&

Scientific
* Research

Applied Mathematics, 2014, 5, 25-34
Published Online January 2014 (http:/www.scirp.org/journal/am)
http://dx.doi.org/10.4236/am.2014.51004

&
.0
X

%

o

Common Fixed Point Theorems for Totally
Quasi-G-Asymptotically Nonexpansive Semigroups
with the Generalized f-Projection

Chunjie Wang, Yuanheng Wang”
Department of Mathematics, Zhejiang Normal University, Jinhua, China

Email: chunjwang(@sina.cn, *wangyuanhengmath@ 163.com

Received July 17, 2013; revised August 17, 2013; accepted August 24, 2013

Copyright © 2014 Chunjie Wang, Yuan-Heng Wang. This is an open access article distributed under the Creative Commons Attribu-
tion License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited. In accordance of the Creative Commons Attribution License all Copyrights © 2014 are reserved for SCIRP and the owner of
the intellectual property Chunjie Wang, Yuanheng Wang. All Copyright © 2014 are guarded by law and by SCIRP as a guardian.

ABSTRACT

In this paper, we introduce some new classes of the totally quasi-G-asymptotically nonexpansive mappings and
the totally quasi-G-asymptotically nonexpansive semigroups. Then, with the generalized f-projection operator,
we prove some strong convergence theorems of a new modified Halpern type hybrid iterative algorithm for the
totally quasi-G-asymptotically nonexpansive semigroups in Banach space. The results presented in this paper
extend and improve some corresponding ones by many others.
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1. Introduction

In this paper, we denote by R and N the set of real number and the set of nature number respectively. Let
E be a real Banach space with its dual E" and C be a nonempty, closed and convex subset of E . The
mapping J:E — 2" is the normalized duality mapping, defined by

J(x):{x* eE :<x,x*>:||x||~ ,||x||:

Recall that a mapping T :C — C is said to be nonexpansive [1,2], if foreach x,yeC,

*

*
X X

},er

7= < =y

A mapping T:C — C is said to be totally asymptotically nonexpansive , if there exists nonnegative real
sequences {u,} and {v,} with gz, —0,v, >0 as (n—> ) and a strictly increasing continuous function

¢:R* > R" with ¢(0)=0, such that for each x,yeC,

Weuse ¢:ExE —R" to denote the Lyapunov function defined by

#(x9) =l =2 (e )+ b ¥,y € £,

T"x-T"y

| < |-+ vngo(||x—y||)+ u,,n>0.

Obviously, we have

"Corresponding author.
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(el =) < 8 o) < (o + o)

Recently, Chang et al. [3-5] and Li [6] introduced the uniformly totally quasi- ¢ -asymptotically nonexpansive
mappings and studied the strong convergence of some iterative methods for the mappings in Banach space.
Definition 1.1 [1] 4 countable family of mapping {7:} is said to be uniformly totally quasi- ¢ -asymptotically

nonexpansive, if (\_F(T,)# D, and there exist nonnegative sequences {u,}, {v,} with p, —>0,v, =0
(as n—o0) and a strictly increasing continuous function y:R" —R" with y(0)=0, such that for each
i>0,and each xeC,peﬂjle(ﬂ),,

¢(p.Tx) < p(p.x)+ my (8(p.x))+v,. M

More recently, Wang et al. [7] studied the strong convergence for a countable family of total quasi-¢ -
asymptotically nonexpansive mappings by using the hybrid algorithm in 2-uniformly convex and uniformly
smooth real Banach spaces. Quan et al. [8] introduced total quasi- ¢ -asymptotically nonexpansive semigroup
containing many kinds of generalized nonexpansive mappings as its special cases and used the modified
Halpern-Mann iteration algorithm to prove strong convergence theorems in Banach spaces.

Weuse F() to denote the common fixed point set of the semigroup .7, ie. F ()=, F(T(t)).

Definition 1.2 [8] One-parameter family g = {T(t) :Co>Cit> 0} is said to be a quasi- ¢ -asymptotically
nonexpansive semigroup, if F (f ) # & and the following conditions are satisfied:

(@) T(0)x=x foreach xeC;

(b) Foreach xeC, T(s+t)x = T(s)T(t)x , Vt,seR";

(c) For each x € C, the mapping ¢ — T(¢)x is continuous;
(d) For each xeC, peF(), there exists a sequences {k,}c[l,+0) with k, -1 as n— o, such
that

¢(p,T" (t)x)ﬁkn¢(p,x),‘v’neN. 2)

One-parameter family 7 := {T (1):C —>C,t20} is said to be a totally quasi- ¢ -asymptotically nonex-

pansive semigroup, if F(.77) =, the conditions (a)-(c) and the following condition are satisfied:
(e)If F(s )=, there exist sequences {u,}, {v,} with u,,v, >0 as n— o and a strictly increasing
continuous function ¥ :R — R with w(0)=0, such that

¢(p,T” (t)x) < ¢(p,x)+,unl//(¢(p,x))+vn,Vn eN, 3)

forall xeC, peF(s).

