( ),G V E=  with 1n −  edges, a 1 1−  mapping : nVψ →   is an or-
thogonal labelling of G  if the following conditions are satisfied: 

1) For every ( ){ }1,2, , 1 2l n∈ −   , G  contains exactly two edges of length l , and exactly one edge of 
length ( )2n  if n  is even, and 

2) For every ( ){ } ( ) ( ){ }1,2, , 1 2 , 1,2, , 1 2 .l n r l n∈ − = −         

The following theorem of Gronau et al. [13] relates CODCs of nK  and orthogonal labellings. 
Theorem 2. ([13]) A CODC of nK  by a graph G  exists if and only if there exists an orthogonal labelling 

of G . 
Sampathkumar and Srinivasan [10], called an orthogonal { }1,2, , 2n   -labelling and generalized it to an 

orthogonal { }1 2, , , kd d d -labelling, where { }1 2, , , kd d d  is a sequence of positive integers with  
1 2 21 k nd d d≤ ≤ ≤ ≤ ≤    . 

1) Either n is odd or even and 2 :kd n≠  
Given a subgraph G  of { }( )1 2; , , , kCirc n d d d  with 2k  edges, a labelling of ,G  in n , is an ortho- 

gonal { }1 2, , , kd d d -labelling of G  if:   
a) For every { }1 2, , , kl d d d∈  , G  contains exactly two edges of length l , and 
b) ( ) { } { }1 2 1 2: , , , , , , .k kr l l d d d d d d∈ =   
2) n  is even and 2kd n=  
Given a subgraph G  of { }( )1 2 1; , , , , 2kCirc n d d d n−  with 2 1k −  edges, a labelling of ,G in n , is an 

orthogonal { }1 2 1, , , , 2kd d d n− -labelling of G  if:  
a) For every { }1 2 1, , , kl d d d −∈  , G  contains exactly two edges of length l , and G  contains exactly one 

edges of length ( )2n , and 
b) ( ) { } { }1 2 1 1 2 1: , , , , , , ,k kr l l d d d d d d− −∈ =  , The following theorem of Sampathkumar and Simaringa [10], 

is a generalization of Theorem 2. 
Theorem 3 ([10]). A CODC of { }( )1 2; , , , kCirc n d d d  by a graph G  exists, if and only if there exists an 

orthogonal { }1 2, , , kd d d -labelling of .G  

2. CODCs of Circulant Graphs by Certain Graph Classes 
This section is devoted to constructing the cyclic orthogonal double covers (CODCs) of circulant graphs by dif- 
ferent classes of graphs, complete bipartite graph as in Section 2.1, the union of the co-cycles graph with a star, 
the center vertex of which, belongs to the co-cycles graph as in Section 2.2 and graphs that are connected by a 
one vertex as in Section 2.3. 

2.1. CODCs by a Complete Bipartite Graph 

Theorem 4. For any positive integers , ,m n p  such that 1mp n= − , there exists a CODC of ( )1n − -regular 

{ }( ); 1, 2, , 2Circ n n    by ,m pK . 

Proof Let us define ( ),: m p nV Kψ →   by ( )1iv ipψ + = −  for 0 1i m≤ ≤ −  and ( )1 1m jv jψ + + = +  for

0 1.j p≤ ≤ −  Then the edges of length l where  

{ } ( ) ( ){ } ( ) ( )( ){ }1 1 11, 2, , 2 ,  and , ,i m l ip m i m l p il n v v v vψ ψ ψ ψ+ + − − − + + +∈ =    where ( )1ivψ +  is defined for 

( )1 1ip l i p+ ≤ ≤ + . For every { }1,2, , 2 ,l n∈     ,m pK  contains exactly two edges of length l , and  

( ) ( ) ( ) { } { }{ } ( ){ } ( ){ }1 : 1, 2, , 2 1,2, , 2 1,2, , 2 1,2 , 2: ,m i i n nr l v v l l n n lψ ψ− += − − ∈ = ∈      =          ,  

and hence ,m pK  has an orthogonal labelling. By Theorem 3, there exists a CODC Of ( )1n − -regular 

{ }( ); 1, 2, , 2Circ n n    by ,m pK . 

