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ABSTRACT

Numeric algorithms for solving the linear systems of tridiagonal type have already existed. The well-known
Thomas algorithm is an example of such algorithms. The current paper is mainly devoted to constructing sym-
bolic algorithms for solving tridiagonal linear systems of equations via transformations. The new symbolic algo-
rithms remove the cases where the numeric algorithms fail. The computational cost of these algorithms is given.
MAPLE procedures based on these algorithms are presented. Some illustrative examples are given.
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1. Introduction

Linear systems of equations of tridiagonal type arise in solving problems in a wide variety of disciplines includ-
ing physics [1,2], mathematics [3-8], engineering [9,10] and others. Many researchers have been devoted to
dealing with such systems (see [11-27]). When a system of linear equations has a coefficient matrix of special
structure, it is recommended to use a tailor-made algorithm for such systems of equations. The tailor-made algo-
rithms are not only more efficient in terms of computational time and computer memory, but also accumulate
smaller round-off errors. As a matter of fact, many problems arising in practice lead to the solution of linear
system of equations with special coefficient matrices. The current paper is mainly devoted to developing new
algorithms for solving linear system of equations of tridiagonal type of the form:

Tx = f, 1)
where
4, a 0 0
b, d, a, . :
T={0 . . - 0 |, 2
:o o by dy oAy
|0 b, d, |

X=[X1,X2,...,xn]T and f :[fr f,ee, fn]T.

The coefficient matrix T in (2) can be stored in 3n memory locations by using three vectors:

a=[a,a,,,a,], b=[b,b,,---,b,], and d=[d,,d,,---,d ], with a =b =0. Thisis always a good habit
in computation in order to save memory space.

Of course, the non-singularity of the coefficient matrix should be checked firstly to make sure that the system
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(1) has a non-trivial solution. The DETGTRI algorithm [28] can be used efficiently for this purpose.

Definition 1.1 [29]. The symmetric matrix A=(ay )injzl

is called positive definite if and only if

xTAx >0, forall xe R", x = 0.

Theorem 1.2 [29]. The symmetric matrix AeR™" is positive definite if and only if any of the following

conditions is satisfied:

1) A has only positive eigenvalues.

a,
2) F =
akl

Ay
>0,

a'kk

fork=1,2,---,n.

In particular, the author in [30] proved that for the tridiagonal matrix (2), it is true that
F. =cF._ k=12,---,n, provided that F,=1. Thus the tridiagonal matrix (2) is positive definite if and only
if ¢,>0,i=12,---,n. Thisis an easy way to check weather a tridiagonal matrix is positive definite or not.

3) A canbewrittenas: A=B'B for anon-singular matrix B eR™".

Definition 1.3 [29]. An nxn matrix A is called diagonally dominant if

and strictly diagonally dominant if

|aii| 2 i|aij|' 1<i< n,
=L

J#i

|aii| > i|aij|' 1<i<n.
i=1

J#i

The current paper is organized as follows. In Section 2, new algorithms for solving linear systems of
equations of tridiagonal type via transformations are given. In Section 3, concluding remarks are given. MAPLE
procedures are given in Section 4. Illustrative examples are presented in Section 5.

Throughout this paper, the word “simplify” means simplifying the expression under consideration to its sim-

plest rational form.

2. Main Results

In this Section, we are going to consider the derivation of new algorithms for solving linear systems of equations
of tridiagonal type (1) via transformations. For this purpose it is convenient to introduce three vectors

c=[c,Cp

Clzdll 3/1:i

,21:L and

] oy=[yuYeey,] and z=[z,2,,---,z,] where

¢ =d by,
M:%, fori=2,3,-,n ©)
1
z=—(f-bz ,).
i Ci( i I |—1)

By using the vectors ¢, y and z, together with the suitable elementary row operations (ERQ’s), we see that the
system (1) may be transformed to the equivalent linear system;

OPEN ACCESS

1y, 0
0 1 v,
0

0x] [z]

: XZ Z2
0 X (= @)

1yl :

0 1 J[%] |z.]
AM



M. EL-MIKKAWY, F. ATLAN

415

The transformed system (4) is easy to solve by backward substitution. Consequently, the linear system (1) can
be solved using the following algorithm:

Algorithm 2.1. Numeric algorithm for solving tridiagonal linear system.

To solve the linear system of the form (1), we may proceed as follows:

INPUT: Order of the matrix n and the components, a,d,.b,f,i=12,--,n, (a =b =0).

OUTPUT: The solution vector x = [xl,xz,~~~,x"]T .

Step 1: Use the DETGTRI algorithm [28] to check the non-singularity of the coefficient matrix of the system (1).

Step 2: If det(T)=0, then Exiterror (“"No solutions”) end if.