On the other hand, Wu et al. [9] introduced the generalized f-projection which extends the generalized
projection and always exists in a real reflexive Banach space. Li et al. [10] proved some properties of the
generalized f-projection operator and studied the strong convergence theorems for the relatively nonexpansive
mappings.

In 2013, by using the generalized f-projection operator, Seawan et al. [11] introduced the modified Mann type
hybrid projection algorithm for a countable family of totally quasi- ¢ -asymptotically nonexpansive mappings in
a uniformly smooth and strictly convex Banach space with Kadec-Klee property.

Motivated by the above researches, in this paper, we introduce a new class of the totally quasi-G-asymptoti-
cally nonexpansive mappings which contains the class of the totally quasi- ¢ -asymptotically nonexpansive
mappings and we extend from a countable family of mappings to the totally quasi-G-asymptotically nonexpan-
sive semigroup. Then we modify the Halpern type hybrid projection algorithm by using the generalized f-pro-
jection operator for uniformly total quasi-G-asymptotically nonexpansive semigroup and prove some strong
convergence theorems under some suitable conditions. The results presented in this paper extend and improve
some corresponding ones by many others, such as [1,2,7,8,10,11].

2. Preliminaries

This section contains some definitions and lemmas which will be used in the proofs of our main results in the
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next section.

Throughout this paper, we assume that E be a real Banach space with its dual space E . A Banach space
X+
E is said to be strictly convex, if u <1 forall x,yeE with ||x|| = ||y|| =1 and x#y. E issaid to

be uniformly convex, if lim, . =1

=0 for any two sequences {x,}, {y,} in E with

et o=l
t

xﬂ_y}’l x}’l yﬂ

Yo+ Vs

and lim,_e =1. A Banach space E is said to be smooth, if [im,., exists for each

x,yeE with ||x|| = || y|| =1. E is said to be uniformly smooth, if the limit is attainted uniformly for each
x|[=|y||=1.
” gt 1s|| vyell known that the normalized dual mapping J:E — E~ holds the properties:

() If E is asmooth Banach space, then J is single-valued and semi-continuous;

(2) If E is uniformly smooth Banach space, then J is uniformly norm-to-norm continuous operator on
each bounded subset of E .

A Banach space E is said to have Kadec-Klee property, if for any sequence {x,}eE satisfies
x,>xekE and ||xn ||—>||x|| , then x, > x. As we all know, if E is uniformly convex, then E has the
Kadec-Klee property.

Now, we give a functional G:CxE" — RU{+o}, defined by

(&)=l —2{em)+

where £eC, " eE", p is a positive real number and f:C — RU{+w} is proper, convex and lower
semi-continuous. From the definition of G and f, it is easy to see the following properties:
1) G cf,n*; is convex and continuous with respectto 77~ when & is fixed;

2) G(&n
Definition 2.1 [9] ch :E" — 2 is said to be a generalized f-projection operator, if forany n € E",

5

“1207(8), )

n

is convex and lower semi-continuous with respectto & when 7" is fixed.

s :{u e c:G(u,n*)zinfG(x,n*)}- ©)

xeC

Lemma 2.2 [9] Let E be a real reflexive Banach space with its dual E*, C be a nonempty closed and
convex subset of E . Then Hgy* is a nonempty closed and convex subset of C for all y" e E". Moreover,

if E isstrictly convex, then Hg is a single-valued mapping.
Recall that if £ is a smooth Banach space, then the normalized dual mapping J is single-valued, i.e. there
exists unique 7" € E° suchthat " =Jx foreach xe E . Then (4)is equivalent to

2 2
G(f,Jx):"x” —2<§,Jx>+"Jx" +2pf(§). (6)
And in a smooth Banach space, the definition of the generalized f-projection operator transforms into:
Definition 2.3 [10] Let E be a real smooth Banach space and C  be a nonempty, closed and convex subset

of E . The mapping HZ :E" —2° s called generalized f-projection operator, if for all x € E

ﬁx = {u € C:G(u,Jx)=infG (&, Jx)|. 7
C ceC

Now, we give the definition of the totally quasi- G -asymptotically nonexpansive mapping and the totally
quasi- G -asymptotically nonexpansive semigroup.

