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Abstract

Here we consider the attitude motion of a satellite, subjected to gravitational and aerodynamic
torques in an elliptic orbit. The determination of orientation of equilibrium points has been dis-
cussed. It is found that they coincide with those for the circular case as studied by Sarychev and
others in the works [1]-[3] and besides we have aimed at the sufficient condition for stability in
the sense of Lyapunov.
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1. Introduction

As investigated by [1], it has been found that in the central Newtonian force field a satellite with different mo-
ments of inertia has stable equilibrium orientations in a circular orbit. An extensive analysis made by [2] also
confirmed the results and he also derived sufficient conditions for stability. Realizing the importance of aerody-
namic drag effect on the altitude motion of a satellite in high altitudes, the study was first taken up by [3] re-
stricted to circular orbit taking into consideration the combined effect of gravitational and aerodynamic torques.
[1] examined how aerodynamic torque influence on equilibria and dynamics of two rigid bodies connected by
spherical hinge. Later an interesting investigation was performed by [4] and they showed that aerodynamic tor-
que can have small none conservative components resulting in instability of the satellite’s equilibria. Sazonov
obtained the most profound results concerning the loss of satiability of a satellite subjected to aerodynamic tor-
que. The basic problems of the satellite’s dynamics with an aerodynamic attitude central system have been dis-
cussed by many authors, namely, Sarychev [5]-[7] and Dranovsky.
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As detailed by [2], various forces influence the attitude motion of a satellite and among them we may men-
tion circular radiation effect, atmospheric drag, relativistic effect and many others. But the effect of the atmos-
pheric drag and the later forces can be neglected and so we have mainly concentrated on aerodynamic and gra-
vitational force.

In the present investigation, different from the earlier studies made, we have taken the orbit of the satellite to
be elliptic. Although in the first instance the system reduces to a non-autonomous system, since the angular ve-
locity factor cancels out, the variation in the orbit does not matter. However, since the generalized integral of
energy reduces to a quadrature direct application of Lyapunov theorem for stability is not applicable and it is
now as an open problem to find the condition of stability in the reduced non-autonomous system.

2. Equations of Motion

To write the equations of motion we introduce two right-handed Cartesian coordinate system [5] with the origin
at the satellite’s center of mass O. Oxyz is the orbital reference frame. The axis OZ is directed along the radius
vector from the earth center of mass to the satellite one, the axis OX is on the orbit plane & in direction of the
satellites orbital motion. OXYZ is the satellites triad reference frame: O,,0,,0, are principal axes of inertia of

the satellite.
Using the body 2-3-1 sequence of angles «, 3,7 , we get the following relations between the systems OXYZ
and oxyz
X cosa 0 sina|fcosp -sing 0|1 O 0 X
Y |=| O 1 0 ||sing cosp 0]||0 cosy -siny|ly
z —sina 0 cosa 0 0 110 siny cosy ||z

Finally the direction cosines of the axes O,,0,,0, in the reference frame OXYZ are written as
cos(x, X )=a,, =cosacos 8

=a,, =C0s #Cosy 1)

)
)
) =@y, =—cos Bsiny
)
)

We shall let the satellite be subjected to aerodynamic and gravitational torques as in the work [5] and avoid-
ing the repetition, we shall use the same notations as used in the referred paper and the equations of motion sub-
jected to the referred torques as follows:

Ap+(C - B)ar =30 (C - B)agyay + o’ (ha, —ha,) &)
B4+ (A-C)rp=30"(A-C)aya, + o’ (ha, —ha,) @3)
Cr+(B-A)pg=3w’(B-A)aya, + o’ (ha, —ha,) 4)
p=(ad+w)a,+y=p+owa,
q=(d+w)a, +parcsiny =7 +wa,, (5)

r

(¢ +w)ay, +fcosy =T +way,

Qa, _ b, _ Qo
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w=0=a,(1+ecosd)’

6 =the line anomaly of the elliptic orbit,
e = the eccentricity of the elliptic orbit,