Let us define a
lmC  to be the co-cycles graph (the union of m  cycles of length l  with a one vertex a  in 

common). In the following section we construct a CODCs of finite regular circulant graphs by 1,
a a
l rmC K  

(the union of co-cycles graph with a star whose center vertex is the vertex a ). 
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2.2. CODCs of Circulant Graph by ,l 1
a a

rmC K  
Theorem 5 For any positive integer 24,n ≥ there exists a CODC of ( )5n − -regular  

{ }( ) { }; 1, 2, , 2 \ 11,15Circ n n    by 0 0
4 1, 214 .nC K −  

Proof Let us define ( )0 0
4 1, 21: 4 n nV C Kψ − →   by ( ) 8iv iψ = +  for 1 17,i n≤ ≤ − where,  

{ }23, 19i n n∉ − − , ( )16 0nvψ − = , ( )15 1nvψ − = , ( )14 2nvψ − = , ( )13 3nvψ − = , ( )12 5nvψ − = , ( )11 6nvψ − = , 

( )10 7nvψ − = , ( )9 8nvψ − = , ( )8 7nv nψ − = − , ( )23 3nv nψ − = −  and ( )19 4nv nψ − = − . Then the edges of 

length 1  are ( ) ( ){ } { }16 15, 0,1n nv vψ ψ− − =  and ( ) ( ){ } { }14 13, 2,3n nv vψ ψ− − = ; those of length 2  are  

( ) ( ){ } { }16 14, 0, 2n nv vψ ψ− − =  and ( ) ( ){ } { }15 13, 1,3 ;n nv vψ ψ− − =  those of length 3  are  

( ) ( ){ } { }8 19, 7, 4n nv v n nψ ψ− − = − −  and ( ) ( ){ } { }23 16, 3,0 ;n nv v nψ ψ− − = − those of length 4  are  

( ) ( ){ } { }8 23, 7, 3n nv v n nψ ψ− − = − −  and ( ) ( ){ } { }19 16, 4,0n nv v nψ ψ− − = − ; those of length 5  are  

( ) ( ){ } { }16 12, 0,5n nv vψ ψ− − =  and ( ) ( ){ } { }11 3, 6,11 ;nv vψ ψ− = those of length 6  are  

( ) ( ){ } { }16 11, 0,6n nv vψ ψ− − =  and ( ) ( ){ } { }12 3, 5,11 ;nv vψ ψ− =  those of length 7  are  

( ) ( ){ } { }16 10, 0,7n nv vψ ψ− − =  and ( ) ( ){ } { }9 7, 8,15 ;nv vψ ψ− = those of length 8 are  

( ) ( ){ } { }16 9, 0,8n nv vψ ψ− − =  and ( ) ( ){ } { }10 7, 7,15nv vψ ψ− =  the edges of length l where  

{ }9 2 \ 11,15l n≤ ≤     are ( ) ( ){ } { }16 8, 0,n lv v lψ ψ− − =  and ( ) ( ){ } { }( 8) 16, ,0 .n l nv v n lψ ψ− + − = −  For every  

{ } 0 0
4 1, 211, 2, , 2 , 4 nl n C K −∈      contains exactly two edges of length ,l  and  

( ) { }{ } ( ) { }{ }1: 1,3,5,7 , 1: 2,4,6,8r l l l r l l l= + ∈ = − ∈  and then ( ) { } { }{ }1,2, , 2 : 1,2, , 2r l n l n= ∈         

and hence 0 0
4 1, 214 nC K −  has an orthogonal labelling. By Theorem 3, there exists a CODC of ( )5n − -regular 

{ } { }( ); 1, 2, , 2 \ 11,15Circ n n    by 0 0
4 1, 214 nC K −  for 24.n ≥      � 

Theorem 6 For any positive integer 5n ≥ , there exists a CODC of ( )2 2n − -regular  

{ }( )2 ; 1,2,3, , 1Circ n n −  by 0 0
4 1,2 102 nC K − . 

