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ABSTRACT

Recall that in [1] it is obtained the criteria solvability of the Equation x*+ax=Db in Z*p, Z, and Q, for
p>3. Since any p-adic number x has a unique form x=p“x’, where x e€Z and keZ, in [1] it is also
shown that from the criteria in Z*p it follows the criteria in Z, and Q. In this paper we provide the

algorithm of finding the solutions of the Equation x*+ax=b in Z, with coefficients from Q.
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1. Introduction

In the present time description of different structures in mathematics are studying over field of p -adic numbers.
In particular, p -adic analysis is one of the intensive developing directions of modern mathematics.
Numerous applications of p-adic numbers have found their own reflection in the theory of p-adic
differential equations, p-adic theory of probabilities, p-adic mathematical physics, algebras over p-
adic numbers and others.

The field of p-adic numbers were introduced by German mathematician K. Hensel at the end of the 19th
century [2]. The investigation of p -adic numbers were motivated primarily by an attempt to bring the ideas and
techniques of the power series into number theory. Their canonical representation is similar to expansion of
analytical functions in power series, which is analogy between algebraic numbers and algebraic functions. There
are several books devoted to study p-adic numbers and p -adic analysis [3-6].

Classification of algebras in small dimensions plays important role for the studying of properties of varieties
of algebras. It is known that the problem of classification of finite dimensional algebras involves a study on eg-
uations for structural constants, i.e. to the decision of some systems of the Equations in the corresponding field.
Classifications of complex Leibniz algebras have been investigated in [7-10] and many other works. In similar
complex case, the problem of classification in p-adic case is reduced to the solution of the Equations in
the field. The classifications of Leibniz algebras over the field of p-adic numbers have been obtained in
[11-13].

In the field of complex numbers the fundamental Abel’s theorem about insolvability in radicals of general
Equation of n-th degree (n > 5) is well known. In this field square equation is solved by discriminant, for
cubic Equation Cardano’s formulas were widely applied. In the field of p-adic numbers square equation does
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not always has a solution. Note that the criteria of solvability of the Equation x> =a is given in [6,14,15] we
can find the solvability criteria for the Equation X% =a, where q is an arbitrary natural number.

In this paper we consider p — adic cubic equation Yy’ +ry* +sy+t=0. By replacing Yy =X 3 this equa-
tion become the so-called depressed cubic equation
x* +ax=h. (1)

The solvability criterion for the cubic equation X’ +ax=Db. over 3-adic numbers is different from the case
p > 3. Note that solvability criteria for p >3 is obtained in [1]. The problem of finding a solvability criteria
of the cubic equation for the case p =3 is complicated. This problem was partially solved in [16], namely, it is

obtained solvability criteria of cubic equation with condition |a| ,# 3

In this paper we obtain solvability criteria of cubic equation for p =3 without any conditions. Moreover, the
algorithm of finding the solutions of the equation X’ +ax=b in Z; with coefficients from Q, is provided.

2. Preliminaries

Let Q be a field of rational numbers. Every rational number X#0 can be represented by the form
7 X n . .o, . . . .
x=pt )E’ where n,y(x)eZ, m is a positive integer, (p,n)=1(p,m)=1 and p is a fixed prime
number. In @Q anorm has been defined as follows:
-7(x)
|x| _Jp ,X#0,
o, x=0.

The norm |X| is called a p-adic norm of X and it satisfies so called the strong triangle inequality. The
completion of @ with respect to p -adic norm defines the p -adic field which is denoted by Q, ([4,6]). It
is well known that any p -adic number X # 0 can be uniquely represented in the canonical form

X= " (% + X P+ %P7 +1),
where y=y(x)eZ and Xx; are integers, 0<Xx; <p-1, x,#0, (j=0,1,---). p-Adic number x, for
which |X|p <1, is called integer p-adic number, and the set of such numbers is denoted by Z,. Integer

XeZ p» for which |X|p =1, iscalled unitof Z p» and their set is denoted by Z*p .
For any numbers a and m itis known the following result.
Theorem 2.1[3]. If (a,m)=1, thenacongruence ax=b(modm) has one and only one solution.
We also need the following Lemma.
Lemma 2.1 [14]. The following is true:

(inp'j =xg+2(qx§“xk+Nk(x0,xl,...,xk7,)) P,
i=0
where X, #0, 0<Xx;<p-1, N, =0 andfor k>2

q! m, m, my_;
Nksz(XO"”’Xk—l)z z ﬁxooxll...xkgl
Mo oMy e My © Mo Myl =My 2
> ami=q, X im =k
From Lemma 2.1 by q=3 we have
S i ' 3 < 2 k
I
(in p' | =x +Z(3x0xk + Ny (X0 X0+, Xy )) p~.
i=0 k=1

For j<k weput
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: . 6 m;
] _ pl — my M -1
P} =P (xo,x,,---,xj_])— > 0" X
Moy my!m; L-eom !
>ami=3,3 5lim =k,
Also the following identity is true:

o)

j=0 =0\'s=0

3. The Main Result

In this paper we study the cubic Equation (1) over the field 3 -adic numbers, i.e. a,b,xeQ,.
Put

x=3" (%, +x3+-),a=3" (g, +a3+-),b=3" (b, +h3+--),

where x;,a;,b; €{0,1,2},%,,8,,b, #0,(j=0,1,--) .

IR Rl . RN . .
Since any 3 -adic number X has a unique form x=3*x", where X e Z, and k eZ, we will be limited

to search a decision from Z3, ie. y(x)=0.
Putting the canonical form of a,b and X in (1), we get

00 3 00 00 0
(Zxk 3kJ +37 (Za@k j(zxk 3 ] =33 p, 3",
k=0 k=0 k=0 k=0

By Lemma 2.1 and Equality (2), the Equation (1) becomes to the following form:

) k
X +Z(3x§xk + Nk(xo,xl,---,xk_l))3k +3y("")(aox0 +Z(szak_sJ3k)

K= k=1 \'s=0
=370 (bo +> b, 3" J
k=1

Proposition 3.1 If one of the following conditions:

3)

1) y(a)=0 and y(b)<0; 2) y(a)>0 and y(b)>0;
3) y(a)>0 and y(b)<0; 4) y(a)<0 and y(b)=0;
5) y(a)<0 and y(b)>0,

is fulfilled, then the Equation (1) has not a solution in Z}.

Proof. 1) Let y(a)=0 and y(b)<0. Multiplying Equation (3) by 37 ®) we get the following con-
gruence b, = O(mod3), which is not correct. Consequently, Equation (1) has no solution in Z}.

2) Let y(a)>0 and y(b)>0. Then from (3) it follows a congruence X, =0(mod3), which has no a
nonzero solution. Therefore, in 7, Equation (1) does not have a solution.

In other cases, we analogously get the congruences

b, =0(mod3) or a,x, =0(mod3),

which are not hold. Therefore, in Z; there is no solution.m
From the Proposition 3.1 we have that the cubic equation may have a solution if one of the following four
cases

) y(a)=0, y(b)=0, 2) y(a)=0, y(b)>0,
3) 7(a)<0, y(b)<0, 4) y(a)>0, y(b)=0

is hold.
In the following theorem we present an algorithm of finding of the Equation x’ +ax=h for the first case.
Theorem 3.1 Let y(a)=y(b)=0 and a,=1. Then x to be a solution of the Equation (1) in Z; if and
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only if the congruences
X, +a,X, = b, (mod3),
X8 + %3, + N, (X)) + M, (X)) =b (mod3),
X 0+ Xo@y + %o Xy + N (X0, X0, Xy )+ My (%0, %, X, ) =B (mod 3),k > 2
are fulfilled, where integers M, (X,,--,X,_,) are defined consequently from the following correlations
X, + 3%, =by + M, (x,)-3,
X;@y + Xoa, + Ny (X)) =b =M, (X, )+ M, (%5, % )-3,
Xe18 + Xeo8y -+ XA + X X + Ny (Xo, X0+, X )
=b =M (X X, X )+ My (X, X, %, ) -3,k =3,
Proof. Let
Xo +X 34X, 37 +,0< %, <2,% #0,(j=0,1,--+)

is a solution of Equation (1), then Equality (3) becomes

o Kk 0
X +Z(3x§xk + Ny (X5 X077, Xy ))3k +ayX, +Z[szaksj3k =b, + Y b, 3"
k=1

o0
k=1 k=1 \_s=0

So we have

0

Xo +80X, + (X8 + X, + Nl(xo))-3+z<xka0 + X, e+ Xgd + XX, + N, (xo,xl,-~~,xk71))3k

k=2
=b, + Y b, 3%,
k=1

from which it follows the necessity in fulfilling the congruences of the theorem.