- P 7 ) ~
" Trecosd’ wo—?p—a(l—e ) 8,8y3 — 838y, = 8y

And similar other relations

8y =13y —Qay; +0ay,
a;, = Pag; —ray +wa,,
33 = 03y, — Pay, + Way,

8y, =ray, —Qay; — 0y,
8y, = Pay; —ra,; —way,

a3 =03, — Pa, —way
Ay =ray, —gay
azz = Pay —ray
azs =03, — Pa,,

d

(=2
Now (2)p + (3)q + (4)r will give
App + Bagg + Crr
= 30" [ (day; —ray, ) Ay +(ray, — pay, ) Bay, +( pay, —gay, ) Cay, |
+ 0 [y (ar —a,0)+y (8P —aur)) + s (2,0 -2, p) |
Using the relations (9) and (10), we may write (13) as
App +Bqgg +Crf
=30 [ (—2y, — way, ) Aay, ++(-8y, — 03y, ) Bay, + (-85 + w3y, ) Cay, |
+ 0" [0y (8, + @y ) +h, (4, + @ag, )+ (4;+ay) |
= %%(Apz +Bq? +Cr2)+%%(Aa§1 +Bal, +Caj,)
-0 (hay, +h,a, +hay,)
= 3w’ (Aay,a, + Bayay, +Cajay, )+ o’ (hay, +hay, +hay,)

Next (2)wa,, +(3)wa,, +(4)a, will give

o[ Apay, + Bda,, + Cra,, |+ | Ap(ray, —ay, )+ Ba( pag, —ray, ) +Cr(gay — pay,) |

=30° [ Ay (8,855 — 83,8y, ) + Bay, (83,8, — 38, ) + Cagy (85,8, — 833, ) |
+0° [ 1y (8855 — 81385 )+, (858, — 84,85 ) + 1y (8,8, — 813, ) |
= o (Pay, + Pay, )+ (day, +0dy, )+ (Fay, + rdy) |
=3w’ (Ayay, + Baga, + Caga, )+ o’ (hay, +h,a;, +hay,)
Hence (14)-(15) will give

©,
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1d d
2 AP B+ ) (Apay + By + Cre
30’ d d
+Ta(Aa§l+Ba§2 +Ca§3)_w2 dt(h1a11+h2a12+h3a13):O

Since « isafunction of t, then integration will result to
1
E(Apz +Bg’ +Cr2)—a)(Apa21 +Boga,, +Cray,)

3w®

+ > (Aa321 + Ba§2 +Ca’§3)_w2 (hla31 +h,a,, + heass) (16)

=—[(Apa,, +Bda,, +Cray, )dw+3[( Aaj, + Ba, + Cal; ) odw
- Zj(fhasl +h,a,, + hia,; ) wdw + constant

Putting the values (5) in terms of P,q,T, the integrals (16) reduces to
1/, _ _ 30’
E(Ap2 + B +Cr2)+T(Aa§1 +Baj, +Ca;)

2
(0]
_T(Aazzl + Ba;z + Ca§3 ) -0’ (hlaal +ha,, + h3a33) (17)
= [{Aay (P+way, ) +Bay, (T +ma, )+ Cay, (T +way, )} do

+3[( Aal, +Ba, + Caj; ) odw —2[ (N ay, +hyay, + hyay, )de+constant

3.0rientation of Equilibria

For the equilibrium positions, we shall put o« =¢, =constant, g = f, =constant, y =y, =constant in the
Equations (2)-(4) and whence we have

(C - B)(azzazs _3332333)_ h,a,; +hya, =0
(A_C)(a23a21 _3333a31) - haail + h1a13 =0 (18)
(B - A)(az1a22 _3a31332)_ hla12 + hzail =0

These equations are entirely identical with those found by [5] and so to avoid repetition of the procedure we
shall only summarize the results obtained in the referral papers [1]-[3] obtained for different case, i.e., for

(a) h=0h,=0=h

(b) h,hy #0,h, =0

(c) h,h, and h;are all non- zero.

In case (a) there are at most 24 solutions depending on the parameters (x, y) introduced in the referral paper
and the least number is eight. In case (b) which has been studied in paper [2], three groups of solution are found
which we shall not mention and in case (c) the solution involves a complicated equation of degree not less than
twelve and it has not been solved. Thus we find that the orientation of equilibrium points does not change by
taking an elliptic orbit of a satellite instead of a circular one.

