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Abstract

Let M be a simply connected complete Riemannian manifold with dimension n>3. Suppose that the sec-

2

. . a
tional curvature satisfies —b” <Ky, (p)< -

+

, where p is distance function from a base point of M,

a, b are constants and ab # 0. Then there exist harmonic functions on M .
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1. Introduction

The existence of the harmonic functions on a complete
Riemannian manifold is a well known problem. In what
follows, we consider the harmonic function f is not a
constant function, that is, f #c, ¢ = constant. If there is
no restrictions imposed on the curvature, then it was
proved [1] that there does not exist a harmonic function
of the form L°(M), 1<p<oo, on the manifold. If
p =, then it was proved [1] that there dose not exist
any bounded harmonic function on a complete manifold
with nonnegative Ricci curvature. On the other hand, by
introducing the sphere at infinity S(o), Anderson-
Scheon [2] and Sullivan [3] succeeded to prove the
existence of the bounded harmonic functions on a com-
plete simply-connected manifold with

-b* <K,, <-a’> <0,

where K,, represents the sectional curvature and a#0,
b0 are constants. It is naturally to consider whether
the same conclusion holds only on the manifold with
negative sectional curvature, i.e. —b* <K,, <0? How-
ever, this is still an open problem.

Let M be a complete manifold and o0 M be fixed.
Then we write

K2 (p) 2 c(p). 1)

if for any minimal geodesic y issuing from 0, the
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sectional curvature of the plane which is tangent to y is
greater than or equal to ¢(p), where ¢(p) is a mo-
notone increasing function and p is the distance func-
tion from the base point 0 in the manifold. This notion
was first introduced by Klingenberg [4]. By using the
Toponogov-type comparison theorem with K™ >¢ in
[5,6], and using the approach of Anderson and Scheon
[2], we are able to prove the following result:

Theorem 1. Let M be a complete simply-connected
Riemannian manifold with dimension n>3. If

a2

1+p’

b <Ky (p) <Ky (p)<- )

with
1+b<2a, 2(n-1)+(2a-1-b)>7, 3)

then there exist bounded harmonic functions on the
manifold M, where p is distance function from a
given base point 0 in M, ab=0.

A special case of the manifolds satisfying the theorem
1 is with the following sectional curvature condition

2 2

a
I+p

_ a
l+p

<Ky (p) <Ky (p) < 4)

In general, since p is large enough, the curvature in
(4) is close to 0, one would conjecture that the behavior
of this manifold would be much closer to the Euclidean
spaces and hence there may not exist any bounded har-
monic functions. Our theorem states that this conclusion
is not true.
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2. The proof of Theorem 1

Let M?*(c) be the complete simply connected surface
of constant curvature €. We also assume that all
geodesics have unit speed.

Lemma 2. ([5-7]). Let M be a complete Rieman-
nian manifold and o be a point of M with KM >c.

1) Let y:[o,,]>M,i=0,1,2 be minimal geode-
sicswith 7, (0)=7,(l,)=0, 7,(0)=7,(l,) and
7,(0)=7,(l,) . Then, there exist minimal geodesics
7 :[o.;]>M?(c), i=0,1,2 with
771(0)=772(|2), 770(0)=771(|1) and }72(0)=}70(|0)
such that

and
2(=#(1):75(0)) 2 £(=71(1,).75 (0)),

2(=73(1).73(0)) 2 £(=7; (1 ). 73 (0)).

2) Let y,:[0,,] > M, i=1,2 be two minimizing geo-
desics starting from p. Let 7 :[o,l,] > M?(c), i=0,1,2
be minimizing geodesics starting from same point such
that Z(~/(0).7;(0)) 2 £(~7/(0).7;(0)). Then

d((1).7 (L)) <de (7 (1).7, (1))

where d_ denotes the distance functionin M?(c)

If K™ ( p)<c, then we have the parallel result as
Lemma 2.

Let M be a complete Riemannian manifold, 0 a
point of M with K™ (p)<c(p), and c(p) a mo-
notone increasing function. For any given p, >0, it is
obvious that K™ (p)<c(p,), 0< p<p,. By Lemma
1 and the hyperbolic cosine theorem in M? (C( Lo )) , Wi
can easily prove the following lemma

Lemma 3. Let M be a complete Riemannian mani-
fold and o a point of M . For any given r>0, let
0,,X,X, bethreepointsin M such that
p=d(o,x)=d(0,x,). Suppose that (2) is true. De-
note the ray from o to x, by y,, the ray from o to
X, by y, andtheangleof », and y, at o by 4;

21/1+p+d(0,01)(1n‘9+1)
a 3)
<d(x, )<2p+b(ln0+l)

2p+

where p islarge enough and @ is small enough.
Now we consider a simply connected Riemannian

manifold M with negative sectional curvature. As usual,

two rays y, and y, on M are equivalent, that is,

7, ~ 7, ifand only if d(}/1 (1) }/Z(t))SC,for all t>0.
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If we denote the set of all rays in M by I, then the
Matrin boundary at infinity is defined as '/~ .

If  and y, are emanating from the same point 0
of M, 7(0)=7,(0), from (2),

2‘,1+p+d(0’01)(1n9+1)£C

a

2p+

as t—>0, #=0. This means that y,
if y, =y, . Then,

[/~ =S()={y : remanating from a fixed point 0} and
it is equivalent to the unite sphere S, in T.M .

