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ABSTRACT

In this paper, ®-pseudo-contractive operators and ®-accretive operators, more general than the strongly pseu-
do-contractive operators and strongly accretive operators, are introduced. By setting up a new inequality, au-
thors proved that if T: X — X is a uniformly continuous ®-pseudo-contractive operator then T has unique
fixed point g and the Mann iterative sequence with random errors approximates to g. As an application, the
iterative solution of nonlinear equation with ®-accretive operator is obtained. The results presented in this paper
improve and generalize some corresponding results in recent literature.
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1. Introduction and Preliminaries

In 1994, Chidume [1] solved a problem dealt with the fixed point for the class of Lipschitz strictly (strongly)
pseudo-contractive operators in uniformly smooth Banach space X . That is, he proved that the Ishikawa itera-
tive sequence converges strongly to the unique fixed point of T in K where K< X and T:K—>K is
Lipschitz strictly (strongly) pseudo-contractive. Chang [2], in 1998, improved the result, i.e., he proved that the
conclusion of Chidume holds if T is uniformly continuous and the fixed point set of T is nonempty (i.e.,
F(T)i@). Recently, Liu [3] proved, if the strongly pseudocontractive operators are replaced by the more
general ¢ -strongly pseudo-contractive operators then the conclusion of Chidume still holds.

The objective of this paper is to introduce ®-pseudo-contractive operators—a class of operators which are
more general than the ¢ -strongly pseudo-contractive operators and to study the problems of existence, unique-
ness and the iterative approximate method of fixed point by setting up a new inequality in arbitrary Banach
space. As an application, the iterative solution of nonlinear equation with ®-accretive operator is obtained. The
results presented in this paper improve and generalize the conclusions of Chidame, Chang and Liu.

To set the framework, we recall some basic notations as follows.

Throughout this paper, we assume that X js a real Banach space with dual X, () denotes the genera-
lized duality pairing. The mapping J: X — 2* defined by

= {ie Xz )= XLl = vx e x @)

is called the normalized duality mapping [4].

Now, we introduce ®-pseudo-contractive operators as follows.

Definition 1. Let K be nonempty subset of X. An operator T:K — K is said to be ®-pseudo-contractive,
if there exists a strictly increasing function

®:[0,00) > [0,0) with @(0)=0 and

j(x—y)eJ(x—y) such that
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(Tx=Ty, j(x=y))<|x- y||2 ~o(|x-y|) vx,yeK. 2)
An operator A:K — K is said to be ®-accretive, if
(Ax=Ay, j(x=y))z@(|x-y]) vx.yeK. (3)

It is easy to verify that the operator T is ®-pseudo-accretive if and only if | —T is ®-accretive where |
is an identity mapping on X . Hence, the mapping theory for accretive operators is intimately connected with
the fixed point theory for pseudo-contractive operators.

We like to point out: every strongly pseudo-contractive operator is ¢ -strongly pseudo-contractive with
¢:[0,0) >[0,0) defined by ¢(s)=ks where ke(0,1), and every ¢ -strongly pseudo-contractive operator
must be the ®-pseudo-contractive operator with @ :[0,00) —[0,0) defined by @(s)=¢(s)s.

Obviously, if a ®@-pseudo-contractive operator has a fixed point then it is unique.

Definition 2. Let T :K — K be an operator. For any given x, € K the sequence {xn} defined by

X = (1= ) X, + 2, TX, +7,U, (N> 0) (4)

is called Mann iteration sequence with random errors. Here {un} is a bounded sequence in X and is said
random error terms of iterative process, and the parameters {c,} and {y,} both are sequences in [0,1]. By
the way, Xu introduced another definition of Mann iterative sequence with random errors in [5].

In particular, the parameters y, =0 for all n>0 in Equation (4) then {xn} is called Mann [6] iteration
sequence.

2. Main Results

First, we have an existence theorem of fixed point as follow.

Theorem 1. If T:X — X is a continuous ®-pseudo-contractive operator with bounded range then T has
an unique fixed pointin X .

Proof. Define T,: X — X by

T, x=x-CTxVxe X and n>1

where ¢, €(0,1) and limc, =1.Notethat T is ®-pseudo-contractive, thus

n—oo

(Tox=Toy, i (x=¥)) =[x =y —c, (Tx=Ty, i (x=y))
> (L-c, )[x=y|" +c,@(x—]) ®)
¢, ([x-)

forall x,y>X,n>1 andsome j(x-y)eJ(x+y).

Clearly, T, is a continuous strongly accretive operator. It follows from the Theorem 13.1 of Deimling [7]
that there exists an x, € X such that T,x, =0 for anyn>1. Next, the sequence {xn}n_1 is bounded. In fact,
if [Tx|<M then |x,[<M forall xeX and

lim |x, =Tx, [ = lim(1-c,)[Tx,[ =0 (6)

n—oo

Since T is ®-pseudo-contractive, thatis, (1-T) is ®-accretive, so
@("Xm _Xk”) = ((I =T) % =(1=T) %, i (%, _Xk))
< (o =T+ I =T ) =% @
< 2M (e, =T+ =T ]

forany x,—x, €{x,} . Equations of (6) and (7) ensure that {x,}” isa Cauchy sequence.
Consequently, {xn}:l1 converges to some € X . By the continuity of T we have

Tg=IlimTx, = Iimixn =q.

