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ABSTRACT

In a Euclidean space R®, the Lebesgue-Stieltjes integral of set-valued stochastic processes F :{E(a)),t e[O,T]}

with respect to real valued finite variation process {A (a))t € [O,T]} is defined directly by employing all integrably
bounded selections instead of taking the decomposable closure appearing in some existed references. We shall show

that this kind of integral is measurable, continuous in t under the Hausdorff metric and L? -bounded.
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1. Introduction

Recently, integrals for set-valued stochastic processes
with respect to Brownian motion, martingales and the
Lebesgue measure have received much attention.

In 1997, Kisielewicz ([1]) defined the integral of set-
valued process as a subset of L? space, but he didn’t
consider the measurability of the integral. In 1999, Kim
and Kim [2] used the definition of stochastic integrals of
set-valued stochastic process with respect to the Brow-
nian motion. They called it Aumann ([3]) type 1t0 inte-
grals. In [4], Jung and Kim modified the definition by
taking the decomposable closure such that the integral is
measurable. Li and Ren [5] modified Jung and Kim’s
definition by considering the predictable set-valued
stochastic process as a set-valued random variable in the
product space (]R+ xQ), and the measurability and de-
composability also were based on product o -algebra.
After that, Zhang et al. ([6,7]) studied the set-valued inte-
grals with respect to the martingale and Brownian motion.

Stochastic differential inclusions and set-valued sto-
chastic differential (or integral) equations are employed
to model the problems with not only randomness but also
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impreciseness. Recently, there are some references re-
lated to set-valued differential equations such as [8-13] etc.

Concerning to the integral with respect to finite va-
riation processes, Malinowski and Michta [12] give the
notion of set-valued integral with respect to single valued
finite variation but without considering the measurability.
Z.Wang and R.Wang [14] defined the Lebesgue-Stieltjes
stochastic integral of single valued stochastic processes
with respect to set-valued finite variation processes (refer
to [14] for the detail).

In this paper, different from the definition in [14],
based on the Definition 3.1 in [12], we will study the
Lebesgue-Stieltjes integral of set-valued stochastic pro-
cesses with respect to single valued finite variation pro-
cess. We shall prove the measurability of integral,
namely, it is a set-valued random, which is similar to the
classical stochastic integral.

This paper is organized as follows: in Section 2, we
present some notions and facts on set-valued random
variables; in Section 3, we shall give the definition of
integral of set-valued stochastic processes with respect to
finite variation process and then prove the measurability
and L*-boundedness.

2. Preliminaries

We denote N the set of all natural numbers, R the set
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of all real numbers, R the d-dimensional Euclidean
space with the usual norm |, R, the set of all non-
negative numbers. Let (Q,F,P) be a complete pro-
bability space, {7 :te[0,T]} a o -field filtration sa-
tisfying the usual conditions. Let B(E) be a Borel field
of a topological space E .

Let IC(R") (resp. ICk(Rd),ICKC(Rd)) be the family
of all nonempty, closed (resp. nonempty compact,
nonempty compact convex) subsets of R . For any
xeR" and Aek(R"), define the distance between
x and A by d(x,A)=inf_,|x-y|. The Hausdorff
metric d,, on IC(R") (see e.g. [15]) is defined by

d, (AB)= max{supd (a,B), supd (b, A)} @

ABek Rd).
Denote || A, =d, ({0},A)=sup,_,
AB,C,Dek Rd),wehave

H(A+B,C+D)<H(AC)+H(B,D).

a|| . For

For AcR? x eR? the support function of A is
defined as follows:

S(x*,A):sup{<x*,x>:XG A}.