Now let X is satisfied the congruences of the theorem. Since (a0,3) =1, then by Theorem 2.1 it implies
that these congruences have the solutions X, .

Then

© k
X +Z(3x§xk +N, (X0’X13""Xk71))3k +a,X, +Z(szaksj3k

0
k= k=1\'s=0

o0
3 2 k
=X, +a,% +(N, + %3, +a0x1)3+Z(x0xk71 Ny (Xos X s Xy )+ X0 + X@yy +-+ X,y +xka0)3
k=2

0

=by + M, (%) 3+ (b =M, (%) + M, (X5, %)-3)-3+ 2 (b = My (X0 X+ X )+ My (Xgs X+, %, ) -3) -3

k=2

=D, + > b3~
k=1

Therefore, we show that x = Zxk 3% is a solution of the Equation (1).m
k=0

Let us examine a case y(a)=0,7(b)>0 and get necessary and sufficient conditions for a solution of
Equation (1).

Theorem 3.2 Let y(a)=0, y(b)=m>0 and a,=2. Then X to be a solution of Equation (1) in Z; if
and only if the congruences

OPEN ACCESS AM



I. M. RIKHSIBOEV ET AL. 39

X; +8y%, = 0(mod3),

X8y + %3, + N, (X)) + M, (x,) = 0(mod3),

Xy o+ XA + %o X+ N (X, % )+ My (Xg,+, %, ) =0(mod3),2 <k <m-1,
Xy o+ XA + X%+ N (X, % )+ My (%o, %, ) =B, (mod3),k =m

are fulfilled, where integers M, (X,,X,,---,X,_,) are defined consequently from the following correlations

X, +2% =M, (%, )3,

X8 + Xoa, + Ny (X)) = =M, (%) +3M, (X, %),

Xy + X8y oo+ %@y + XXy + Ny (%0, X000+, Xy )
==M, (Xg5 X, Xy ) +3M ey (%o, X0 % ), 2 <k <m—1,
Xy + X8y o+ Xy + X Xy + Ny (X0, X0+, Xy )

= b =My (Xos Xm0 X )+ 3M g (%o X000 % ) k= m.

Proof. Let X is a solution of the Equation (1), then Equality (3) becomes

0 ) k )
X + 2 (350 % + Ny (X: %02 % 1)) 3 +2y%, +Z(szaksj3k =3" (bo +Zbk3kj.
k=1 k=1\s=0 k=1
Therefore, we have

3 2 k
Xs +2%, + (X8, + X8 +N, (%)) 3+ (xkao F X8 e XA F XX+ N, (XO,--~,xk71))3
k

=3" (bo +ibk3kj,
k=1

from which it follows the necessity in fulfilling the congruences of the theorem.

Now let X is satisfied the congruences of the theorem. Since (a0,3) =1, then by Theorem 2.1 there are
solutions X, of the congruences.

Putting element X to Equality (3), we have

=2

0

Xg +Z<3X§Xk + Nk (Xo, X]s'“$xk—]))3k +a0X0 +

o0
k=1 k=1

(Zk:xsak_SJSk

=0

©

3 2 k
=%, +a,X +(N, + %3, +a0x1)3+2(x0xk71 Ny (Xos Xpoms Xy )+ XoBy + Xi@yy ++o-+ X,y +xka0)3
k=2
-1

=M, (%) 3+(=M, (X)) + My (X:%)-3)-3+ D0 (=M, (Xgs Xior Xy )+ My (oo X000, %, ) -3) -3

k=2

+k2(bk7m -M, (X07X1"”7Xk—1)+Mk+1(X0’XI’”"Xk)'3)'3k
=m

=3" (bo +Zbk3kj.
k=1

Therefore, we show that X is a solution of Equation (1).m
The following theorem gives necessary and sufficient conditions for a solution of Equation (1) for the case

7(a)<0 and y(b)<o0.
Theorem 3.3 Let

y(@a)=y(b)=-m<0,(m>0).