Proof Let us define ( )0 0
4 1,2 10 2: 2 n nV C Kψ − →   by ( ) 2iv iψ = +  for 1 2 5i n≤ ≤ −  where 3i n≠ − , 

( )2 4 0nvψ − = , ( )2 3 1nvψ − = and ( )3 2nvψ − = . Then the edges of length 1  are ( ) ( ){ } { }2 4 2 3, 0,1n nv vψ ψ− − =  

and ( ) ( ){ } { }2 3 3, 1, 2 ;n nv vψ ψ− − =  those of length 2  are ( ) ( ){ } { }4 2, 2,n nv v n nψ ψ− − = −  and  

( ) ( ){ } { }2 , , 2n nv v n nψ ψ− = + ; those of length 1n −  are ( ) ( ){ } { }3 1, 2, 1n nv v nψ ψ− − = +  and  

( ) ( ){ } { }1 2 4, 1,0n nv v nψ ψ− − = +  the edges of length l  where 3 2l n≤ ≤ −  are ( ) ( ){ } { }2 4 2, 0,n lv v lψ ψ− − =   

and ( )( ) ( ){ } { }2 42 2 , ,0nn lv v lψ ψ −− + = − . For every { }1,2,3, , 1l n∈ − , 0 0
4 1,2 102 nC K −  contains exactly two 

edges of length l , and since every two edges of the same length are adjacent then 
( ) { } { }{ }1, 2,3, , 1 : 1, 2,3, , 1r l n l n= − ∈ −   and hence 0 0

4 1,2 102 nC K −  has an orthogonal labelling. By Theo- 

rem 3, there exists a CODC of ( )2 2n − -regular { }( )2 ; 1,2,3, , 1Circ n n −  by 0 0
4 1,2 102 nC K −  for 5n ≥ .  � 

Theorem 7 For any positive integer 10n ≥ , there exists a CODC of ( )1n − -regular 
 { }( ); 1, 2, , 2Circ n n    by 0 0

3 1, 72 nC K − . 
Proof Let us define ( )0 0

3 1, 7: 2 n nV C Kψ − →   by ( ) 3iv iψ = +  for 1 7i n≤ ≤ − , ( )6 0nvψ − = ,  

( )5 1nvψ − = , ( )4 2nvψ − = , ( ) ( )3 23 and 2.n nv n v nψ ψ− −= − = −  Then the edges of length1  are  

( ) ( ){ } { }6 5, 0,1n nv vψ ψ− − =  and ( ) ( ){ } { }5 4, 1, 2 ;n nv vψ ψ− − =  those of length 2  are  
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( ) ( ){ } { }6 4, 0, 2n nv vψ ψ− − =  and ( ) ( ){ } { }2 6, 2,0 ;n nv v nψ ψ− − = −  those of length 3 are  

( ) ( ){ } { }3 6, 3,0n nv v nψ ψ− − = −  and ( ) ( ){ } { }9 3, 6, 3n nv v n nψ ψ− − = − −  the edges of length l  where  

4 2l n≤ ≤     are ( ) ( ){ } { }6 3, 0,n lv v lψ ψ− − =  and ( )( ) ( ){ } { }63 , ,0 .nn lv v n lψ ψ −− + = −  For every  

{ } 0 0
3 1, 71, 2, , 2 , 2 nl n C K −∈      contains exactly two edges of length l , and since every two edges of the 

same length are adjacent then ( ) { } { }{ }1,2, , 2 : 1,2, , 2r l n l n= ∈         and hence 0 0
3 1, 72 nC K −  has an 

orthogonal labelling. By Theorem 3, there exists a CODC of ( )1n − -regular { }( ); 1, 2, , 2Circ n n    by 
0 0
3 1, 72 nC K −  for 10n ≥ .    � 

Theorem 8 For any positive integer 13,n ≥  there exists a CODC of ( )1n − -regular  

( ){ }( ); 1, 2, , 2Circ n n    by 0 0
3 1, 103 nC K − . 

