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ABSTRACT

Recently I published a paper in the journal ALAMT (Advances in Linear Algebra & Matrix Theory) and explored
the possibility of obtaining products of vectors in dimensions higher than three [1]. In continuation to this work,
it is proposed to develop, through dimensional analogy, a vector field with notation and properties analogous to
the curl, in this case applied to the space IR*. One can see how the similarities are obvious in relation to the alge-
braic properties and the geometric structures, if the rotations are compared in spaces of three and four dimen-
sions.
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1. Introduction

[1] has defined a similar operation to the cross product, to a space of dimension n. In particular, for a
4-dimensional Cartesian space with Euclidean norm, we have the following results:
Given three linearly independent vectors, F,, F, and F;,suchthat F, =mgé +né, + p,é; +q;é,, then:
& & & §
n
[FF,F,]= WP @)

m2 n2 p2 q2

m3 n3 p3 q3
being

[FF,F,]-F =0 (i=123). 2
The relationship between the norms of the vectors F, is given by:
|[FleFs]|:|Fl||F2||F3|k’ @)
where

1
1 CoSa;, COSay,|2

k =|cosa,, 1 COSQlyy| - 4)
CoSay COSay, 1

In (4), «;(i,j=1,2,3) represents the angles between two vectors that generate the product [FF,F,], with
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conditions established in [1].

2. Basic Properties of Vector Operators in Four Dimensions

129

Be summarized important properties about vector operators, here extended to four dimensions, with the objec-
tive of situate the reader on what is intended to present in Section 3. In these results, it is considered that

U =U; (%, %, %, %,) and F, =F,(X,%,%,%,), i=1---,n, respectively represent scalar fields and vector

fields on IR*, with defined partial derivatives.

2.1. The Del Operator in Four Dimensions

~ 0 .~ 0 . 0 . O
V= —+6 —+6—+¢,—,
X, 0X, OXq oX,

being & =(1,0,0,0), & =(0,1,0,0), & =(0,0,1,0) and & =(0,0,0,1).

2.2. The Gradient in Four Dimensions

OUj » OU; » OU » OU 4

gradu, =Vu, :a—e1 +—6,+—8&+—¢,.

0X, OXy OX,

It is valid the following elementary property:

V[Zn:uij: iil(Vui)

i=1
2.3. The Divergence in Four Dimensions

leE :VE :%_{_ﬂ_}_%_}_%' | =

considering that F, =mé +né, +pé +q¢é, , and further m =m, (x,%,,%,%,), N

P = pi(xi’XZ'X3’x4) and g =0 (X1'X2’X31X4)-
It is valid the following elementary property:

v(3h)-

i=1

(v-F)

n
i=1

2.4. Relationship between the Gradient and the Divergence

i=1-
V'(UiFJ):(VUi)'FJ +U; (V'Fj)' {j —1...
2.5. The Laplacian in Four Dimensions
2.5.1. The Laplacian of u;
2 2 2 2
OX, OX; OX3 OX;
2.5.2. The Laplacian of F;
2 2 2 2
vig OB R PR OF o

+ +
2 2 2 2
OX;  OX;  OX3  OX;
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3. Curl by Analogy in IR’
4

It is proposed to introduce an analog curl in IR%. Given two vector fields in IR* represented
by FF, =mg +ngé, + pé,+q€, and F,=m,E +n,E, + p,E, +0,E,, consider the vector product

0 0 0 ~
Y= [VF1F2] = {67( P9, -G, p2)+67(q1n2 - n1q2)+67(n1p2 - p1nz)}el
2 3 4

0 0 0 -
- _( P.0; — 0, p2)+—(q1m2 - m1q2)+_(ml p, — pim, ):|ez

| 0%, 0%, OX, (10)
+_i(nq —g,n )+£(qm -mq )+i(mn -nm,)|é

_axl 142 12 axz 1772 142 6X4 172 1772 3

o 0 ) .
__E(nl p, - pln2)+6_x2( p,m, —m, pz)"'a_xg(rrﬁnz —-nm, ):|e4

It is important to note that this definition provides for the inclusion of two vector fields simultaneously in the
calculations.