Definition 2.4 4 mapping T :C — C is said to be a quasi-G-asymptotically nonexpansive, if F (T ) t %)
and there exists a sequence {k,} <[1,+] with k, -1 (as n— o), such that

G(p,JT"x) <k, G(p,Jx), ¥n >0, (8)

forany xeC and peF(T).
A mapping T:C — C is said to be a totally quasi-G-asymptotically nonexpansive, if F(7)=@ and there
exist sequences {ﬂ,,} > {5 } with x,,6, >0 as n—>o and a strictly increasing continuous function

n
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7:R—>R with 7(0)=0, such that
G(p’JTﬂx)gG(p,x)+ynr(G(p,Jx))+5n,Vn eN, O]

forall xeC and peF(T).

Remark 2.5 It is easy to see that a quasi- ¢ -asymptotically nonexpansive mapping is a quasi-G-asymptoti-
cally nonexpansive mapping with f(p)=0 for all pe F(5). A totally quasi-¢-asymptotically nonex-
pansive mapping is a totally quasi-G-asymptotically nonexpansive mapping with o, = u, ( f ( p)) . Therefore,
our totally quasi-G-asymptotically nonexpansive mappings here are more widely than the totally quasi-¢ -
asymptotically nonexpansive mappings which contain many kinds of generalized nonexpansive mappings as
their special cases.

Definition 2.6 One-parameter family 7 = {T(t):C —>C,120} is said to be a quasi-G-asymptotically
nonexpansive semigroup on C , if the conditions (a)-(c) in Definition 1.2 and the following condition are
satisfied:

(f) There exists a sequence {k,} <[l,+0] with k, —1 as n— oo such that

G(p.T" (t)x) < k,G(p.Jx) (10)

holds forall x,yeC, neN.

One-parameter family 7 = {T (z):C—>C,t20} is said to be a totally quasi-G-asymptotically nonex-
pansive semigroup on C, if the above conditions (a)-(c) in Definition 1.2 and the following condition are
satisfied:

(g) if F(57 )= and there exist sequences {x,},{5,} with z,,v, >0 as n—oo and a strictly in-

n

creasing continuous function 7:R — R with 7(0)=0 suchthatforall xeC and peF(s5),
G(p.JT" (t)x) < G(p.Jx)+ ,7(G(p.Jx))+ 6, (11)

holds for each ne N,

Remark 2.7 It is easy to see that a quasi- ¢ -asymptotically nonexpansive semigroup is a quasi-G-asymptoti-
cally nonexpansive semigroup with f(p)=0 for all peF(5). A totally quasi-¢-asymptotically
nonexpansive semigroup is a totally quasi-G-asymptotically nonexpansive semigroup with &, = /lnl//( f ( p))

When we use 7, (m € N*) instead of ¢ in Definition 2.6 and denote T(t,) by T,, 5 ={T,:C—>C} |

then a quasi-G-asymptotically nonexpansive semigroup becomes a countable family of total quasi-G-asymptoti-
cally nonexpansive mappings which contains a countable family of total quasi- ¢ -asymptotically nonexpansive
mappings (see [3,4,7]) as it’s special case. So our totally quasi-G-asymptotically nonexpansive semigroup here
is the most widely family of the nonexpansive mappings so far.

The following Lemmas are necessary for proving the main results in this paper.

Lemma 2.8 [12] Let E be a uniformly convex and smooth Banach space, and {x,}, {y,} be two
sequences of E.If ¢(x,,y,)—>0 andeither {x,} or {y,} isbounded,then |x,—y,|—0.

Lemma 2.9 [13] If E is a strictly convex, reflexive and smooth Banach space, then for x,y €k,
¢(x,y)=0 ifandonlyif x=y.