LP(Q,}“,P;R"):LP(Q;RdP(pzl): the set of all
RY —valued Borel measurable functions f:Q — RY
such that the norm

1
I, ={JQ||f (a))"de}p , if1< p<o,
I, :esssug"f(a))", if p=oo,

is finite. f iscalled LP-integrableif f eLP (Q;Rd .
A set-valued function F:Q — KC(R?) is said to be
measurable if for any open set O c R", the inverse
F*(0)={weQ:F(0)N0O =@} belongs to F . Su-
ch afunction F is called a set-valued random variable.
Let M(Q,}",P;IC RY)) (resp. M Q,}",P;ICC(Rdg),
M(Q,F,P; K, (R"))) be the family of all measurable
IC(R)-valued (resp. K (R?), K, (R?)-valued) func-
tions, briefly by M(Q;K(R?) (resp.
M(QF P (RY)), M(Q,F, Pk, (R 2
For FeM Q,K( 9)), the family of all LP -inte-
grable selections is defined by

SP(F)={f e’ (QF PiR’): f(0)cF(0)as|
p=1

(@

In the following, Sf(F) is denoted briefly by SF.

A set-valued random variable F is said to be integra-
ble if Sp is nonempty. F iscalled LP(p >1)-integrably
bounded if there exits he L’ Q,]-",P;Rd) s.t. for all
xeF (@), |x|<h(w) almostsurely.

An R -valued stochastic process f ={f :t>0} (or
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denoted by f ={f(t):t>0}) is defined as a function
f 1R, xQ — R’ with the F -measurable section f,,
for t>0. Wesay f ismeasurableif f is B, ®F -
measurable. The process f={f :t>0} is called
F, -adapted if f, is F -measurable for every t>0.
Let £:=(_,{ZeB(R)®F:Z X}, where
Z, ={o; t,aS(jeZ}. We know that = is a o -algebra
on R, xQ. A function f:R,xQ — R’ is measurable
and F -adapted if and only if it is X -measurable ([8]).
In a fashion similar to the R -valued stochastic pro-
cesses, a set-valued stochastic process F ={F, :t>0
is defined as a set-valued function F:R xQ — (R’
with F -measurable section F, for t>0. It is called
measurable if it is B, ® F -measurable, and F -
adapted if for any fixed t, F(-) is 7 -measurable.
F={FR:t>0} is measurable and ¥ -adapted if and
only if it is X -measurable. F={F :t>0} is called
L? -integrable if every F, is L’ -integrable.

3. Set-Valued Stochastic Integral w.r.t Finite
Variation Processes

Let A={A,t>0} be a real valued F -adapted
measurable process with finite variation and continuous
sample trajectories a.s. from the origin. That is to say, for
each compact interval [s,t]<[0,0) and any partition
A={t,--t,} of [st],the total variation

Va([st]) =sup ;.. [A, (@)~ A,, (o)

is finite and A(0,-)=0 as. Then for any T >0, the
process A={A,t>0} can generate a random measure
denoted by s, in the space ([O,T],(B[O,T])). For
any (s,t]<[0,T], let

1 ((s:1]) = |A(t, @) ~|A(s, 0)|

where A(t,o)=A"(t,0)+A (t,@) is the decom-
position of A, A" and A" are non-negative and non-
decreasing processes, |A(t, o) = A" (t,0)+A (t,w). In
the product space (Qx[O,T],Z) , set

v, (C)= jgj[mlc (t,@) 1, ([0.T]) s (dt) P(d), (3)
for CeX, where 1. is the index function. Then the

set function v is a finite measure in the measurable
space (Qx[0,T],Z) ifand only if

fQ(yA ([O,T]))2 P(dw) <. In the following we always

assume | (1, ([O,T]))2 P(do) <.

Let L*(Qx[0,T],Z,v,;R?) be the family of all
¥ -measurable R® -valued stochastic processes f such
that

Jopr | (@0 va(et) <0
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For any f e L*(Qx[0,T],Z,v,;R") and [s, tg <[oT],
the stochastic Lebesgue-Stieltjes integral r)dA s
defined by the Bochner integral j f(z )ij(dr) path-
by-path. One can show that {hé integral process

{_[[Ot s)dA t [0, T]} is T -measurable.

Note: in [12], the integrand is assumed being pre-
dictable, in fact the integrand can be relaxed to the X -
measurable class since the integrator A is continuous.