Then X to be a solution of Equation (1)in Z; if and only if the next congruences
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a,X, = b, (mod3),

X + X 4@+ + Xgdy + M, (X0, %, . X, ) =Db, (mod3),1<k <m-1,
X8 + Xy 8y oo+ X +Xg + M (X0, X0, X ) = by, (mod 3),
X8 + Xpdy +-00+ Xo@y, + M, (XO,Xl,u-,Xm)Ebm+1(mod3),

X + Xe1@, o+ X8 + X0 X+ Ny (X0 X007+ Xy ) + My (X0, X500+ % ) =B (mod 3),k > m+2
are fulfilled, where integers M, (X,,X;,---,X._,) are defined consequently from the equalities

2%, =b, + M, (x,)-3,
Xy + X8+ o+ X@y =b =My (X, X ) +3My (X, % )01

IA

k<m-1,
Xy + Xy @)+ X8 + X5 = by =M (X0, X, X ) +3M (X, X s X ),
XK@y + X8y + 0+ X8, = bm+1 M (Xoa""xm)+3Mm+2 (XO""sXm+1)>
X8 + X @ o+ X8 XXy + Ny, (X()’Xl"nﬂxk—m—l)
=b =M (X0, X, % ) +3M (X, X0 % ) k= m+2.
Proof. The proof of the Theorem can be obtained by similar way to the proofs of Theorems 3.1 and 3.2.m
Examining various cases of y(a) and y(b) we need to study only the case y(a)>0 and y(b)=0.
Because of appearance of uncertainty of a solution, we divide this case to y(a)>1 and y(a)=1.
Theorem 3.4 Let y(a)=2, y(b)=0 and (b),b)=(1,0) or (2,2). Then x to be a solution of
Equation (1) in Z; if and only if he next congruences

X, = b, (mod3),
X, = b, +b; -3(mod9),
X3 X, + X8 + M, (%) =b, (mod3),
Xo Xy + PP (X0, % )+ X80 + X8, + XX + M, (X),% ) =by (mod3),
XX+ P (Xgs X e Xy ) 2X0 X XLy + X280 + X5+ Xo oy + M (X0, X, X))
=b, (mod3),k >4

are fulfilled, where integers Mk(xo,x],---,xk_l) are defined from the equalities
X, =by +b, -3+ M, (x,)-9,
Xo X, + %8 =0, =M, (X)) +3M, (X, %),
Xo X, + P (X0, X, )+ X80 + X8, + XX =by =M, (X, % ) +3M, (X, %, %, ),
X Xy P (Xos Xy XL ) 42X X Xy + X o8 + X3y +oo0+ XAy,
=B =M (X, X X ) F3M (X, X, Xy ) K > 4

Proof. Analogously to the proof of Theorem 3.1.m

Theorem 3.5 Let y(a)=3, y(b)=0 and (b,,b)=(1,0) or (2,2). Then x to be a solution of the
Equation (1) in Z; if and only if he next congruences

X, =D, (mod3),

x; =D, +b, -3(mod9),

X3 % +M, (%)) =b, (mod3),

XXy + PP (%05 X )+ X089 + %X + M, (X, % ) = by (mod3),

Xo X P (Xos X0 s Ko ) + 20X Xy + X358y + Xy oo+ XAy + My (X0, X, X )
=b, (mod3),k > 4
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are fulfilled, where integers M, (X,,X,,-+,X._;) are defined from the equalities

Xy =y +b, -3+ M, (x,)-9,
XX =b, =M, (X)) +3M, (X, %),
XXy + PP (%00 X )+ X8 + XX, =by =M, (%5, % ) +3M; (%5, X, X, ),
X3 Xy + P (Xos Xy X ) 2X0X Xy + Xy_3Bg + Xy +oo0F+ Xy
=b =M (X, X5 %0 ) F3M (X, X, X%y ) K > 4.