Proof Let us define ( )0 0
3 1, 10: 3 n nV C Kψ − →   by ( ) 4iv iψ = +  for ( )81 9, 0ni n vψ −≤ ≤ − = ,

( )7 1nvψ − = , ( )6 2nvψ − = , ( ) ( )5 43, 4n nv n v nψ ψ− −= − = −  and ( )3 2.nv nψ − = −  Then the edges of length 1  
are ( ) ( ){ } { }8 7, 0,1n nv vψ ψ− − =  and ( ) ( ){ } { }7 6, 1, 2 ;n nv vψ ψ− − =  those of length 2  are  

( ) ( ){ } { }8 6, 0, 2n nv vψ ψ− − =  and ( ) ( ){ } { }3 8, 2,0 ;n nv v nψ ψ− − = −  those of length 3  are  

( ) ( ){ } { }5 8, 3,0n nv v nψ ψ− − = −  and ( ) ( ){ } { }10 5, 6, 3 ;n nv v n nψ ψ− − = − −  those of length 4  are  

( ) ( ){ } { }4 8, 4,0n nv v nψ ψ− − = −  and ( ) ( ){ } { }12 4, 8, 4n nv v n nψ ψ− − = − −  the edges of length l  where  

5 2l n≤ ≤     are ( ) ( ){ } { }8 4, 0,n lv v lψ ψ− − =  and ( )( ) ( ){ } { }84 , ,0nn lv v n lψ ψ −− + = − . For every  

{ } 0 0
3 1, 101, 2, , 2 ,3 nl n C K −∈      contains exactly two edges of length l , and since every two edges of the 

same length are adjacent then ( ) { } { }{ }1,2, , 2 : 1,2, , 2r l n l n= ∈         and hence 0 0
3 1, 103 nC K −  has an 

orthogonal labelling. By Theorem 3, there exists a CODC of ( )1n − -regular { }( ); 1, 2, , 2Circ n n    by 
0 0
3 1, 103 nC K −  for 13n ≥ .             � 

Theorem 9 For any positive integer 17,n ≥  there exists a CODC of ( )1n − -regular  

( ){ }( ); 1, 2, , 2Circ n n    by 0 0
3 1, 134 nC K − . 

Proof Let us define ( )0 0
3 1, 13: 4 n nV C Kψ − →   by ( ) 5iv iψ = +  for 1 11i n≤ ≤ − ,  

( ) ( ) ( ) ( ) ( ) ( )10 9 8 7 6 50, 1, 2, 2, 3, 4n n n n n nv v v v n v n v nψ ψ ψ ψ ψ ψ− − − − − −= = = = − = − = − , and ( )4 5nv nψ − = − .  

Then the edges of length 1  are ( ) ( ){ } { }10 9, 0,1n nv vψ ψ− − =  and ( ) ( ){ } { }9 8, 1, 2; ;n nv vψ ψ− − =  those of length 

2  are ( ) ( ){ } { }10 8, 0, 2n nv vψ ψ− − =  and ( ) ( ){ } { }7 10, 2,0 ;n nv v nψ ψ− − = −  those of length 3  are  

( ) ( ){ } { }6 10, 3,0n nv v nψ ψ− − = −  and ( ) ( ){ } { }11 6, 6, 3 ;n nv v n nψ ψ− − = − −  those of length 4 are  

( ) ( ){ } { }5 10, 4,0n nv v nψ ψ− − = −  and ( ) ( ){ } { }13 5, 8, 4 ;n nv v n nψ ψ− − = − −  those of length 5  are  

( ) ( ){ } { }4 10, 5,0n nv v nψ ψ− − = −  and ( ) ( ){ } { }15 4, 10, 5n nv v n nψ ψ− − = − −  the edges of length l  where  