Let M {)Qx[o T], sz,/cchd)) be the family of all
% -measurable KC(R")-valued stochastic processes F
such that

J.QX[O,T]”F (a)‘t)”i Va (dt) <®©

where ||F(e,t)], =sup,.q,|X]. Forany

FeM?(Qx[0,T],Z,v,/(R)), set

S*(F)={f eM*(@x[0,T],Z,v,;R’): "
f(ot)eF(ot),v,-ae]

Definition 1. (see [12]) For a set-valued stochastic
process F eM?(Qx[0,T];K, (R’ )) the set-valued
stochastic Lebesgue-Stieltjes integral (over interval
[s,t]) of F with respect to the finite variation con-
tinuous process A is the set

J[sm]':( {J[ gf (£)dA - eS7(F )}

In [12], the authors call this kind of integral as trajectory
integral since they consider it as a
K LZ(Qx[O,T],Z,vA;Rd) -valued random variable.
Here, we shall consider it as a subset of R® and show
the measurability with respect to F , which is very
different from the way in [12], also different from other
references such as [10,16,17] etc. In fact, for almost

every e Q, the above integral I[S t]F (7)dA, s asub-

set of RY. In the following, we shall assume the o -
algebra 7 is separable w.rt P . In addition, B([0,T])
is separable and Zcf@B([O,T]), then one can get
S?(F) is separable. Therefore we can find an F -
measurable set Q. , such that P(Q )=1 and for every

we Q. , the integral .|' dA[ is defined path-by-

path. For weQ/Q , set I[ .
it is well defined for every we Q

t]F r)dA = j[ q r)dA, since the continuity of

A . In the sequel, we shall denote the integral by
jF 7)dA, instead of .[ F(r)dA . Forany te[0,T],

denote | FdA by I, (F
Theorjem 1. For F(el\)/l (Qx[OT] %K (R )vA),

{0}, therefore
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[s.t]< [0, T] and weQ, the Lebesgue-Stieltjes inte-
gral J'F )dA, (@) is a compact and convex subset of

Proof 1. In fact, S?(F) is a bounded and convex
subset of LZ(QX[O,T],Z, R%;v,), since F is convex
and compact,moreover, it is weakly compact since
LZ(Qx[O,T],Z, Rd;vA) is reflexive. The convexity of
the integral is obvious.

We shaII show the Ilnear operator

jF S?(F )—>ICkc(Rd) is

[0.T],

boun ed
Forany feS?(F), [st]c

11 (0)0A (@) <[] (r.0)] oA (o)
F (7, a))”,C |dA (a))| <o

which |mpI|es the I|near operator 7 is bounded.
Therefore the integral j F dA is weakly compact since
the bounded linear operator mapping a weakly compact
set to a weakly compact one. In R space, a weakly
compact set is compact.

Lemma 1. (see [16] Corollary 2.1.1 (5)) Assume
(©,A) is a measurable space, X is a separable
Banach space, F:Q— K (X), and F is a set-valued
random variable, then S(x,F(@)) (x e X") is mea-
surable.

By using Lemma 1, as a manner similar to Theorem 1
in [17], we have the following result:

Lemma 2. Assume A is the corresponding stochas-
tic process, FeM? Qx[O,T],Z,IqC(Rd);vA), for
any [s,t]=[0,T], we have

1) [aF.dA =a[F.dA, a<R;

2) s(x*,j:F,dAr)zj:s(x*, F.)dA, X <R,

Lemma 3. (see [16] Theorem 2.1.16) Assume (€, F)
is a measurable space, X is a separable Banach space,
F:Q— K, (%), and for any fixed x e, S(x",F
is measurable, if one of the following conditions is
satisfied:

1) X isseparable;

2)forany weQ,F(w)ek,(X).

Then F isa set-valued random variable.

From Lemma 1 and Lemma 3, when X =R, for any
X eR’, F(wj €K (R") is F -measurable if and

(®)

only if S(x",F)(w) is F -measurable.

Lemma 4. ([16] Theorem 1.7.7) If (Q,F) is a se-
parable space, X,) are separable metric space
F:QxX > K(Y) satisfy:

() forany xeX,0— F(w,x) ismeasurable;

(b) for any weQ,x— F(w,x) is continuous or is
continuous with respect to Hausdorff metric,

Then (w,x)— F(w,x) isjointly measurable.