In the remainder of this paper, the vector field W =[VFF,]| is identified by the symbol Vx(F,,F,), where
(F,,F,) is related to the ordered nature of the product of vector, and x characterizes its vectorial aspect
(however, it should be noted that there is no relation with the usual cross product, defined in IR).

In compact notation, V ><(Fl,F2) may be represented by the symbolic determinant

S

)

x

N

)
K|
=

(11)

é\l eZ eS e4
o
Vx(F,F,)=|0

ml

m, P,

The analogy with the curl is based on a symbolic notation, obtained based on structure of determinants and
their relationship with the vector “Del”. In subsequent section will be shown how this vector thus defined is as-
sociated to the rotational motion in four-dimensional space.

Rotational motion, here and in the remainder of this paper, should not be interpreted as a movement with real
physical meaning, but only in the context of geometric relations between vectors.

4. Properties of the Vector V x(F,, F,)

Adding to the basic properties (P1)-(P3) involving V , which are valid in any dimension, presents the following
properties associated with the vector V x(F;, F,) and valid in space IR*:

Vx(F,+F, F,)=Vx(F,F,)+Vx(F,,F,) (P4)
Corollary:

Vx(F,F,+F,)=Vx(F,F,)+Vx(F,F,) (C-4.1)
VX(F,+F,,F,+F,)=Vx(F,F,)+Vx(F, F,)+Vx(F,F,)+Vx(F, F,) (C-4.2)
Vx(uF, F,)=[(Vu)FF, |+u (Vx(F,F,)) (P5)
V-|F,F,F,|=~F,-Vx(F, F,)+F, -Vx(F,F,)-F,-Vx(F,F,) (P6)
Vx(Vu, Vu)=0 (i,j=1-,n) (P7)
V-(Vx(F,F,))=0 (P8)
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VX([FleFs]'F4):_(F3‘F4)[F2(V'F1)_F1(V'Fz)]

+(F2'F4)[F3(V'Fl)_Fl(V'F3)]_(Fl'F4)[F3(V'F2)_Fz(V'F3)] (Pg)

VX(VX(Flan)'Fa):_(V'Fa)[Fz(V'E)_E(V'FZ)]

(P10)
+(F, F)[V(V-R)=-V'E]~(FF)[V(V F,)-VF, ]
All vector functions present in these properties are such as in formulas (5) to (9). It properties as above has a
clear parallel with the formulas involving the curl presented in [2]. Demonstrations (P4) to (P8) are elementary,
simply by the development of both members of the equations. To check the properties (P9) and (P10), one must
show first the following identity relating five vectors in space IR*:
PROPOSITION Given the vectors 4, B, C, D, E, then:

| AB[CDE]|=C(A-E)(B-D)+D(A-C)(B-E)+E(A-D)(B-C)-C(A-D)(B-E)

(12)
~D(A-E)(B-C)-E(A-C)(B-D)

PROOF: If A=m,€ +n,E,+ P& +0U,E,, B=my€ +nz€, + P, +0z€,, C=m.E +n:E + p.&+0c6, ,
D =my€ +nyé, + Ppé; +0p€,, E =M€ +n6, + p&; +0qcé, , then:
& & & @&

(a) [CDE]= EC EC zc ZC
D D D D

M Ne Pe G

=Mé + Né, + P&, + Qé,,

nC pC qC mC pC qC mC nC qC mC nC pC
being M=n, pp, Op|, N=—my py dp|, P=|my Ny dp| and Q=—-|my; ny py|, developed
nE pE qE IﬁnE pE qE mE nE qE mE nE pE

according to the definition (1);
él éz e3 é\4

(b) [AB[CDE]]:EZ :: E: g:;
M N P Q

Substituting (a) in (b), developing and arranging the terms conveniently:

el e2 e3 e4

Na P G
[AB[CDEH_m: n: p: q:
M N P

={(MaMg +N\Ng + PaPe +quE)(mBmD +NgNp + Pg Pp +quD)(mC +Nc€, + Pc€s +qce4)
F\MaMe +NaNe + PaPe +quC)(mBmE +NgNg + Pg Pe + 050