Proof. Analogously to the proof of Theorem 3.1.m

Similarly to Theorem 3.4, it is proved the following

Theorem 3.6 Let y(a)=m=>4, y(b)=0 and (b,,b)=(1,0) or (2,2). Then x to be a solution of the
Equation (1) in Z; if and only if he next congruences

X, =b, (mod3),

Xy =b, +b; -3(mod9),

Xo %, + M, (%,)=b, (mod3),

Xo X, + P (%0, X )+ XX + M, (X, % ) = by (mod3),

X3 X + P (X0s Xy Xy ) + 2% X X, = by (mod3),4 <k <m-1,
X Xy P (Xos Xy oy Xos ) + 2X0 X Xy + X8 =Dy, (mod 3),

2 k-1
Xo X+ BT (XKoo Xamees X )+ 2X0 X, Xy + Xy @ + -+ X8 =D, (mod3),k >m+1

are fulfilled, where integers M, (X,,X,,-+,X._,) are defined from the equalities
Xo =y +b, -3+ M, (%,)-9,
XX =y, =M, (%,)+3M, (%,,%),
Xo Xy + PP (%05 X )+ %X =y =M, (X, % ) +3My (X5, %, %, ),
X3 X+ P (Xos X s X )+ 2% X, X, s
=B =M (Xoo Xam s X ) +3M (Xgs Xoo o, %y ), 4 <k <m—1,
Xo Xt + P (Xgse+ s Xna ) + 2% X X + Xo8 = b =M (Xo, 0 X ) +3M L (Xo, . X0y )

0 *'m-1 m m-2

2 k-1
Xo X + Pk (XO,XI,---,Xk_2)+2XOX1Xk_2 + X +o X

=B =M (XKoo X X ) +3M (Xgs Xoe e, Xy ) k= m+1.

Now we consider Equality (3) with y(a)=1, y(b)=0. Put

k
2 A(fl
A =% +ay, A == *ta +R,where R, = > x;x_;.k>1,
=0

N P .
S AL =351,
3 ,]=3s—-1, 3 N |
N ) i
N =<4 %3 j=3s, S =404 j=3s,
] 3 ] ] 3 J
3 3
N J—I_XL Pj‘_l—xL
S, j=3s+], ——j=3s+l.
3 3

Theorem 3.7 Let y(a)=1, y(b)=0 and xeZ, tobesothat A =Xx; +a, #0(mod3). Then x tobea
solution of Equation (1) in Z; if and only if the congruences
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X, =b,(mod3),

X8y + M, (X, ) =b, (mod3),

(xg +a0)xk71 X8+ XA+ NE (Koot X )+ My (X %y )
=b, (mod3),k >2

3 —
are faithfully, where M, (X0 ) =% 3 by and integers M, (Xo,---, Xe_n ),(k > 2) are defined from the equalities

X030+M1(X0):b1 +M2(X0)'3’
(Xg +a0)xk—1 +N, (XO’XIJH'7Xk—2)+Xk—2a1 ot Xa, + M, (Xoa"'axkfz)
=B + My, (X, %) -3 k=2,

3
X _bo

Proof. Let the congruences X; =b,(mod3),x,a, + =b (mod3), has a solution X,. Then denote by

M, (X,) the number satisfying the equality 3M, (X,)=X,a, + M, (x,)—b,.
Using Theorem 2.1, we have existence of solutions X, of the congruences

(xg +alo)xIH X8y o XAy + Ny (Xoum X0 )+ My (X0 %)
=b, (mod3),k >2.

The next chain of equalities

3 S 2 ’ k
Xo +8,X, ~3+Z(<XO +a0)xk71 F NG (Xos Xm0, X ) + X0 +~--+x0ak71)3
k=2

8

= by + M, (%) 3+ (b =M, (X )+ M, (%,)-3)-3+ 2 (B, = My (X0 X2+ X0 )+ My (X0 %05 %) -3) 3"

k=2
=b, + Y 1, 3%,
k=1

shows that X is a solution of Equation (1).m

From the proof of Theorem 3.7, it is easy to see that if A =X +a, = 0(mod3), then we have the following
congruences and appropriate equalities

a) X, =by(mod3), ie. x5 =by+M, ()3

b) X3, +M,(X,)=b (mod3), then x,a,+M,(x))=b+M,(x,)-3;

¢) Xa +M, (% )=b,(mod3), then

X, + M, (X, ) =b, + M, (%,)-3; 4)

d) %X] + X8 + %8, + XX +X +M; (%) =b;(mod3), it follows that

A

?xl+x1a1+x0a2+x0xf+x13+M3(x0):b3+M4(x0,x1)-3.