3

Step 3: Set ¢, =d,, ylZ? and

1

Step 4: For i=2,3,---,n-1 do

Compute and simplify:

¢ =d-by.,

z,==(f-bz,).

End do.
C, = dn - bnynfl'

1
z, :C—( f—-bz,)

n

Step 5: Compute the solution vector x =[x,,x,,-+,x,]" using

X, =1,

For i=n-1,n-2,---1 do

X =7~ YX,
End do.

The Algorithm 2.1, will be referred to as TRANSTRI-I algorithm. The cost of the algorithm is 5n—4
multiplications/divisions and 3n—3 additions/subtractions.

Note that the algorithm TRANSTRI-1 works properly only if ¢; #0 forall ie{1,2,--,n}.

At this point, it should be mentioned that if the coefficient matrix, T of the system (1) is positive definite or
diagonally dominant, then the numeric algorithm TRANSTRI-1 will never fail.
The following symbolic version algorithm is developed in order to remove the cases where the numeric
algorithm TRANSTRI-I fails. The parameter “s” in the algorithm is just a symbolic name. It is a dummy

argument and its actual value is zero.

Algorithm 2.2. Symbolic version algorithm for TRANSTRI-I algorithm.

To solve the linear system of the form (1), we may proceed as follows:

INPUT: Order of the matrix n and the components, a,d,,b,f,i=12,---,n,

OUTPUT: The solution vector x = [xl,xz,~~~,x“]T .

Step 1: Use the DETGTRI algorithm [28] to check the non-singularity of the coefficient matrix of the system (1).

Step 2: If det(T)=0, then Exiterror(“No solutions”) end if.

Step 3: Set ¢, =d

Set y, = 21

1
Step 4: For i=2,3,---,n-1 do
Compute and simplify:

f
and z,=-1.
c

1

.. If ¢,=0 then c =s endif.

c,=d —-by, If ¢, =0 then ¢, =s endif.

Y =

o |

(a,=b=0).
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1
=—(f-bz,).
= (1-b.)

End do.
c,=d -by., If c =0 then c =s endif.

n n

1
=—(f,-b .
2, =1(1,-b3,)

n

Step 5: Compute the solution vector x =[x,,x,,-,x,]" using

X, =1,

For i=n-1,n-2,---1 do
X =z, Y, X,

End do.

Step 6: Substitute S=0 in all expressions of the solution vector x,,i=1,2,---,n.

The Algorithm 2.2, will be referred to as TRANSTRI-11 algorithm.
In a similar manner, we may consider three vectors e =[e,e,,---,e,], Y =[Y,,Y,,--,Y,] and
Z=(2,2,,--,Z,] where

€= iYi+l’

Y =", 7 :L and <Y, =

d,—a
b, .
-+, fori=n-1,n-2,---,1 (5)
€

z.=1(1-az.,).

&

in order to develop a new algorithm.
We are going to focus on the symbolic version only. As in Algorithm 2.1, by using the vectors e, Y and Z,
together with the suitable ERO’s, we see that the system (1) may be transformed to the equivalent linear system:

1 0 - - 0] X, Z,

Y, 1 ' S %, Z,

0 . I =2 (6)
S 1 ol : .

10 - 0 Y, 1 x | [Z]

The transformed system (6) is easy to solve using forward substitution. Therefore the linear system (1) can be
solved using the following algorithm:

Algorithm 2.3. Symbolic version algorithm for solving tridiagonal linear system.

To solve the linear system of the form (1), we may proceed as follows:
INPUT: Order of the matrix n and the components, a,d,.b,f,i=12,--,n, (a =b =0).

OUTPUT: The solution vector X =[x,%,-+,x,] .
Step 1: Use the DETGTRI algorithm [28] to check the non-singularity of the coefficient matrix of the system (1).
Step 2: If det(T)=0, then Exiterror(“No solutions”) end if.

Step 3: Set e, =d,. If e =0 then e =s endif.

f
Y,=—" and Z =—".
e

Step 4: For i=n-1,n-2,---,2 do
Compute and simplify:

e=d-aY, If =0 then e =s endif.
.}
e
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z=Y(t-az,).

End do.
e =d,—-aY, If ¢=0 then e =s endif.

1
Z=—(f-aZ,).
1e(1 a12)

1

Step 5: Compute the solution vector x =[x,,x,,-,x,]" using

X =27,

For i=2,3,---,n do
X =2 =YX,

End do.

Step 6: Substitute S=0 in all expressions of the solution vector x,,i=1,2,---,n.