Lemma 2.10 [14] Let E be a real Banach space and f:E —RU{+wo} be a lower semicontinuous
convex functional. Then there exists x € E- and a €R such that

f(x)2<x,x*>+a, (12)

foreach xeE.
Lemma 2.11 [10] Let E be a real reflexive and smooth Banach space and C be a nonempty, closed and

convex subsetof E.Let xeE, zeHéx. Then
#(y,2)+G(z,Jx) <G(y,Jx), ¥y e C. (13)

Lemma 2.12 Let E be a uniformly smooth and strictly convex Banach space, C be a nonempty closed
and convex subset of E. Let T:C — C be a totally quasi-G-asymptotically nonexpansive mapping defined
by 9). If p, =0, =0, then the fixed point set F(T) of T is closed and convex subset of C .
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Proof Let {p,} be a sequence in F(T) with p, - p as n—>, we prove that pe F(T). In fact,
since T is a quasi-G-asymptotically nonexpansive mapping, we have

G(pn,JTp) < G(pn,Jp)+ylr(G(pn,Jp))+5l.
Since 4 =06, =0, itis equivalent to that

P2, JIp)+ITp[ + 201 (2.) <|u I —2{p..I0)+|RI +201 ()

pn p}’l
So,
#(p,.Tr)<é(p,.r) 0.

By lemma 2.8, we have that p e F(T) which implies that F(7') is closed. Next we prove that F(T) is
convex, i.e. forany x,ye F(T), A€(0,1), weprovethat z=Ax+(1-1)ye F(T).In fact,

G(Z,JT"Z) = "2"2 —2<Z,JT"Z>+||J "2"2 +2,0f(z)
=[lef ~22(x,J7"2)~2(1- 2) (9. IT"2) 4 |IT"2[ + 201 (2) (14)
=l + 4G (x2) + (1=2) G (31" 2)= 2 = (1= 2)

AG (x,J2)+(1-2) G, JT"2)
< [G (x,Jz)+ u,7(G (x, Jz))+5]+(1—A)[G(y,Jz)wnr(G(y,Jz))+5n]
= A [ 2. z) [ + 201 (x)+ 21,7 (G (x,2)) + 6, |

(=2 o =2(0z) el +20f (9)+ 11,7 (G (3. 2))+6, |

=2 + A= [l +207 (2)+
+ /I,unT(G(x, Jz)) + (1 - l),unr(G(y, Jz)).

Submitting (15) into (14), we have

/\

(15)

¢(Z,T”z) :"z"2 —2<z,JT"z>+||JT"z ' < lynr(G(x,Jz))+(l—/1),unz'(G(y,Jz))+5n.

This implies that 7"z —z and T""'z=TT"z— z. Hence we have z=7z,ie. ze F(T). This completes
the proof of Lemma 2.12.

3. Main Results

Theorem 3.1 Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty closed
and convex subset of E. Let f:E — R be a convex and lower semicontinuous function with C int(D( f ))

such that f(x)>0 for all xeC and f(0)=0. Let fz{T(t):C—)C,tZO} be a closed and totally

quasi-G-asymptotically nonexpansive semigroup defined by Definition 2.6. Assume that T(t) is
uniformly asymptotically regular for all t>0 and F(5") :ﬂtzoF(T(t));t@. Let the sequence {x,}
be defined by

x, € E,chosen arbitrarily; C, =C,

Voo = [+ (1=, ) JT" (), ],

C., = {z eC, :squ(z,Jyn,t ) < oznG(z,Jxl ) +(1 -a, )G(Z,an ) +

120

(16)

n(?

S/
Xyl = Hx] 5
Cn+l

OPEN ACCESS AM



30 C.J. WANG, Y. H. WANG

where &, = pu, suppeF(f)r(G(p,an ))+6, and the sequence {a,} < (0,1). If lim, ., =0 and g4 =35 =0,
then {x,} converges strongly to H; S
Proof We divide the proof into five steps.

Step 1. Firstly, we prove that F(.77) and C, are closed and convex subsets in C .

Since T'(¢) is a totally quasi-G-asymptotically nonexpansive mapping, it follows the Lemma 2.12 that

F(T(t)) is a closed and convex subset of C. So F(5)=.,F(T(¢)) is closed and convex subset of

Again, by the assumption, C; =C is closed and convex. Suppose that C, is the closed and convex subset
of C for n2>2.Inview of the definition of G, we have that

C,. = {z eC, :squ(z,Jy",t) <a,G(z,Jx)+(1-a,)G(z,Jx, )+ 5”}

120

=N{zeC,:G(z.h,,)<a,G(z.05)+(1-a,)G(z,/x,)+& }NC,
Pl +)ne.

= ﬂ{z eC, 12<Z,an>—
>0

This shows that C,, is closed and convex forall n>1.

Step 2. Next, we prove that F(57)cC,.