Then by Lemma 1 we have the following:
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Lemma 5. Assume F e M?
Then S(x',F (t,@)):[0,T]x

Theorem 2. Assume
FeM {LOTXQZKKC R*);v, ). Then

Q:RY) foreach te| 0,T]. Furthermore, the

mapplng z//(t w)=1,(F) is (B[0,t]®F )-measurable.

Proof 2. Step 1. We will show that I (F) is % -
measurable for each te[0,T], w(tw)=I,(F) is
(B[0,T]x 7 )-measurable.

By Theorem 1, we have

'T(F)(W)=ITF(w)dA(w)
~{[; 1.(@)0A (@) 5% (F)| e Ko (R?)

for all we Q. Furthermore, we obtain
))=['S(X' F(s,0))dA

forall e R". Moreover, since
F(t,w):[0,t]xQ—> K (RY) is

(B[0,t]® 7, ) -measurable, from the Lemma 5 we can
obtain that the function S(x",F(s,®)):[0,T]xQ—>R
is B([0,T])® % ) measurable. By Fubini theorem,
jOS x*,F(s,co))dAS is % -measurable, based on Lem-
ma 3, It(F) is J; -measurable.

Finally, in the argument above, the function
#(t,0) = S(x F(s,))dA is 7 -measurable for
each te OT] Since it is continuous in te[0,T] for
all eQ,soitis gjl’a’([O,T])®]-'T -measurable. From
Lemma 4, we obtain that 1, (F)(e) is (B([0.t])®F )-
measurable.

Step 2. In this step, we will show that
I, (F)(@) e P (QK(R)) foreach te[0T].

For each weQte[0,T] and f eS*(F)(w), we
have

[0.T]xQ, % K (RY)sv)
— R is X -measurable.

(6)

S(x 1 (F)(

Jitn[ <y (OT) [ foa)
< (0TI oA

U]

then
| SN RV INERE
Hence,
E[|1 (F)()]; |
<€ L (T)FEo)lal]  ®
< JoomIFsll va(ds) <o
which implies
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1 (F)e P (2K(R)).

As a manner similar to Theorem 3.8. in [8], we have
the Castaing representation as following:

Theorem 3. For a set-valued stochastic process
FeM?([0,T]x K, (R"),v,), there exists a sequence
{f"ineN}cs*(F) suchtha

F ()= cl{ f'(@);ne N} for ae.(t, ),

and, for 0<s<t<T,

cl{jf

where cl denotes the closure in R® .

Theorem 4. For each F e M? ([O,T]xQ;ICkc (R ),vA),
I, (F)(@) is continuous a.s. with respect to the Haus-
dorff metric d,, .

Proof 3. Let 0<r<t<T and weQ. We then
have

w)dA,; neN}}as

IT(l[OYt]F)(a)):IT (1[ ]F+1MF)( )
€))
=1, (1[(“] F)(a))+ I, (1[,‘] F)(a))
Hence,
dy (1 (F)(e@). 1, (F)(@))
= (15 (101 F )(@)+ 1+ (L F ) (@), s (L, (F) (@)
<dy (1 (1,4 (@).{0}))
)oa|
<[ IF(s.®)], [dA] <=0

t
=SUP s, (k)0 o F (8

(10)
since foreach f €S, (F)(w),

J;f (s)dASH < J':”F (s.0)|, |dA|. Hence,

lim,., [[F (s.0)], dA (@)=0. So I (F)(w) is left-
continuous in te[0,T] for all a.s. In a similar way, we

see that I (F)(w) is right-continuous in te[0,T]

a.s.
Similar to the proof of Theorem 3.15 in [8], we have
the following theorem:
Theorem 5. Let F,G e M 2(Qx[O,T],Z,vA;ICkC(Rd )) :
forany te[0,T], we have

E[dy (1, (F).1.(6))]< JQX[O,T]dH (F,,G,)v,(ds)
and
E[di(1.(F).1.(G))]<2 oo 0 (FiGo)v (ds).
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4. Conclusion

When the integrand takes values in compact and convex
subsets of R®, we defined the integral with respect to
real-valued variation processes. And then we proved
some properties of this kind of integral such as
measurability, L*-boundedness and continuity under the
Hausdorff metric.
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