Since A = % +a, +2X,X,, then the congruence d) can be written in the form

(A =XX )% + %8, +% +M, (% )=b,(mod3),
and so we have

(A =XX )X + %8, +% +M; (%) =by + M, (%5, % )-3.
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If for any natural number K we have A =0(mod3), then we could establish the criteria of solvability for
Equation (1). However, if there exists K, such that A # O(mod3), then the criteria of solvability can be
found, and therefore, we need the following

Lemma3.1Let y(a)=1, y(b)=0 and xeZ; tobesothat A_;=0(mod3),1<j<k, A #0(mod3)
for some fixed k. If x be a solution of Equation (1), then it is true the following system of the congruences

X; = by(mod3),
X8, + M, (%)) =b (mod3),

Xj,@; + X ,a

J e Xy + 83+ My (X0, X, X ) =Dy (mod 3),

j+1 s N1

(Aj—xoxj)xj+xj_1aj+1+xj_2aj+2+~--+x0azj+Szjj+1+M2j+1(x0,x1,~--,xj_1) %)
=h,,, (mod3),
A F X + X8 T X8 + Shct Mo (X0 %07 %)
=Dy, (Mod3),

where 1< j<k andintegers M, (X,,---,X._,) are defined from the equalities
3-M, (X,) =X, —by,
3-M, (%) =Xea, + M, (%)) -by,
3~M2j+1(x0,---,xj71)=xHaj+---+x0a2j71+82jj+M2j(x0,---,xj71)—b2j,

3-M21.+2(x0,x1,~--,xj):(Aj —xoxj)xj X 1@y T X8 e Xl + (6)

+Szjj+1 + M2j+1(X0=X1a"'»xj4)_sz+1»
3 Moy (%05 X5 X ) = A F Xt T XisioaBin oo oy +
+ S;ktirm + M2k+1+i (Xos Xps s Xegio )_ b2k+1+i-
Proof. We will prove Theorem by induction. Let k =1, i.e.

A, =X; +a, =0(mod3), A =%+a1 +2%,% #0(mod3),
then the system of the congruences (4) are true. Note that S} =0, S} =X;.

From (3) it is easy to get

%XH FX 8 + X 8 e XA ST+ 2% X %, + M, (X5 X5 ) =y (mod p),t > 4.
Therefore,
AX_y + X 38y o+ X8 + S 7+ M (X, %5 ) = (mod3),t > 4, (7)

where

3~|\/|t+1(X0,---,X172)= A1thz +X 38, tr X8, +S:72 +Mt (Xoa"'axt%)_bwt 24.

Obviously, the statement of Lemma is true for k =1, i.e. for i=t-3.
A
3
lities (7) it follows that the following congruences are be added to the system (4):

€) Xa,+Xa +S; + M, (%,,% ) =b,(mod3), it follows

Let k=2, ie. A =0(mod3), A =0(mod3), A =—+a,+X +2XX, #0(mod3), then from the equa-

OPEN ACCESS AM



44 I. M. RIKHSIBOEV ET AL.
3-My (X5 X ) = X8, + X8 + S5 + M, (X0, % )b,

f) %xz +%,8, + X8, + X3, +S; + M (X, % ) =bs(mod3), it follows

59

3‘M6(x0,xl,x2)=%x2+x2a2+x1a3+x0a4+S§+M5(x0,xl)—b :

h)%&,2+><t,2aa+><t,3as+~-+xoa[+S§;f+Mt+l(xo,x1,---,xt,3)Eh+l(mod3),
where t>5 and M, (X,,X,*,%_,) are defined by equalities

A

3-Mt+2(xo,x1,-'-,><t,z)=?><t,2 + X8y + X385 oo X + S + My (X0 X %5 ) =

Since S; =0, S; =0, SJ=XX +XX,, S =S, +XX_,+2XXX_ ,, we denote by i=t—4 and
have
e) Xa,+Xa;+M, (XX )=b,(mod3),
) (A = XX, )X, + X85 + %8, + M (X, X ) =h; (mod3),
h) AX, X8 + %8, .ot X, +Sis + M5 (X, X, 0, X, ) = b5 (mod3), where
3-My (X0, X ) = %@, +X,3; + M, (X, % )—b,,
3-Mg (X X, %, ) = (A, = XX, ) X, + X85 + X8, + My (X, X, ) —bs.

i+2
3-Mg,i (Xo""axi+2): Ay + X8+ X, + S5 + My (Xoa""xm)_bns'

