&

Scientific

Journal of Applied Mathematics and Physics, 2014, 2, 45-49 o
* Research

Published Online February 2014 (http://www.scirp.org/journal/jamp) ¢
http://dx.doi.org/10.4236/jamp.2014.23005

&
.0
X

o

Application of Trial Equation Method for Solving
the Benjamin Ono Equation
Yang Li

Department of Mathematics, Northeast Petroleum University, Daging, China
Email: liyang120918@163.com

Received January 7, 2014; revised February 7, 2014; accepted February 15, 2014

Copyright © 2014 Yang Li. This is an open access article distributed under the Creative Commons Attribution License, which per-
mits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. In accordance of the
Creative Commons Attribution License all Copyrights © 2014 are reserved for SCIRP and the owner of the intellectual property
Yang Li. All Copyright © 2014 are guarded by law and by SCIRP as a guardian.

ABSTRACT

In the article, the nonlinear equation is reduced to an ordinary differential equation under the travelling wave
transformation. Using trial equation method, the ODE is reduced to the elementary integral form. In the end,
complete discrimination system for polynomial is used to solve the corresponding integrals and obtain the classi-
fication of all single travelling wave solutions to the equation.
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1. Introduction

Nonlinear phenomena are general problems in every field of engineering technology, science research, natural
world and human society activities. So the investigation of exact solutions of nonlinear equations plays a
important role not only in theoretic research but in application. To obtain the travelling wave solutions, many
methods were attempted, such as the inverse scattering method [1], Hirotas bilinear transformation [2,3], the
tanh method [4], sine-cosine method [5], homogeneous balance method [6,7], exp-function method [8], and so
on. These methods derived many solutions to most nonlinear evolution equations. Recently, Professor Liu
proposed a powerful method named trial equation method for finding exact solutions to nonlinear differential
equations [9-11]. By using his method, the nonlinear differential equation is reduced to an ordinary differential
equation under the travelling wave transformation. Using the trial equation method, the ODE is reduced to the
elementary integral form. In the end, the complete discrimination system for polynomial is used to solve the
corresponding integrals. We can obtain the classification of all single travelling wave solutions [12-16] to the
equation. This idea is so good that many types of nonlinear differential equations can be solved by it. Using the
trial equation method and complete discrimination system for polynomial, we have obtained a lot of new
solutions to many nonlinear differential equations. As an application, some new solutions to the Benjamin Ono
equation are given.

2. Application of the Trial Equation Method

The Benjamin Ono equation reads as
U, + ﬂ(u2 )XX +7U, =0. ()

where g,y are parameters.Taking the traveling wave transformation u :u(gl) and & =kx+ot, we can
obtain the corresponding reduced ODE.
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(af)u”+2k2,b’uu”+2k2,3(u’)2+7/k2u"":0. )

we take the trial equation as follows: u”"=a,+au+---+a,u".

According to the trial equation method of rank homogeneous equation, balancing u™ with uu” (or (u')z)
gets m=2. Equation (4) has the following specific form

u" = a, +a,u+a,u’. @)
Integrating the Equation (3)once with respectto & , we get
(u'y’ :§a2u3+a1u2+2aou+d. 4
By Equation (3) and Equation(4), we derive the following equation
u”":%a§u3+5ala2u2+(6a0a2+af)u+2a2d +a,3,. (5)
Substituting Equations (3)-(5) into Equation (2), we have
ru’ +nu’ +nu+r, =0. (6)
where
f, =a,0° + 2k’ Ad +(2a,d +a,a, )k*y. )
r, = a,0° +6k’a, +(62,2, +; )k'y. ®
r, = a,0° +4k*Ba, +5a,a,k"y. 9)
r, :%kzﬂaﬁ%k“yag. (10)

Let the coefficient r, =0(i=0,1,2,3) be zerowe will yield nonlinear algebraic equations.Solving the
equations, we will determine the values of a,,a,,a,,d .

2
_1a =T
kK'7'"° Ky
satisfied, we use the complete discrimination system for the third order polynomial and have the following
solving process.

