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Abstract 
A spin-dependent quantum trajectory methodology is outlined which achieves electron exchange- 
correlation on an ab initio basis. The methodology is intended to give workers in electronic struc-
ture the same computational capability which has been available for decades in classical dynam-
ics. 
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Should computational resources continue to be devoted to the further implementation of approximate methods 
of molecular electronic structure? In this brief report, I point out that a first-principles theory for electron ex-
change-correlation based on a quantum trajectory methodology has been available in principle since Dirac’s 
1928 paper for a relativistic electron but has not been implemented until recently [1] [2] owing to the ascendan-
cy of Schroedinger theory in the intervening years. This neglect appears to originate with the canard that 
Schroedinger theory is valid except in the regime of high electron velocity in a high-Z regime of atomic struc-
ture. This can’t be true since electron spin is ubiquitous in the low-Z regime of electronic structure, and electron 
spin is a property of Dirac’s and not of Schroedinger’s equation. 

The classical trajectory has a long and distinguished history in chemistry including chemical-reaction and 
molecular dynamics. The passage from relativistic classical to relativistic quantum dynamics simply replaces 
Newton’s deterministic equation of motion with Dirac’s wave equation of motion for any one electron in an en-
semble, 

( )
( ) ( )

( )
( )

( )
2 2

2d ,e ei i ,
d

D
D

t t
c mc t

t tt n t n t
ψ

β ψ
 ∂

= − → = − ⋅ + + 
∂− −  

 

p r
α r

r r r s
∇ ∇              (1) 

http://www.scirp.org/journal/cmb
http://dx.doi.org/10.4236/cmb.2014.41002
http://dx.doi.org/10.4236/cmb.2014.41002
http://www.scirp.org
mailto:ritchie@lstc.com
http://creativecommons.org/licenses/by/4.0/


B. Ritchie 
 

 
26 

where 
( )d

d
t

m
t

γ=
r

p , 
2

2 21 p
m c

γ = + , D

ψ
ψ

χ
 

=  
 

, 
0

0
 

=  
 

σ
α

σ
, and 

0
0
I

I
β

 
=  − 

 for Pauli’s spin vector  

σ  and the 2 × 2 identity matrix I. Notice the passage from classical to quantum dynamics of Coulomb’s Law  
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 for the interaction of any two electrons whose trajectories are at ( )tr  and  

( )n tr  classically and at r  and ( )n ts  quantum mechanically. The generalization to many electrons is ob-
vious. For example for any two electrons equations of motion analogous to Equation (1) would be written for the 
primed-variable electron whose interaction with the other electron would now be expressed using the unprimed 
variable.  

The quantum trajectory is calculated for the unprimed-variable electron as follows. First this electron’s veloc-
ity field ( ), tυ r  is inferred from its current, 
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where ( ) ( ) ( ) ( ) ( ), , , , ,t t t t tρ ψ ψ χ χ+ += +r r r r r  and from which a trajectory, ( )ts , can be calculated from 
the time integration of the velocity field to find a position field,  
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and finally by finding the quantum expectation value of the position field,  
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and similarly for the primed electron. 
In the nonrelativistic regime of electron velocity the current is evaluated in the nonrelativistic limit using  
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where 2 22E V mc mc− + ≅  and ( ),S tψ r  obeys the time-dependent Schroedinger equation, 
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smχ  has up (plus sign) or down (minus sign) spin states denoted by 1
2sm = ±  (i.e. α  or β  spin states)  

respectively. Written out explicitly in terms of the large component the current given by Equation (2) becomes 
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where we have used + =σ σ  and the identity,  

( )( ) ( )i⋅ ⋅ = ⋅ + ⋅ ×σ A σ B A B σ A B  

from which the identities useful in evaluating the current can be inferred,  

( ) ( )i⋅ = + ×σ σ σ∇ ∇ ∇                                 (7)  

( ) ( )i⋅ = + ×σ σ σ∇ ∇ ∇ .                                 (8) 

Written out explicitly for up (upper sign) or down (lower sign) spin states the current in the nonrelativistic re-
gime is 
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The first term on the right side of Equation (9), which is independent of spin, is contributed by Schroedinger 
theory, while the second and third terms are contributed uniquely by Dirac theory. Notice that the current and 
therefore a quantum trajectory scale like all of the other Schroedinger contributions, namely as 0c  and not as 

2c− , whose terms have been dropped in the Schroedinger limit of Dirac’s equation. It is found in [1] [2] that 
Pauli’s exclusion principle is satisfied automatically on using the spin-dependent quantum trajectories given by 
Equation (9) to calculate the electron-electron Coulomb potential. Hence one may conclude that electron ex-
change-correlation—it was recognized by the authors of early highly accurate variational calculations [3] that 
exchange is automatically satisfied when correlation is calculated exactly—and Pauli-Dirac statistics are relati-
vistic effects which persist into the nonrelativistic regime. This is obvious on recognizing that spin is a property 
of a relativistic electron such that in Schroedinger theory the Pauli principle must be satisfied on an ad hoc basis 
from phenomenological observation requiring great mathematical labor to simulate the physical link between 
electron spin and electron correlation which is omitted in Schroedinger’s formulation of quantum theory.  

Notice finally that a first-principles understanding of Fermi-Dirac statistics makes available to us a new high-
ly practical computational methodology in which one needs an efficient, accurate solver for the 3D time-de- 
pendent Schroedinger equation and an efficient, accurate, energy-conserving integrator for the quantum trajecto-
ries. Configuration interaction (CI) calculations are obviated since the time-dependent solution automatically 
generates a superposition of ground and excited states. One should not fuss that the electron-electron Coulomb 
potential has a mixed evaluation using an independent position variable for one electron and a dependent posi-
tion variable for the other electron: quantum mechanics allows us latitude to calculate the inverse distance be-
tween two point particles as long as it is calculated wave mechanically and not deterministically. The mathe-
matical bête noir of conventional time-independent many-electron quantum theory is of course the electron- 
electron Coulomb potential expressed as an inverse distance using independent position vectors for both elec-
trons. Quantum mechanics does not require us to seek a single wave function for N electrons instead of N wave 
functions for N electrons, and the former appears to be an accident of the additivity of the Schroedinger Hamil-
tonian leading to a vast literature on independent-electron approximation methods and on scholastic research on 
density functionals in which angels are replaced by orbitals. Except for the Bethe-Salpeter equation for two fer-
mions, relativistic invariance is satisfied by a one-body Dirac equation in 4-space: three spatial variables and the 
scaled time ct. Hence in Dirac theory it is natural to write N wave functions for N fermions as in Equation (1) 
instead of one wave function for N fermions. As long as the electron-electron potential is written as an exact in-
stantaneous interaction in 3-space and the time, then both electron exchange-correlation and its corollary Fermi- 
Dirac statistics will be dynamically achieved. 
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