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Abstract

In this work, we presented a new law which was based on the well-known duality property for the
set identities. We introduced the diagrams that could be applied to the proof for the set identities.
Some prime examples were also provided to illustrate the proposed law.
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1. Introduction

The set identities are used in many fields, including probability, statistics, propositional logic, Boolean algebra
(the binary operations V, A and a unary 7), lattices (the binary operations V and A), BCL/BCL+-algebra
[1]-[4] (the binary operation * ) and computer science. De Morgan’s laws are a pair of transformation rules that
are both valid rules of inference, and Venn diagrams are used to analyze logical arguments and to illustrate rela-
tionships between sets.

In the set theory and Boolean algebra, “Identities come in pairs” is now often stated as the relationship be-
tween the two identities in each pair we use the concept of a dual, it is certainly nothing new, such as the famous
De Morgan laws, dating back to the 19th century, and expresses the duality of the set identities, but it has long
been thought that the law of the double complement does not have duality. This is an interesting problem, shed-
ding new light on the operations of sets.

Venn diagrams do not prove whether equality is true or not. So, this is the problem of basic theory, and we are
to dope out a solution to the problem.

In this work we present a new law, and we also put the definition of difference evolved into law (i.e. the dual
of difference-set law), domination laws and the identity laws. The results show that the diagram can meet proof
of sets that this research could be useful to understand the set essence.
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2. Set Identities

Table 1 presents some set identities that arise firstly. In general, we have the following law, and we prove that
first.

Law 2.1 (Liu’s law). AU(AU B) =AUB.

Note that the so called “Liu’s law” for propositions, named after the Yonghong Liu.
Proof. We have

AU(AUB)=AU(ANB)
=(AUA)N(AUB)
=UN(AUB) (2.1)
=(UnAU(uNB)
= AUB.

The proof is completed.

Corollary 2.1 Aﬂ(m): ANB (Difference-set law) and AU(M): AUB (Liu’s law) is a dual
law (see Table 1).

The Liu’s law is to fill gaps in an existing textbook [5]. The most important set identities, such as domination
laws and De Morgan’s laws (first De Morgan’s law and second De Morgan’s law) are dual laws.

3. Diagrams and Definitions

As we know, Venn diagrams are often used to indicate the relationships among sets. But, it lacks the proof for
set identities. New, here’s the problem that we confront, and we must change and find new solutions.

Set can be represented graphically using curve. We draw a curved surface to indicate the universal set U ,
which is the set of the curve. We use notation S to denote the curve diagram of the sets, and S is a finite set.
In curved surface, let N and U be a coordinate set of operation. Let ¢ =(U,S,U,N) be a operation, then we
have the following definitions.

Definition 3.1 Let A and B be sets. Set B is a subset of set A, and is denoted by B < A. This is illu-
strated in Figure 1. Thatis, ifand only if AUB = A,then Bc A.

Definition 3.2 The intersection of the sets A and B, denoted by ANB. This is illustrated in Figure 2.

Definition 3.3 The union of the sets A and B, denoted by AU B . This s illustrated in Figure 3.

Definition 3.4 The Liu’s law is illustrated in Figure 4.

Table 1. Set identities.

Identity Name
Au(ﬁ):u
Aﬂ(ﬁ) o Domination Laws
AU(AN(AUB))=A
. Identity Laws
AN(AU(ANE))=A
(A)U(AN(AUB))=(A)
Q ( (7)) Q Complementation Laws
(A)n(AU(ANB))=(4)
Aﬂ(ﬁ) =ANB Difference-Set Law
AU(W):AUE Liu’s Law
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‘

Figurel. Bc A.

‘

Figure2. ANB.

q

Figure3. AUB.