In fact, F(T)<C, =C. Suppose that F(T)cC,, for some n>2. Since fz{T(t):C—)C,tEO} is a
totally quasi-G-asymptotically nonexpansive semigroup, for each p e F(I')c C,, we have

G(p.y,,)=G(p.a, 5 +(1-a,) JT" (t)x,)
=6 ~2(p.er, e + (1=, ) JT" (1), ) + |, + (1=, ) JT" (1), +201 (p)
<[l -2, {p.x)-2(1-a,){p.JT" (¢)x,) + e, |15
+(1=a, )T ()5, +201(p)
=a,G(p.Jx)+(1-a,)G(p.JT" (t)x,)
<a,G(p,Jx)+(1-a,)G(p,Jx, ) +(1-a,) (1,7 (G(p. Jx,))+ 6, )
<G(p,Jx)+(1-a,)G(p,Jx,)+E,,

where &, = u,sup,.7(G(p.Jx,))+5,. This shows that peC
nx1.

Step 3. We prove that {x,} isboundedand {G(x,.x)} isconvergent.

Since f:E— R is a convex and lower semicontinuous function, by virtue of Lemma 2.10, we have that
there exists x € £ and o €R such that f(x)2 <x, x*>+a for each xe€ E . Then for each x, € E, we
have that

which implies that F(s)<C, for all

n+l 2

G(x,,Jx, —||x || —2<xn,Jxl>+||xl||2+2pf(xn)
<x Jx1>+||x1||2+2p<xn,x*>+2pa

=2(x,, x5 = px" )+ x| +2pa (17)

+x | +200

x|} s |~ o[ +2000

(I,

Again since x, :Hé x, and F(5)cC,, from Lemma 2.11, we have G(x

Jx)<G(p,Jx;) for any

no

p € F(57). Hence, from (17), we have
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G(p,Jx)=G(x,,Jx) 2( X, —"Jx1 —,wc*")2 +[|x, ||2 —”Jxl —px*u2 +2pa.

Therefore {x,} and {G(xn,Jxl)} are bounded. As xnﬂ:Hf

C

n+l

x eC

n+l

cC, and x, = Hg x, , by using
Lemma 2.11, we have that
G(x,,1,Jx)—G(x,,Jx )= ¢(x,

n+1>

x,,)ZO.

n+l>

This implies that {G x,,.x,)} is bounded and nondecreasing. Hence the limit lim, .G (x,,x,) exists.

Step 4. Next, we prove that x, —>xe F (7).

By the definition of C,, for any positive integer m=>n, we have x, =H£ x, €C,cC,. Again from
Lemma 2.11, we have that "

#(x,.x,)<=G(x,,Jx )—G(x,,Jx ) —>0

as m,n— oo . It follows from Lemma 2.8 that lim,,, .|x, —x,|=0. Hence {x,} is a Cauchy sequence in
C . Since C is a nonempty closed and convex subset of Banach space E, we can assume that x, >x € C.
Therefore, we have

limg, = lim{ﬂn sup TG(p,an)wn} =0. (18)
n—>o n—o pEF(T)

Since x,,,€C,, and «a, >0, it follows from the definition of C, that we have

squ(xn+1 I ) <a,G(x,..J% ) +(1-a, ) G(x,,,,Jx, )+ &,

>0

||xn+l "2 - 2 <xn+l b Jyn,t > + ||yn,t ||2 + 2pf(xn+l )
<a, ( xfﬂ -2 <xn+l > Jyn,t> + "xl "2 + zpf('xn+l ))

(1=, ) ([l =205,0085,) 4 201 (3,0)+,)-

2

xn+1

2

’ _2<xn+l"]yn,t>+||yn,z||2 S(1_05rz)(

X Sl =206, )+, )
4, (20 =205 ) [ ) + &,
That is
H(x027,0) S @b (x,0.30) + (1=, ) (3,005 ) &, (19)

Since x, >u and a, — 0, from (18), (19), we can get
1im¢(xn+1 ’ yn,t ) = 0

Then, by Lemma 2.8, we have

limy,, =X. (20)

n—0

As J is uniformly continuous on each bounded subset of E, we have Jx, — Jx . Then from (20), for any
t >0, we have

0=1tim|[Jy,, = /x| = tim|et, 25, +(1-e,)JT" (t), - x|
2 tim[ (1-a, )77 (1), ] - |, 5]

= tim (12, )7 (1), ~ 5]
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Since lim,.(1—a,)=1, we have that

lim "JT” X, —J-||

n—»o00

uniformly forall #>0.
Since J is uniformly continuous, we obtain that

tim |7 (£) x, = || = 0, 1)

n—»o0

uniformly forall #>0.
Since T(¢) is asymptotically regular for all ¢>0, from (21), we have

7 ()%, %] = tim (|7 ()5, =77 (), [+ (1) 5, ] =0

lim|
n—o0

Then T"*'(t)x, =T(¢)T"(¢)x, >X as n—>oo. By virtue of the closedness of 7'(f) and T"(1)x, > X
as n— oo, we can obtain that 7'(z)x =X , which implies X e F(T(t)) forall £12>0.
Hence, x, >xeF(5)=()_F(T(1)).