6 2l n≤ ≤     are ( ) ( ){ } { }10 5, 0,n lv v lψ ψ− − =  and ( ) ( ){ } { }( 5) 10, ,0 .n l nv v n lψ ψ− + − = −  For every  

{ }1,2, , 2l n∈    , 0 0
3 1, 134 nC K −  contains exactly two edges of length l , and since every two edges of the 

same length are adjacent then ( ) { } { }{ }1,2, , 2 : 1,2, , 2r l n l n= ∈         and hence 0 0
3 1, 134 nC K −  has an 

orthogonal labelling. By theorem 3, there exists a CODC of ( )1n − -regular { }( ); 1, 2, , 2Circ n n    by  
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0 0
3 1, 134 nC K −  for 17n ≥ .         � 

According to these results, we can pose the following conjecture: 
Conjecture 1. For any positive integers , ,l m n  such that m n<  and l n< , there exists a CODC of 

( )1n − -regular { }( ); 1, 2,3, , 2Circ n n    by ( )1, l 1
a a
l n mmC K − + . 

2.3. CODCs by ( )aD F  Graphs that Are Connected by a One Vertex a 
Theorem 10 For any positive integer 10,n ≥  there exists a CODC of ( )1n − -regular  

{ }( ); 1, 2, , 2Circ n n    by 4
4 1, 7nK K − . 

Proof Let us define ( )4
4 1, 7: n nV K Kψ − →   by ( ) 8iv iψ = +  for 1 9i n≤ ≤ − ,  

( ) ( )8 70, 1n nv vψ ψ− −= = , ( )6 2nvψ − = , ( ) ( )5 44, 7n nv vψ ψ− −= =  and ( )3 8nvψ − = . Then the edges of length 

1  are ( ) ( ){ } { }8 7, 0,1n nv vψ ψ− − =  and ( ) ( ){ } { }7 6, 1, 2n nv vψ ψ− − = ; those of length 2  are  

( ) ( ){ } { }6 5, 2, 4n nv vψ ψ− − =  and ( ) ( ){ } { }8 6, 0, 2n nv vψ ψ− − = ; those of length 3  are  

( ) ( ){ } { }7 5, 1, 4n nv vψ ψ− − =  and ( ) ( ){ } { }5 4, 4,7 ;n nv vψ ψ− − = those of length 4  are  

( ) ( ){ } { }8 5, 0, 4n nv vψ ψ− − =  and ( ) ( ){ } { }5 3, 4,8 ;n nv vψ ψ− − =  the edges of length l  where 5 2l n≤ ≤     are 

( ) ( ){ } { }5 4, 4, 4n lv v lψ ψ− − = +  and ( )( ) ( ){ } { }54 , 4 , 4 .nn lv v n lψ ψ −− + = + −  For every { }1,2, , 2 ,l n∈     

4
4 1, 7nK K −  contains exactly two edges of length l , and since every two edges of the same length are adjacent 

then ( ) { } { }{ }1,2, , 2 : 1,2, , 2r l n l n= ∈         and hence 4
4 1, 7nK K −  has an orthogonal labelling. By 

Theorem 3, there exists a CODC of ( )1n − -regular { }( ); 1, 2, , 2Circ n n    by 4
4 1, 7nK K −  for 7n ≥ .  � 

Theorem 11 For any prime number 11,n >  there exists a CODC of ( )3n − -regular  
{ }( ); 1, 2,3,5, , 2Circ n n    by 1 1

5 3 1, 11nC C K −  .  
Proof Let us define ( )1 1

5 3 1, 11: n nV C C Kψ − →    by ( ) 5iv iψ = +  for1 9i n≤ ≤ − ,  

( ) ( )8 70, 1n nv vψ ψ− −= = , ( )6 1nv nψ − = − , ( )5 3nv nψ − = −  and ( )4 4nvψ − = . Then the edges of length 1  are  

( ) ( ){ } { }8 7, 0,1n nv vψ ψ− − =  and ( ) ( ){ } { }6 8, 1,0 ;n nv v nψ ψ− − = −  those of length 2  are  