(

( )(Mofy+ o€, + P + 8o,
+(MaMp + NN, + PAPo +UaUp ) (MeMe +NgNe + Py Pe + 50 ) (M6, +Neé, + peé; +0cé,
( I )
( )

)
)
—(MMy +NaNG + PAPp + a0 ) (MgMe +NgNe + Pg Pe + g0 ) (M8 +ncé, + peé; +0cé,)
=(MuMg +NNg + Py Pe +0a0e ) (MgMe +NgNe + Pg P + g ) (Mo + Mo, + Pofs + 0o, )
(MM +NuNe + P4Pe +0x0c ) (MeMp +NgNp + Py Pp + g lp ) (M, +Neé, + peé; +0:6,)
=C(A-E)(B-D)+D(A-C)(B-E)+E(A-D)(B-C)
~C(A-D)(B-E)-D(A-E)(B-C)-E(A-C)(B-D) (QED)

From (12), and considering the product of vectors written in the order | A{CDE|B |=-[ AB[CDE]]:
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A—>V

B~ F,

By making the identifications {C — F, , one obtains immediately the formula (P9);
D—F,

E > F,

A—>V

B> F,

By making the identifications {C — V , one obtains immediately the formula (P10).
D—F

E > F,

5. Geometric Interpretations for Vector ¥

For convenience of notation, we identify the four spatial coordinates in IR* by x, =x, X, =Y, X; =12 and
X, =h.

5.1. The Angular Velocity

Consider, in IR3, the velocity v:(m,n, p) applied to a point P in space, determined by the position vector
r= (x, Y, z) , S0 that the point P perform a plan rotational motion with constant frequency. The angular velocity
of this rotational motion is @ = (@, ®,, ;).

Since the three vectors are related in the equation v =@ xr, is simple to demonstrate the well-known rela-
tion Vxv=2m, in other words, the curl of velocity v =(m,n, p) is a vector collinear to the vector
o =(w, ®,,w,), and twice the norm.

The idea geometric of rotation will be extended to a space of four dimensions. Consider, therefore, the vector
v = (m, n, p, q) applied to a point P of the four-dimensional space, determined by the vector r = (x, Y,Z, h) , SO
that the point P also perform a a plan rotational motion with constant frequency. The angular velocity of this ro-
tational motion is @ =(wy, ,,®,,®,) .

The objective is to define a geometrical framework that relates the vectors v, @ and r for the IR*, which
is analogous to existing framework in IR®. The concept of rotation is presented here in a narrow sense. For a
broader approach is recommended to consult [3,4].

According to [1], to obtain the vector v from the vectors @ and r in IR? it is necessary to have a fourth
vector. Given the nature of rotation as circular with constant frequency, the vectors v, @ and r are two by
two perpendicular.

Let us introduce a vector y =(a,b,c,d) having the following properties:

A) w is perpendicular simultaneously to the three vectors v, @ and r;

B) y isaunit vector;

C) w isadimensionless vector.

These restrictions are intended:

1) Simplify the proportionality constant that relates the norms of the vectors involved in the product. In this
case, by (4), k=1.

2) Do not change the relationship |v| =|e||r| ;

3) Make the equation of the previous item remains dimensionally consistent.

The components of the vector  are obtained from the solution of the system (el1)-(e4), modeled on the ar-
guments presented above:

(el) v-y=0<m-a+n-b+p-c+q-d=0

(€2) r-y=0<x-a+y-b+z-c+h-d=0

(€3) wy=0w -a+w,-b+w,-cC+w,-d=0

(e4) |y|=1<a’+b*+c*+d* =1

The solution to this system of equations is given by:
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p A A A, A
—la=-2 b= c=-t d="2 13
v (a (©] ® ¢ ® ® (13)
where:

n p q
A=lo, o o, (14)

y z h

m p q
A =lo o o, (15)

X z h

m n q
A=lo o, o, (16)