We get a =— a, and d are two arbitrary constants. When the above conditions are

Let
1 1 2 1
v =(§a2j3 u,é= [%aZT &.d, = ai(éazja ,d; = 2a, (%azjs ,d, =d. (11)
Then Equation(4) becomes
(V') =v3 +d,v? +d,v +d,. (12)
where Vv isa function of &£.The integral form of Equation(12) is
ir(gﬂfo):j\/v?’+d2v(jV+dlv+dO ' =
Denote
F(v)=v®+d,V +dv+d,. (14)
2
A:—27(22i723+d0—d1;3j ~4(d,~d2)’, Dlzdl—% (15)

According to the complete discrimination system, we give the corresponding single traveling wave solutions
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to Equation(1).
Casel. A=0,D,<0-F(v)=0 hasadouble real root and a simple real root. Then we have

F(V)=(v=2)' (v=4). 4 # 2 (16)

when v > 4,, the corresponding solutions are
o[22 (ﬂi—z?)tanh{_ﬂz‘ﬂz(%J%a—&)]w (B> ) an
o -(2a,)° (ﬂl—%)cothzl—\mz_lz [gazjs(;—ﬁo)]w (3> 2) (18)

3

u3=(%a2j_; (‘%Jrﬂq)sec{@(gazf(51—50)}/11 (<) (19)

Case2. A=0,D,=0-F(v)=0 hasatriple root. Then we have

F(v)=(v-4)" (20)
The corresponding solution is
2

u, = 4(§azj YE-&) A (21)

Case3. A>0,D, <0-F(v)=0 has three different real roots. Then we have
FV)=(v-2)(V-%)(V-4%) A <& < 4. (22)

when 4 <v< 4,, we take the transformation as follows

v=24+(4—4)sin’ p. (23)

According to the Equation(12), we have

dv 2 d
Y Iy R et o 0
where m? :%.On the basis of the Equation(24) and the definition of the Jacobi elliptic sine function, we
have
v=ﬂ1+(/12—ﬂi)sn2[ %Z_A(gl—go),m} (25)
The corresponding solutions is
1

u5=[§azj 3{,“(4—,11)5#[ 232_21(51—50),mﬂ. (26)

when v > 4, , we take the transformation as follows
V= M 27

cos® ¢

The corresponding solutions is
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|| VR (20 T (g - g)m
Ug =(§ azj ? - : (28)
2 23_11 2 3
cn > (3%) (&-%)m
where m?=Z2=%4
=4
Case4. A<0-F(v)=0 hasonly areal root. Then we have
F(v):(v—/l)(v2+ pv+q), p? —4q <0. (29)

when v > 4, we take the transformation as follows

v=i+\//12+p/1+qtan2%. (30)

According to the Equation(13), we have
dv 1 de

£-&=] - ol —. (31)
\/(v—l)(vz +pv+q) (22+ pr+a)t J1-m?sin? o
Y
A+
where m? =1 1- 2 . On the basis of the Equation(31) and the definition of the Jacobi elliptic

JAZ+pAl+q

cosine function, we have

2
V=a+ 2VA FPpAta _ i+ pi+q. 32)

1+cn[(/12 + p/1+q)‘l‘(§l—§o),m]

The corresponding solutions is

1
-3 [,2
u7:(zazj3 A+ 24 +p/1+ql —JA2+pl+q | (33)

1+cn (/12+ pi+q)‘l‘(§a2)_3(§l—§o)vm

In Equations (17), (18), (19), (21), (26), (28) and (33), the integration constant &, has been rewritten,but we
still use it. The solutions u, (i :1,---,7) are all possible exact traveling wave solutions to Equation (1). It is
easy to write the corresponding solutions to the Benjamin Ono equation. For brevity, we omitted.

3. Conclusion

Trial equation method is a systematic method to solve nonlinear differential equations. The advantage of this
method is that we can deal with nonlinear equations with linear methods. This method has the characteristics of
simple steps and clear effectivity. Based on the idea of the trial equation method and the aid of the computerized
symbolic computation, some exact traveling wave solutions to the Benjamin Ono equation have been obtained.
With the same method, some of other equations can be dealt with.
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