Step 5. Finally, we prove that x, — X = Hf X, -

F(7)

Since F (s )= C, < E is closed and convex, by Lemma 2.2, we know that H o is single-valued.
Assume that @ = l_lﬁ(ﬁ,)xl . Since we F(s)cC, and x, = HC x,, we have G(x,,Jx)<G(w,Jx,) for
all n>1.Asweknow, G(y,Jx) isconvex and lower semicontinuous with respect to y when x is fixed. So we
have

G()_c, Jx, ) < 1iminfG(xn,Jx, ) < limsqu(xn,Jx] ) < G(w,x1 )

n—® n—o

As XeF(s), from the definition of H %+ We can obtain that X = = H S and x, > X as

n — oo . This completes the proof of Theorem 3.1.
Just as in Remark 2.7, we use ¢, meN*) instead of ¢ in Definition 2.6 and denote T( ) by T,
{T :C— C} becomes a countable family of total quasi-G-asymptotically nonexpansive mappmgs
Then we get the followmg corollary.
Corollary 3.2 Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty

closed and convex subset of E . Let 5 = {Tm :C—> C}Dc

., bea countable family of closed and totally quasi-G-

asymptotically nonexpansive mappings. Let f:E — R be a convex and lower semicontinuous function with
Cc int(D(f)) such that f(x)>0 for all xeC and f(0)=0. Assume that T, is uniformly asympto-

tically regular for all meN" and F(f) = - F(Tm) # . Let the sequence {xn} defined by
x, € E,chosen arbitrarily; C, =C

Yom = I [, + (1=, ) T, |,

meN*

C,., :{ze C,:supG(z.0,, ) <a,G(z.0x)+(1-a,)G(z.Jx,) + n}, (22)

f
X1 = Hxl’

Cn+1

where, &, =u,sup, - 7(G(p,Jx,))+8, and {a,}=(0,1). If lim,s.@, =0 and g =6 =0, then {x,}
S
o

In Corollary 3.2, when f(x)=0 forall xeC, 5 ={T,:C—C} _ bea countable family of closed and
totally quasi- ¢ -asymptotically nonexpansive mappings. Then we can get the following theorem.

converges strongly to ||
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Corollary 3.3 Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty

closed and convex subset of E . Let 9 = {Tm :C—>C } be a countable family of closed and totally quasi- ¢ -

m=1
asymptotically nonexpansive mappings. Assume that T, is uniformly asymptotically regular for all m e N*
and F(5)=N _ F(T,)#Q. Let the sequence {x,} defined by

meN*

X, € E, chosen arbitrarily; C, =C,

Yum =J " [ +(1-a, )T, ],

m”'n

23
C, = {Z eC,: sup¢(z,Jyn’m ) <a,p(z,Jx)+(1-a,)p(z,Jx,)+ ¢, }, @)

meN*

X,

nel = Cpil xl ’

where, é‘n:ynsuppeF(f)r(ﬂp,an))+5n and {a,} <(0,1). If lim,,.@, =0 and & =0, then {x,}

converges strongly to H; g

Remark 3.4 The results in this paper improve and extend many recent corresponding main results of other
authors (see, for example, [3,4,7,8,10,11,15-19]) in the following ways: (a) we introduce a new class of totally
quasi-G-asymptotically nonexpansive mappings which contains the classes of the totally quasi- ¢ -asym-
ptotically nonexpansive mappings and many non-expansive mappings; (b) we extend from a countable family of
mappings to the totally quasi-G-asymptotically nonexpansive semigroup; (¢) we modify the Halpern type hybrid
projection algorithm by using the generalized f-projection operator for uniformly total quasi-G-asymptotically
nonexpansive semigroup. For example, Corollary 3.2 extends the main result of Seawan ef al. [11] from the
modified Mann type iterative algorithm to modified Halpern iterative by the generalized f-projection method.
Corollary 3.3 is the main result of Chang ef al.[3].
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