So we showed that the statement of Lemma is true for k =2.
Let the system of congruences (5) and (6) is true for k. Since A = O(mod 3), then from the congruences

k+i _ -
AKXt + X8 T X8+ X8 + Sac T Mo (X0 %5 Xk+i—1) =Dy (mod3),| 21
we derive

k+1 —
Xt F X1 Bpn +oo X8y + S0 + My, (Xo""> %) =by , (mod3),

Ak k+2 _
?Xkﬂ F X181+ X8 T Xy +Soe s + My (Xpsmes % ) =0y 5 (mod3),

A< K+i+2
?Xk+l+i F X418 X8 T F X0k T Sakiins T Mayins (X()s X5 Xy )

=b,,;,;(mod3),i>1.
It is easy to check that
k+2 k+1 2 K+i+2 k+i+1 H
Saks = Sakes T ReaXisr = Xo X Saksins = Sasins + Ry Xiqnainl 2 1.

By these correlations we deduce

Ak k+2
?an T XK@ T X @ Tt X8y, Szk+3 + M2k+3 (Xo’ X5 Xk)

k+1
= (Ak+| _X()Xk+l)xk+1 F X8y oo Xgysn + 5505 F My s (XO,X],'--,Xk).

For i>1 we get

+ Sk+i+2 +M

?Xk+1+i F X @ T X0 @i T O2k4ias aries (X0 X075 %)

+i+l

K
= A X X oot X0 T S F Mo (X()s Kooy Xy )

Consequently, we have
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k+1 —
Xy + X4 o oo Xy Sy + My (X2 %) = by ) (mod3),

(A = XX ) Xew + X8z + o+ XoBoiepn + Spicrs + Moz (Xoo 5% ) =By (mod 3),

A X F %@ o Xy + Socins + Maeaiss (Xos Xm0 X, ) = By (mod3) i 2 1.

So we established that the system of congruences (5)-(6) is true for k+1.m

Using the Lemma 3.1 we obtain the following Theorems.

Theorem 38 Let y(a)=1, y(b)=0 and xeZ; to be such that A_;=0(mod3),1< j<k,
A # O(mod3) for some fixed k(k > 1) . Then X to be a solution of the Equation (1) in Z; if and only if the
system of the congruences

X, = by(mod3),
%o, + M, (X, ) =b, (mod3),

j _
X8 + X8, -+ Xgdy + S5, + M, (xo,xl,u-,xjfl) =b,; (mod3),

i _
(Aj —xoxj)xj X8, + X8, o X8y + S, My (xo,xl,n-,xjfl):bz“, (mod3),

has a solution, where 1< j<k and integers Mk(XO,Xl,-~~,Xk71) are defined from the equalities
3-M, (%)) =X, —hy,
3-M, (X,) = X3, + M, (X)) —b,
3~M2j+1(x0,-~~,xj71):xHaj+xj72aj+1+~~-+x0a2j71+Szjj+M2j(x0,~~-,xj71)—b2j,
3'M2j+2(xo’xlﬂ""xj)

_ i
—(Aj —xoxj)xj X585 X85, to X8y + S5, My, (xo,xl,~~-,xj_1)—b2j+1.

Theorem 3.9 Let y(a)=1, y(b)=0 and xeZ; to be so that A =0(mod3) for all keN. Then x
to be a solution of the Equation (1) in Z} if and only if the system of the congruences

X, =by(mod3),
Xo8, + M, (X, ) =b (mod3),
e Xy + S8+ My (%0.X. X)) =Dy (mod 3),

Xj.,a; +X;_,a

j+l
j
(Aj —xoxj)xj X085 X85, o+ X8y +5),,, My, (xo,xl,-u,xjfl)

=b,;,, (mod3),

2j+1
has a solution, where j>1 and integers M, (X,,X,"--,X,,) are defined from the equalities
3'M1(X0)2X3 =Dy,
3-M, (%) = X3, + M, (X)) —b,

_ i
3~M2j+1(x0,--~,xj71)_xHaj X585, F X8y, + S + My (x0,~~-,xj71)—b2j,

j+l

— i
3-M,0s (xo,xl,---,xj)—(Aj —xoxj)xj + X585 X85, tet Xy +5), T My, (xo,xl,---,xj_l)—bzm.
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