( ) ( ){ } { }5 6, 3, 1n nv v n nψ ψ− − = − −  and ( ) ( ){ } { }10 5, 5, 3n nv v n nψ ψ− − = − − ; those of length 3  are  

( ) ( ){ } { }7 4, 1, 4n nv vψ ψ− − =  and ( ) ( ){ } { }4 2, 4,7nv vψ ψ− =  the edges of length l  where 5 2l n≤ ≤     are 

( ) ( ){ } { }7 4, 1, 1n lv v lψ ψ− − = +  and ( )( ) ( ){ } { }74 , 1 ,1nn lv v lψ ψ −− + = − . For every  

{ } 1 1
5 3 1, 111, 2, , 2 , nl n C C K −∈       contains exactly two edges of length l , and since every two edges of the 

same length are adjacent then ( ) { } { }{ }1,2,3,5, , 2 : 1,2,3,5 , 2r l n l m n= ∈       ，  and hence  
1 1

5 3 1, 11nC C K −   has an orthogonal labelling. By Theorem 3, there exists a CODC of ( )3n − -regular  

{ }( ); 1, 2,3,5, , 2Circ n n    by 1 1
5 3 1, 11nC C K −   for 11n > .        � 

Theorem 12 For any positive integer 1,n ≥  there exists a CODC of ( )3n − -regular  
{ }( ); 1, 2,3,5, , 2Circ n n    by ( )8

5 3 1,0, 10P C n − . 

Proof Let us define ( )( )8
5 3: 1,0, 10 nV P C nψ − →   by ( ) 7iv iψ = +  for 1 9i n≤ ≤ − , ( )8 0nvψ − = , 

( )7 1nvψ − = , ( )6 2nvψ − = , ( ) ( ) ( )5 4 34, 6, 5n n nv v vψ ψ ψ− − −= = =  and ( )2 3.nvψ − =  Then the edges of length 

1  are ( ) ( ){ } { }7 6, 1, 2n nv vψ ψ− − =  and ( ) ( ){ } { }8 7, 0,1 ;n nv vψ ψ− − =  those of length 2  are  

( ) ( ){ } { }5 4, 4,6n nv vψ ψ− − =  and ( ) ( ){ } { }4 1, 6,8 ;nv vψ ψ− =  those of length 3  are ( ) ( ){ } { }3 1, 5,8nv vψ ψ− =  
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and ( ) ( ){ } { }6 3, 2,5n nv vψ ψ− − =  the edges of length l  where 5 2l n≤ ≤     are  

( ) ( ){ } { }2 4, 3, 3n lv v lψ ψ− − = +  and ( )( ) ( ){ } { }24 , 3 ,3 .nn lv v lψ ψ −− + = −  For every  

{ } ( )8
5 31, 2,3,5, , 2 , 1,0, 10l n P C n∈ −     contains exactly two edges of length l , and since every two edges 

of the same length are adjacent then ( ) { } { }{ }1,2,3,5, , 2 : 1,2,3,5 , , 2r l n l m n= ∈         and hence 

( )8
5 3 1,0, 10P C n −  has an orthogonal labelling. By Theorem 3, there exists a CODC of ( )3n − -regular 

{ }( ); 1, 2,3,5, , 2Circ n n    by ( )8
5 3 1,0, 10P C n −  for 11n ≥ .              � 

Conjecture 2. For any positive integers ,m n  so that m n< , there exists a CODC of ( )1n − -regular 
{ }( ); 1, 2,3, , 2Circ n n    by ( )( )2 1 2

1,
2

a
m n m mK K − − + . 

3. General CODCs of Circulant Graph 
In constructing CODCs a natural approach is to try to use given CODCs to obtain CODCs of a larger Circulant 
Graph. That is we will do in the following theorem. 