‘

Figure4. AUB.
Definition 3.5 The difference of the sets A and B, denoted by A—B. This is illustrated in Figures 5(a)
and (b).
Definition 3.6 The complement of the set A, denoted by A. This is illustrated in Figures 6(a) and (b).
Definition 3.7 The domination laws are illustrated in Figure 7.
Definition 3.8 The domination laws can be decomposed into null set @ and universal set U . This is illu-

strated in Figures 8(a) and (b).
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4. Applications
Law 4.1 (Associative law). Use diagram to prove that
AU(BUC)=(AUB)UC. (4.2)

Proof. Let o =(U,S,U,N) be a machine on the set. Let A, B,and C be setswith A, B,Cc S, and let
Uy, U,,Us, U, < U. We use the coordinate sets to show that

AU, (BU,C)=(AU,B)U,C. (4.2)

The associative law is proved in Figures 9(a) and (b). We have (see Figures 9(a) and (b))
Figure 9 displays the graphs of the set . Here, if and only if,

(U)U(U,) =(Us)U(U,) =U and (U;)N(U,) = (Us)N(U,) =U-

Then U, =U,=U, U;=U,=U. Since the curve diagrams for AU,(BU,C) and (AU,B)U,C is
same. That is, the two curved surfaces are set-preserving equivalent. The identity of associative law is valid.

n N

\ ;

() (b)

Figure 5. A— B. (a) An(An B); (b) ANB.

=

@) (b)

Figure 6. A.(a) The U/NN model for A; (b) The UU/N model for A.

Figure 7. Set of the domination laws.
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Law 4.2 (Distributive law). Use diagram to prove that
AN(BUC)=(ANB)U(ANC). (4.3)
Proof. Let o =(U,s,U,N) be a machine on the set. Let A, B, and C be sets with AB,CcS. The

distributive law is proved in Figures 10(a) and (b). We have (see Figures 10(a) and (b))
Where " and " be coordinate set of operation with ('," <, we have

(AN"B)U(AN'C)=(ANB)U(ANC). (4.4)
If and only if,
(MU =N and (N)N(N")=N,
then '=N"=/. Hence, by Figure 10(a), we have

n u

€)) (b)

Figure 8. @ and U . (a) Theith term of @ ; (b) The ith term of U .

Ui, U, Us, Uy

(a) (b)

Figure 9. Set of the associative law. (a) AU, (BU,C); (b) (AU,B)U,C .

(b)

Figure 10. Set of the distributive law. () AN(BUC): (b) (ANB)U(AUC).
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AN(BUC)=(AN"B)U(AN'C).

This is what we needed to prove.
Example 4.1 Use set identities to prove that

xﬂ(xﬁg):ﬁ
{AD(EUX)X
Whether the system has a unique solution
x=ANB.
Proof. Let x ﬂ(m) =B be equivalent to saying that two equations
xNA=B
LHE:E
thus
xN(ANB)=xN(AUB)

= (xNA)U(xNB)
=BUB
=B
Let AD(EU x) =X we also have
ANB=x
{Aﬂx:x
thus
N(BUX)= ( AmB)
=ANB
=X,
and thus

Conversely, if x=ANB, then

=(ANB)U((AUB)NB
:{Anauﬁ
=B.

thus

Example 4.1 is proved.

(4.5)

(4.6)

4.7

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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Example 4.2 Use set identities to prove that

{xU(AﬂB)iA+B @15
xUA=AUB.
Whether the system has a unique solution
x=AUB. (4.16)
Proof. Let xU(ANB)=A+B be equivalent to saying that two equations
x=(A+B)NV
R (4.17)
ANB=(A+BNV).
where forall V in U we have
xU(ANB)=((A+B)NV|U((A+B)NV)
=(A+B)N(VULY) (4.18)
=(A+B)NU
=A+B.
Let xUA=AUB we also have
x=(AU§)ﬂW
. (4.19)
A=(AUB)NW.
where forall W in U we have
xUA=((AUB)NW)U((AUB)NW)
=(AUB)N(W W) (4.20)
=(AUB)NU
=AUB.
Conversely, if x=AUB, then
xU(ANB)=(AUB)U(ANB)
=(AUB)N(ANB @21)
=(AUB)N(AUB
=A+B.
and thus
xUA:(AUB)UA:AUE. (4.22)

The proof is complete.
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