The Algorithm 2.3, will be referred to as TRANSTRI-I11 algorithm.
Corollary 2.1. Let T be the backward matrix of the tridiagonal matrix T in (2), and given by:

: - a, d, b,
A : - a, dy by O
T _ . 3 3 3 7
A - @)
Q. dn—l bn—l
| d, 3 0 0 |
Then the backward tridiagonal linear system
f[ul,uz,--~,un]T:f (8)
has the solution: u, =x_,,,,i=12,--,Ln], where Lk is the floor function of k and [X4 Xg0e0 X, ]T is the
solution vector of the linear system (1).
Proof. Consider the nxn permutation matrix P defined by:
0 -« -« 0 11
: 10
P=|: .7 .7 i 9)
L 0_
For this matrix, we have:
P1=P =P (10)
Since
T=TP (11)

Then using (10) and (11), the result follows.
Corollary 2.2. The determinants of the coefficient matrices T and T in (2) and (7) are given respectively

by:
det(T) =]ﬂ[cr =11[er (12)
r=1 r=1
and
" n(n-1) n n(n-1) n
det(T)=(-1) 2z []c, =(-1) 2 [[e., (13)
r=1 r=1

OPEN ACCESS AM
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where c,,c,,---,c, and e,e,,---,e, satisfy (3)and (5).

3. Conclusions

There are many numeric algorithms in current use for solving linear systems of tridiagonal type. The Thomas
algorithm is the well known numeric algorithm for solving such systems. However, all Thomas and Thomas-like
numeric algorithms including the TRANSTRI-I algorithm of the current paper, fail to solve the tridiagonal linear
systemif ¢, =0 forany ie{1,2,---,n}. Forexample, all these numeric algorithms fail to solve the linear system:

11 0fx 3
11 2)x|=|9]
0 3 4]x| |18

since ¢, =0, although its coefficient matrix is invertible and its inverse is the following matrix

)
|
NI Wl Wl
|
|

The symbolic algorithms TRANSTRI-11 and TRANSTRI-I11 of the current paper are constructed in order to
remove the cases where the numeric algorithms fail. These are the only symbolic algorithms for solving linear
systems of tridiagonal type. Consequently, we are not going to compare them with numeric algorithms.

4. Computer Programs

In this Section, we are going to introduce MAPLE procedures for solving linear system of tridiagonal type (1).
These procedures are based on the algorithms DETGTRI, TRANSTRI-II and TRANSTRI-II1. The procedure
of Program 1, alters the contents of the vectors d, a and f. Eventually, the contents of the vectors C, Y
and z are stored in d, a and f, respectively. The procedure of Program 2, alters the contents of the
vectors d, a and f. Eventually, the contents of the vectors €, Y and Z are stored in d, b and
f, respectively.

Program 1. A MAPLE procedure for solving linear system of tridiagonal type.

> restart:
tritrans := proc(d::vector, a::vector, b::vector,f::vector,n::posint)
local i:
global x,T:
X:= vector(n):
if d[1] = 0 then d[1]:=s fi:
a[1]:=simplify(a[1]/d[1]): f[1]:=simplify(f[1]/d[1]):
for i from 2 ton-1do
d[i] := simplify(d[i]-a[i-1]*b[i]);
if d[i] = 0 then d[i] :=s; fi:
a[i] := simplify(a[il/d[i]);
f[i] := simplify((f[i]-f[i-1]*b[i])/d[i]);
od:
d[n] := simplify(d[n]-a[n-1]*b[n]);
if d[n] = 0 then d[n] :=s; fi:
f[n] := simplify((f[n]-f[n-1]*b[n])/d[n]);
#To compute the determinant of the tridiagonal matrix#
T := simplify(subs(s =0,simplify(product(d[r],r= 1..n)))):
if T =0 then
error(“Singular Matrix™)
else
# To compute the Solution of the system X. #

OPEN ACCESS AM
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x[n]:=simplify(f[n]);
for i from n-1 by -1 to 1 do

X[il:=simplify((f[i]-a[i*X[i+1]));

od;
eval(x);
fi:
end proc :

Program 2. A MAPLE procedure for solving linear system of tridiagonal type.

Based on the algorithm TRANSTRI-I11, a MAPLE procedure for solving the linear system of tridiagonal type (1) is given

below.
> restart:

tritrans := proc(d::vector, a::vector, b::vector,f::vector,n::posint)

local i:

global x,T:

X:= vector(n):

if d[n] = 0 then d[n]:=s fi:

b[n]:=simplify(b[n}/d[n]): f[n]:=simplify(f[n}/d[n]):

forifromn-1by-1to2do

d[i] := simplify(d[i]-b[i+1]*a[i]);

if d[i] = 0 then d[i] :=s; fi:
b[i] := simplify(b[il/d[i]);

f[i] := simplify((f[i]-f[i+1]*a[il)/d[il);

od:

d[1] := simplify(d[1]-b[2]*a[1]);

if d[1] = 0 then d[1] :=s; fi:

f[1] := simplify((f[1]-f[2]*a[1])/d[1]);
#To compute the determinant of the tridiagonal matrix#
T := simplify(subs(s =0,simplify(product(d[r],r= 1..n)))):

if T=0then
error(“Singular Matrix™)
else

# To compute the Solution of the system X. #

X[1]:=simplify(f[1]);
for i from 2 to n do

x[i]:=simplify((f[i]-b[i]*x[i-11));

od;
eval(x);
fi:
end proc :

5. Hlustrative Examples

All results in this section are obtained by executing the MAPLE procedures of Program 1 and Program 2 pre-

sented in the previous section.