4. Sufficient Condition for Stability

To investigate the sufficient condition of stability of equilibrium orientation of the problem, we shall consider
the energy integral as in the referral papers of Sarychev and others [1]-[3]. For this we shall take

a=a,+a@ B=pF,+f and y=y,+7,where (a,f,.7,) isan equilibrium point and ((a,5,7) are small
variations to the different of the equilibrium points. Putting these values in the energy integral in the circular
case (@ = w, =constant). It reduces to

AD* + BTG’ +CT2 + @, (A, @ + Ay B° + A 7° +2A,,ap + 27, @y +2A, By )+ Y. = constant .
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( Z = terms of higher order than those of second).

where
A, =3(A-C)(a}-a)+3(B-C)(a; -a5)+K.,
Ay = [(B—A)—(B—C)sinz 70J[1+35in2 aOJCOSZ By
—%(B —C)sin’ g, sin B, sin 2y, + K,
A, =(B-C)| (3 ~a%)-3(x% -a2 )|+ K.
A :3(B—C){(§32 Cosa, — @, Sina, ) ay, —%(A—C)sin 201, Sin 250} Kis
A, =-3(B-C)(a,3, - 2,3, )+ K,,
A, = —%(B—C)[ﬁ(a33 COS 7 — &, SiN 7, ) &y +5iN 23, 5in 27, |+ K},
Here

a; :aij(aO'ﬁO’}/O)(i :1'2'3)

K*' corresponds to the case when h, =0,h, =0,h, =0
K? corresponds to the case when h =0,h, =0,h, =0
K*® corresponds to the case when h, #0,h, #0,h, =0

K, =ha,, Kj,=ha, K, =0

K, =—hsina,sin B

K,iﬁ =—h sing, sin B, —h,a, siny,

K2, = —h sina, sin B, —h,a, cosy, —h,a, siny,
K2, =ha, +ha, cosa,siny,

KZﬂ =ha, +h, (—cosa,sin B, cos y, )+ h,a,, cos a, sin y,
K;y =0

K, = ~h,a, cos 7,

K3, =—h, cosa, cos #sin y, —h,a, cos y,

Krzy =ha,

Kysy =ha, +hay,

Kja =ha, +ha,

Kia = hlgil + h2§12 + haa_ia

K;y =0, Kiy =hya,,, Kiy =azh, +ha,,

Sufficient conditions for stability have been found for the circular case in the form of showing the energy
integral to be positive definite and on the application of Lyapunov’s theorem for stability the result follows. The
conditions are given in the referred paper [1] [3] and to avoid the repetition we shall not write them here.

Corresponding to the elliptic case we have a non-autonomous system and here also we shall follow the same
process. We shall take up the integral (18) and let V" and Q be written for the non-autonomous and qua-
dratic part respectively lying on the right side of the integral (18), i.e, the integral (18) may be written as

VN =Q+constant .

1) Firstly, we shall consider the stability condition for a fixed t=t,, then since a)(to) is constant, it vir-
tually reduces to the circular case and the sufficient condition for stability will remain the same as for the circu-
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lar case and to avoid repetition we shall only refer to the investigation made by Sarychev and others [1]-[3].

2n
2) Secondly, we shall consider the average value of @ given by w, :Zij wdt . Here also we find that
T o

17 N :
@, =2—.[(1+ecos:9)2 dt = constant. Thus in this case also the problem reduces to the circular case and we
T o

shall not proceed further.
3) Here we shall consider the general case of the system being a non-autonomous. Although a positive V"

can be found, but as (ij_t is neither zero, nor negative, so to us it appears that by choosing a suitable positive
definite integral, the stability cannot be discussed and we need the employment of some other method. Lyapu-

. i . . A
nov’s theorem needs a positive definite quadratic function V" and d

=0 or negative and thus it is found

that Lyapunov’s conditions for stability are not satisfied and no conclusion can be made or it may be unstable.

5. Conclusion

Here conditions for stability have been studied referring to the work of [2], Sarychev and others [2]-[4]. In dif-
ferent cases, all reduce to the circular case. So far as the elliptic case is concerned, we took up the work different
from the studies made earlier, but as the factor of angular velocity cancels out from the equations, the orienta-
tions of the equilibrium points reduce to that for the circular case and it does not need any fresh investigation.
Coming to the stability condition for the case of elliptic orbit we have not come to any definite conclusions,

although a positive definite quadratic function can be made available as in [1]-[3] as for V", but as Z—V is

neither zero nor negative, so nothing can be concluded except that the motion will be unstable. Only a numerical
check up can only determine the definite nature of the equilibrium position. The effect of aerodynamic and gra-
vitational torques plays an important role. The result will be of far importance for the determination of the mo-
tion of altitude.
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