Moreover, by Lemma 3, we can also construct a C“
topological structure on M =M US() as [1]. By
using this fact, we can prove the following Theorem 4,
and Theorem 1 as its Corollary.

Theorem 4. Let M be a simply connected Riemannian
manifold with (2) and (3). For any ¢ C®(S(w)), there
is a unique harmonic function ueC”(M)nC’(M)
such that u|

Proof: We f) rst ﬁx the base point 0. Let S(o) be
equivalent to the unit tangent sphere S, (1)=S"". From
[1], without loss of generality, we may assume that
@eC”(S,(1)). Since K, <0, M is diffeomorphic
to R". Denote {(r,9)|6’ €S, (1)= S”_l} as the normal
coordinate around 0. Then, ¢ =¢(6), 8 €S, (1). Now,
we define an extension of ¢ and still denote it by ¢,
so that

~y, if and only

o(r,0)=p(8),forall r > 0.
Then ¢ is a differential function on M \{0} _ Write

o(x)),

osch(1)¢ = y:;lxli('l)|(ﬂ(y) -

Now, we proceed to prove Theorem 4 via the follow-
ing steps:

1
P
1) osc_ (1)(p—0{e e ] According to the defi-
X

nition of ¢,if yeB, (1) , then

lo(y)-0(x)=|e(8)-0(0

where 6, @' is the geodesic sphere coordinate of Yy, X,
respectively. By Lemma 3, we have

2p(x)+241 (ln(H 0)- ) 2 (y)<1,

0/~ <ce 7"

1
P
2) Consider ¢ — ¢ such that A§7J=O[e Jiip J

Let yeCy(R), 12720, sup p y =[-1,1]. Set
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5e MZ(pXZ (y))(p( y)dy Now it is not difficult to show that (c.f.[1,2])
Ml(pf(y))dy |Agb(x)|£c-0sch(])go.
Then 3) Consider the function
2 _ _ Cc
lo—d1- Jo ot (PE)(e(y) “’(X))dy‘ g=e ™" cc”5(x)= J"_ ~¢(14p) 7. Then,
¥l 1
Lo (P2 () 4y R
Ssup|(p(y)—(p(x)|=oscB 2 VSZ_E(lJF'D) 2Vp,
By b
3 3 3
At the same time, we have Ad = —%{—E(lﬂo) 2 |V,0|2 +(1+p)2 Ap}
Ap(X,)=A(@(X)— (X 5 3
(%) ( ()=o! 0))X:X0 :_E|:_§(1+p)z +(1+p)2 Ap}.
2(p;(0) ). oL z
= _[MA YR ((P(X)—¢(Xo))dy e The last equality is due to |Vp| =1. Hence, we
.[MZ (p y (X))dx ’ deduce the followings:

vg = - " V5(x) p(x)+8(x)Ve(X)],
Ag = e 0P [Vés(x)p(x)+S(X)V,o(x)]2 —e 0 (A3 (x) p(x)+2V8(x)-Vo(x)+3(x)Ap(x))

= e*”“)"“)[va(x)r p(x)+8° (x)+28(x)p(x)V8(x)-Vp(x)—AS(x)p(x)—2V8(x)-Vp(x)—6(x)Ap(x)}

5 3 3 1
=¢¢? B(Hp)_3 p+(1+p)_1 —(1+p)_2 p}-&-Cea" |:—%(l+p)_2 p+(1+p)2 +%p(l+p)_5 Ap—-(1+p)2 Ap:|.

(4)
For any fixed point peM , denote p, =d(o,p), and denote p=d(0,x) forany xeB(0,p,). Then
2
_b2 SKmin SKmax < a , 5
) <K ()51 ©)
which means that
-1 -1 -1 _
(n-ba_(n-ba ., a0 )pSApSn—1(1+b), ©6)
\/1+p0 \/1+p0 \/1+p0 P
by (4), we have
Ag <c’e™ P —+ L '02
4(1+p) I+p (1+p)
| 3P ] +(n—1)(1+b)_ 1 (n—l)acotha(n—l)

5 3 3 1
aiepy (p) 204p)  (1epp VA AlEa

<o pc’ c? oc }rce‘;" 3 1 +(n—l)(l+b) (n-1)a
4(

_4(1+,0)3+1+f0_(1+/1)2 Lol (Lep)i 214 p) (1+p)

| p¢ ( 1 _1]+ ¢ 3(tp)e 3¢ ¢ (n-D)(i+b)e (n-Dac
40p)y (A0E2) ) 1P 44 a(1e o) (14p) 2(14p)  (FP)

¢ +7+2(n—1)(1+b)—4(n—1)ac}<0

<e™

[ 1+p 4(1+p)
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provided that ¢ is small enough and by the conditions
1+b<2a, 2(n-1)+(2a-1-b)>7.
Hence,
Ag <0.

C

It is obvious that e () > ¢ Vive

p(x

so that

+p
there exists a constant ¢, such that
A(c,9)<-|Ag|.

According to the well-known Perron canonical har-
monic function theorem, the barrier functions ¢+ cg
and ¢@—cg assure that there exists a harmonic function
u satisfying

p+Ccg=2u=@p—Cg.

Now, it is easy to verify that u satisfies the boundary

conditions. Thus, Theorem 4 is proved.
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