n—oo n—owo Cn

Suppose that there existsa " € X suchthat Tq" €q” then
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?(Ja-a'l)<fa-a'[ ~(Ta-Ta" i(a-a'))=0

which meansthat q=q".i.e., q isunique fixed point of T . The proof is completed.
The following two Lemmas will play crucial roles in the proof of Theorem 2.
Lemmal.[2] If X be areal Banach space then there exists j(x+Yy)e J(x+Yy) such that

s s < I 2y 1)) vy x ®

Second, to set up a new inequality as follows.
Lemma 2. Let @:[0,00)—[0,0) be a strictly increasing function with @(0)=0 and let {b,} and {c,}
be two nonnegative real sequences satisfying

Y>c, <o,y b =cand linb,. 9

Suppose {an} is a nonnegative real sequences. If there exists a integer N, >0 satisfying
<a’+o(b,)+c,-b@(a,,,)Vn=N, (10)

n+l —

a’

then lima, =0.

nN—o0

Proof. Let inf{a,} =20.1f o>0,then @(a,,)>@(c) forall n>0.From the conditions of Equation
(9) there exists an integer N >0 0 such that

20(b,)<®(o)b, Vn=N. (11)

So, we have

By induction, we obtain
%(D(G)ijﬁaﬁ+20j£+oo. (12)

+00

Equation (12) is in contradiction with b, =+oo. It implies that o =0. Therefore, there exists a subse-
N=0

guence {anj } c {an} such that ,-Iinw a, = 0. So, for any given ¢ >0 there exists an integer j, >0 such that

a, <e&vjzj,and
: , (13)
o(b,)+c, <®(&)b,vn=n, >0

If J, is fixed, we will prove that 8y ok <& for all integers k >1. The proof is by induction. For k=1,
suppose &, ., <&. It follows from Equatlons (10) and (13) that

2 2
_anj0 +O(bnj0)+cnjo -®(e)b, <a; <&,

e2<a’ <
Nig Mo

n+1

<& holds for k=1.Assumenowthat a, ., <& forsome integer p>1.

nlo+p -

It is a contradiction. Hence, a

n+1

We prove that a <& . Again, assuming the contrary,

nj +p+1

Using Equations (10) and (13), as above, it leads to a contradiction as follows

2
njo+p+1

2
g <a

2
<a, +o(bnj0+p)+cnjo+p —CD(g)pr

<a’® <é&?
Njo*P

Where n;, +p=n; > j,. Therefore, 8, .p <€ holds for all integers k >1,i.e., I|n a, = lin 8y, =0

nN—oo

The Proof is completed.
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Theorem 2. Let T:X — X be an— a uniformly continuous ® -pseudo-contractive operator with bounded
range. Suppose that the iterative sequence {xn} is defined by Equation (4) satisfying

D V<o, lina, =0and ) o, = . (14)

then {xn} converges strongly to unique fixed point of T .
Proof. From Theorem 1, we know that there exists a unique fixed point q of T.
Putting M, =sup{[Tx|:x e X }+sup{Ju,|:n=0}+|x| foranygiven x,eX,
then

el < (20 ) x|+ o [T < M.

Using induction, we have |x,|<M, forall n>0.Let M =M +|q|. Since
%, = Xo.a]| = &, %, =T, || < 2Ma, — 0(as n — o) , therefore,

n+l
e, :[Tx, =Tx,..] > 0(as n — )

by the uniformly continuity of T .
From Equation (14) there exists an integer N, >0 such that

OSanS%VnZNO. (15)

By Equations (4), (8) and (15) we have

||xrHl —q||2 =||(l—an)(xn -q)+a, (Tx, —q)+7,U, ?
<(1-ay) [, —alf +27, (v, § (%01 -0))
+2¢t, (T%, =0, (X, — 1))
<(1-a)' [, -
+2a, (Txn ~ Ty § (X — q))
+2¢t, (T%, =0, j(X,., = 0))+2M?,

< (1-2a, +a2 ) [x, ~af +2a, [ —alf

(16)

+2Ma,&, +2M*y, = 20,® [%,., — q )
< ||Xn —q||2 +2M Zaf +3Ma, e, +2M zyn —ozHCD("Xn+1 —q||)

= "Xn _q”2 +O(an )+Cn _anq)("XnA _q")

for all n>N where 0o(e,)=2M%a?+3Ma,e, and ¢, =2M?y,. It follows from the Lemma 2 that
lim||x—q]| . The Proof is completed.

Last, as an application, the existence, the uniqueness and the approximate method of solution of nonlinear
equation with ®-accretive operator is obtained. That is

Theorem 3. Suppose that A: X — X is an — a uniformly continuous ®-accretive operator and the range of
either A or |- A bebounded. For any given f e X, the equation Ax= f has unique solution in X, and
if {x,} isdefined by

Xp = (1—a@)x+a| f+(1 = A)x]+7,u, (n=0)

satisfying the conditions of equation (14) then it converges strongly to the solution.

Proof. We define S: X — X by Sx=f+x—Ax forallxe X . Clearly, S is ®-pseudo-contractive and
continuous if A is d-accretive and continuous, and the range of S is bounded if (I - A) is. It is easy to see
that x* is a solution of the equation Ax=f ifandonlyifthat x* is a fixed point of S . It follows from the
Theorem 2 that Ax = f has an unique solution x* e X" and the iterative sequence {xn} is defined by Equa-
tion (4) converges strongly to x". i.e., the sequence {xn} is an iterative solution of the equation Ax=f .

The proof is completed.
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Remark. Theorem 2 improves a number of results (for example, Theorem 4.2 of [2], Theorem 2 of [1] and
Corollary 3.3 and 3.4 of [3]) in the following senses.

1) The existence and the convergence of the fixed point for ®-pseudo-contractive operator are studied simul-
taneously.

2) The operators may not be strongly pseudo-contractive or ¢ -strongly pseudo-contractive.

3) The continuity of operator may not be Lipschitzian.

4) The errors come from the iterative process have been considered appropriately.
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