X 'y h

m n p
A=log o o, 7)

X y z
®=\/Af+A5+Af+Af. (18)

Thus, the vector y =(a,b,c,d) can be noted more compactly:
A 1
v =—o(AAALA ), (19)
or

y=—— , 20
4 Olw, o, o o (20)
X 'y z h
or more simply:
N 1
=——|var|. 21
v ==glver] (1)

It is interesting to note that the vector @ = [va)r] has the dimensions L?.T72.
With these definitions and results, the vector v = (m, n, p, q) is obtained from the equation:

€ 6 & §&
w0 0, 03 @O

s=ford] - %, (22)
a b c¢c d
and the components of the vector v are given by:
m=(w,c—ad)y+(w,d-wb)z+(wb-wc)h, (23)
n=(wd -o,c)x+(0,a-od)z+(wc-wa)h, (24)
p=(o,b-w,d)x+(wd-w,a)y+(w,a—mb)h, (25)
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134 L. SIMAL MOREIRA
q=(o,c—wb)x+(wa-wc)y+(wb-wa)z. (26)

The components (m, n, p, q) of v are determined simultaneously with the components (a, b,c, d) of w.

Note also that:

- 1
v=—glerll, %] =%|v||a)||r| ~1=fa|r|=0= |y =0=0=|)f = 0=v-y
[v]=@]lrl
that is,
O=v-y. (@7)
5.2. Relationship between the Vectors w and ¥ = Vx(v,y})
Consider the analogous to the curl vector, given by
él éZ é3 é4
o 9 0 0
¥Y=Vx(vy)=[0x 0oy &z ohl=VE+Y¥,E+V:&+V,8 (28)
m n q
a b d
By using relations (23)-(26), shows that:
VY, =20, ¥,=20,, ¥,=20,, ¥,=20,,s0that
Vx(v,9)=20. (29)

This result shows that the relationship between curl and angular velocity remains the same, when using the
vector analogous to the curl, in four-dimensional space. The dimensions of the vectors are also consistent,

namely, both have dimensions T7.
It should be noted that there is no intention to give physical meaning to these equations. Even the dimensional

analysis is being treated here purely mathematical levels.
The following shows that the vector ¥ =V x(v,i7) in IR* is reduced in the known cases in IR

5.3. Particular Cases

5.3.1. Projection onto IR’
a) Usual cross product and curl
Being r=(x,y,2), @=(w,w, »,) and v=(m,n, p), are well known the results:

& & &
v=oxr=\o, o, o|=(0,1-0,y)8+(ox-02)é +(my-wo,X)E (al)
X y z
é\l éZ é3
0 o0 o| (6p on). (am aij on am).
Vxy=|l— — —|=|——— |+ ——— |6+ ——— |&,
oXx oy oz oy oz 0z 0ox ox oy @2
m n
o, +@,)8 +(w, +@,)8, +(w;+ 0,) &, = 2(wf + 0,6, + 0,6,) = Vxv =20

—~

b) Curl by analogy
If we consider the vectors r, @ and v like projections from the space IR* onto space IR®, concordant re-

sults are obtained as follows:
Consider r=(x,y,z,0) [h=0], @=(@,®, @,,0) [w,=0] and v=(m,n,p,0) [q=0].
AM
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It is calculated a=b=c=0, d=1, and from the relations (23)-(26) we arrive at m=w,z—aw,y ,
n=wX-mz, p=awy-a,X. Therefore:

& & & &
0 090 op 0 om 9§ on 0o
N = = =T o= p on). m p ). n om). n
Vx(v,y/): oXx oy oz oh :(———jeﬁ(———)ez+[———je3+0~e4
mon o p 0 oy oz oz ox ox oy (b.1)
0 0 0 1
=2(w,0,,0,,0)=>Vx(v,y) =20

5.3.2. Projection onto IR’
¢) Usual cross product and curl
Being r=(x,y,0), @=(0,0,0) and v=(m,n,0), are well known the results:

(D>

é

é\1 2 3
v=oxr=|0 0 o|=-0yé+wnxé (c.1)
x y O
él éZ éS
Yy a3 iz_a(wx)él+8(—wy)éz+ a(a)x)_a(—a)y) :,
ox oy oz 0z oz OX oy (c.2)
-0y wx 0

=(0+w)&=Vxv=2w
d) Curl by analogy
If we consider the vectors r, @ and » like projections from the space IR* onto space IR? concordant re-

sults are obtained as follows:
Consider r=(x,y,0,0) [z=h=0], ®=(0,0,0,0) [& =w,=w,=0] and v=(m,n,0,0) [p=q=0].