Example 5.1. Solve the tridiagonal linear system

Solution: We have

O O O O O Fr o

0

O O O O M

0

o O Ok b~ P

n=7 a=[0111110],

OPEN ACCESS

000 0][x
000 0[x
100 0fx
41 0 0| x, |=[-6
141 0fx
01 4 1x
000 6Jx| 0]

d=[6,4,4,4,4,4,6] , b=[0,1,1,1,11,0],

(14)

AM
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and f=[0,1,2,-6,2,1,0]".
By applying the TRANSTRI-1 algorithm, we get
. c_[g415 56 200 780 ]
4 15 56 209

7
o det(T)=]]c; =28080.
i=1
e The solution vector is given by: x = [O,O,l,—Z,l,O,O]T .
Note that the coefficient matrix T in (14) is positive definite.
By applying the algorithms TRANSTRI-I11 and TRANSTRI-III, we obtain the same solution vector.

Example 5.2. Solve the tridiagonal linear system

210000000 0][x] [1]
132000000 0fx

013100000 0|x

007 260000 0|x| |34
000621000 O0x]| (10
00003 43000[x] |1
00000G8150 0|x 4
0000006 27 0 x| |22
0000O0O0GOG5 4 3[x]| |25
0 00 00O0O0O0 4 5|x] [3]

Solution: Here, we have

n=10, a=[1,21,613573,0], d=[233,224124,5],

b=[0,11,7,6,38,6,54], and f=[1,2,6,3410,1,4,22,253] .

By applying the TRANSTRI-I algorithm, we get
_[, 511 13 422 1649 8479 66428 31053 317467
'2'5" 1113 " 422 ' 1649 ' 8479 ' 66428 ' 10351 |

10
o det(T)=]Jc =-95240L.
i=1

e The solution vector is given by: x=[1,-1,2,1,3,-2,0,4, 2,—1]T .

By using the algorithms TRANSTRI-11 and TRANSTRI-111, we obtain the same solution vector.
Example 5.3. Solve the tridiagonal linear system

110 00 0 000O0O0|x][4
1110 00 0 0O0O0 Ofx| |14

07 1 200 000 0|x]| |2

00 2 11 0 00 0 0| | |25

000 237 000 0|x||0 (15)
000 03 1 200 0|x]||2

000 0O0-12200|x

000 0O0O0 21 10[x]||3

000 00 0 05 2 4fx] |10

000 00 0 00 1 5|x] |8]

OPEN ACCESS AM
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Solution: Here, we have

n=10, a=[1,10,2,1,7,2,2,1,4,0]", d=[1,1,1,11,3,1,21,2,5],

b=[0,1,7,2,2,3,-1,2,51]", and f =[4,14,26,25,0,2,1,3,10,8] .

The numeric algorithm TRANSTRI-I fails to solve the linear system (15) since c,=0. Applying the
TRANSTRI-II algorithm, it gives:

C_{l ( (5-70) 7x(s-110) 1 (19x5-2170) ~16x(8x5-875) 1 (109xs-11830)

s (s-70) ‘7 (s-110) ' (19xs-2170) '8  (8xs—875)
~147x(s-110) 1 (839xs-91490) (3607x5s—392770)

—X

(109x s -11830) '147 (s-110) ' (839xs-91490) |
(

10
o det(T) =(Hcij =(7214x s —785540) _ =-785540.
s=0

s=0
i=1

e The solution vector is given by:

| 2x(7214x5-196385) -1178310 2% (60719x5—-196385) —4x (3457 x 5 +196385)
| (3607x5-392770) (3607 xs-392770)" (3607 xs-392770) ' (3607 xs-392770) '
—(593x5+392770) 5x(841x s+ 78554) 2394 xs 1512xs

(3607 x5 —392770) ' (3607 x s —392770) ' (3607 x s —392770) ' (3607 x s — 392770)

3x (1507 x s —392770) 31x(157x5-12670) '
(3607 x5 —392770) ' (3607 x 5 —392770)

s=0

=[1312,1,-10,0,31] .

Using the TRANSTRI-I11 algorithm, it gives the same solution vector.
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