Theorem 13 For any positive integers , ,m n  if there exists a CODC of { }( )1 2; , , , kCirc n d d d  by G with 
respect to .n  Then there exists a CODC of  { }( )1 2; , , , rCirc mn e e e  where  

( )1 21 2re e e mn≤ ≤ ≤ ≤ ≤     by 1G  with respect to mn . 
Proof Let the { }( )1 2; , , , kCirc n d d d  has a CODC by G  with respect to n . Then the graph G  has an 

orthogonal { }1 2, , , kd d d -labelling with respect to n . And hence, for every { }1 2, , ,i kd d d d∈  , G  con- 

tain exactly two edges of the length id  as { },
i id d iv v d+  and { },

i id d iv v d− − −  where { }1,2, ,i k∈   and 

,
i id d nv v− ∈ . And ( ) { } { }1 2 1 2, , , , ,: ,i i k kr d d d d d d d d∈ =    to construct a CODC of  

{ }( )1 2; , , , rCirc mn e e e  for { }1,2, , 2r mn∈     by 1G  with respect to mn , the graph 1G  must have an 

orthogonal { }1 2, , , re e e -labelling with respect to mn . From the orthogonal labelling of G  we can obtain an 
orthogonal labelling of 1G  as follows 

Case 1: Either n  is odd or even and 2kd n≠  

( ) ( ) 2 12 1

if 1

1 , if 1 2

, if 0 and 0

,j n

r k jk j

d j k

e e n d K j k

n j

α

α α

α α

+

+ −+ +




= =

≤ ≤

+ − + ≤ ≤

=


≠


 

where 0 1.mα≤ ≤ −  For every { }1 2, , , ,rl e e e∈   1G  contain exactly two edges of the length l  as 

{ },
r re e rv v e+  and { },

r re e rv v e− − −  where 

( )2 1

, if 1

, if 1 2

, if 0 and 0 :

j

r k j

d

e d

mn

v j k

v v K j k

jβ α β
+ −−

 ≤ ≤
= + ≤ ≤


= ≠ ∈ 

 

and 

( )2 1

, if 1

, if 1 2

, if 0 and 0.

j

r k j

d

e d

v j k

v v K j k

jβ α
+ −

−

−

 ≤ ≤
= + ≤ ≤


= ≠

 

By the definition of re ,
rev  and 

rev− , we have ( ) { } { }1 2 1 2: , , , , , , .r rr l l e e e e e e∈ =   Then the graph 1G  
has an orthogonal { }1 2, , , re e e -labelling with respect to mn . 
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Case 2: n  is even and 2kd n=  

2 2

if 1

, if 1 2 1

, if 0 and 0

,j n

r k j k j

d j k

e e n d n K j k

n j

α

α α

α α

+

+ −

≤ ≤

− + ≤ ≤ −

=



=

≠


= +



 

where 0 1mα≤ ≤ − . For every { }1 2, , , rl e e e∈  , 1G  contain exactly two edges of the length l  as 

{ },
r re e rv v e+  and { },

r re e rv v e− − −  where 

( )2

, if 1

, if 1 2 1

, if 0 and 0 :

j

r k j

d

e d

mn

v j k

v v K j k

jβ α β
−−

 ≤ ≤
= + ≤ ≤ −


= ≠ ∈ 

 

and 

2

, if 1

, if 1 2

, if 0 and 0.

j

r k j

d

e d

v j k

v v K j k

jβ α
−

−

−

≤ ≤


= + ≤ ≤


= ≠

 

By the definition of, re ,
rev  and 

rev− , we have ( ) { } { }1 2 1 2: , , , , , , .r rr l l e e e e e e∈ =   Then the graph 1G  
has an orthogonal { }1 2, , , re e e -labelling with respect to mn . By Theorem 3, there exists a CODC of 

{ }( )1 2; , , , rCirc mn e e e  by 1G  with respect to mn . 

4. Conclusion 
In this paper we are concerned with the orthogonal labelling of CODCs of finite regular circulant graphs. We 
constructed CODCs by certain classes of graphs such as complete bipartite graph, the union of the co-cycles 
graph with a star, the center vertex of which belongs to the co-cycles graph and graphs that are connected by a 
one vertex. Finally we introduced general CODCs of the circulant graph. 
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