It is calculated a=b=c=0, d=1, and from the relations (23)-(26) we arrive at m=-wy, n=wx. There-

fore:

0 0 o0 0 5 5 m o
“w = = = = n. om. n om). .
Vx(v,w)=|0x 0z oh|=——¢ +— ———16,+0-¢
(9) % R (8x j3 . (d.1)
m n 0 O
0O 0 0 1
=2(0,0,0,0)=Vx(v,¥) =20

6. Conclusions
Through dimensional analogies and structures based on determinants, we could get a vector field in a space of
four dimensions, with algebraic and geometric properties, equivalent to the properties of vector curl commonly

defined in IR,
Subsequent developments show that the “curl by analogy” thus obtained reduces to the three-dimensional

case when the fourth coordinate is null in their constitutive equations.
The geometric frameworks that relate to the vectors r, @ and v in a circular rotational motion with con-
stant frequency are equivalent in three and four dimensions, and the appendix of this work also suggests that
they are equivalent in any dimension. Discussing the behavior of the vector y during such rotations will be
the subject of future analysis.
This paper is not intended, of course, to give any physical interpretation of the quantities involved, but only to
demonstrate the algebraic and geometric analogies related to the rotation in three and four dimensions, including
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the demonstration of consistency with regard to dimensional analysis.
In future work it is intended to apply the results obtained in triads of vectors with similar relationships to

. . . 1. .
those in between r, w and v, such as, for example, in relation B=—uxE between the magnetic
c

induction B, electric field E, and vector directional of propagation of electromagnetic wave, represented by .

REFERENCES

[1] L. Simal Moreira, “Geometric Analogy and Products of Vectors in n Dimensions,” Advances in Linear Algebra & Matrix The-
ory, Vol. 3, No. 1, 2013, pp. 1-6. http://dx.doi.org/10.4236/alamt.2013.31001

[2] M. R. Spiegel, S. Lipschutz and J. Liu, “Mathematical Handbook of Formulas and Tables,” 3rd Edition, Schaum’s Outline
Series, McGraw-Hill, New York, 2009.

[3] F.N. Cole, “On Rotations in Space of Four Dimensions,” American Journal of Mathematics, Vol. 12, No. 2, 1890, pp. 191-210.
http://www.jstor.org/stable2369715

[4] H.P.Manning, “Geometry of Four Dimensions,” Dover Publications, Mineola, 1956.

Appendix

There is no difficulty in extending the ideas about rotations presented in this work to higher dimensions, simply
just utilize the aforementioned systematic increase of coordinates for points and vectors, as well as rows and

columns to the determinants that make up the structures generating products of vectors [1]. Indeed, for any di-
mension n would:

Yy = [w”/;ﬂ/;z “'l/;n—3] ) (A1)
or
2] 2 2 O O
X Xy X X, X
v(n) _ a, a, a3 ay, &, (AZ)
ay ay Ay y e y
an—3,1 an—3,2 anfs,a an—3,4 "' an—3,n
And also:
"I’(n)ZVX(v,l/71,l/;2,~'~,l/7n_3), (A3)
or
& & & & &,
o6 o 9 0 o
oX, — OX, OX  OX, OX,
¥, = v v, A v, eV (A4)
a, a, a3 Ay &,
an—S,l an,3'2 an—3,3 an—3,4 T an—S,n
OPEN ACCESS

AM


http://dx.doi.org/10.4236/alamt.2013.31001�
http://www.jstor.org/stable2369715�

