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Abstract

The mixed linear programming model is commonly recognized to be an effective means for searching opti-
mal reservoir operation policy in water resources system. In this paper a multi-objective mixed integer linear
programming model is set up to obtain the optimal operation policy of multi-reservoir water supply system
during drought, which is able to consider the operation rule of reservoir-group system within longer-term
successive drought periods, according to the basic connotation of indexes expressing the water-supply risk of
reservoir during drought, that is, reliability, resilience and vulnerability of reservoir water supply, and
mathematical programming principles. The model-solving procedures, particularly, the decomposition-ad-
justment algorithm, are proposed based on characteristics of the model structure. The principle of model-
solving technique is to decompose the complex system into several smaller sub-systems on which some
ease-solving mathematical models may be established. The objective of this optimization model aims at
maximizing the reliability of water supply and minimizing the maximum water-shortage of single time-pe-
riod within water-supply system during drought. The multi-objective mixed integer linear programming
model and proposed solving procedures are applied to a case study of reservoir-group water-supply system in
Huanghe-Huaihe River Basin, China. The desired water-shortage distribution within the system operation
term and the maximum shortage of single time-period are achieved. The results of case study verifies that the
lighter water-shortage distributed evenly among several time-periods can avoid the calamities resulted from
severe water shortage concentrated on a few time-periods during drought.

Keywords: Water Supply System, Drought Period, Multi-Objective Mixed Integer Linear Programming,
Decomposition-Adjustment Algorithm, Operation Policy Optimization

1. Introduction performance index into planning design and operation
simulation of reservoirs has gone through a process from
simple description to complicated employment.

Many researches results and practical experience

The operation management of water-supply system dur-
ing drought is one of important affairs in water resources

planning and management. The effective operation of
water-supply projects is a key point for mitigating re-
gional drought disasters resulted from water-deficiency
[1-8]. Hashimoto et al. [8] and Shih et al. [9] proposed
the indexes of reliability, resilience and vulnerability
which expressed reservoir operation performance during
drought, and recognized that these indexes should form
the risk assessment system for reservoir water-supply.
The three indexes have been applied extensively into the
researches on water resources planning and management
since they were put forward, and the application of the
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about operation management of water resources system
indicated that severe shortages among a small number of
time-periods in water-supply system may result in tre-
mendous destroy of social, economical and eco-envi-
ronmental system; while light shortage among a lot suc-
cessive time-periods shall mitigate disaster degree of
water-deficiency to a great extent, even if the maximum
water shortage of single time-period is controlled within
a proper range, the disaster will be lighten obviously,
provided there were the careful meet-emergency pro-
gram for water supply and effective management meas-
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ures for social and economical consumption during
drought. It is not enough profound so far to study the
perfect operation policy, performance and water-supply
risk assessment for reservoir-group system in arid peri-
ods. Although there had been some researches for single
reservoir operation within shorter drought duration, the
explorations on multi-reservoir operation properties
within longer drought duration have not emerged. The
researches on reservoir-group operation performance for
longer drought duration have the practical value and un-
iversality significance, because the longer drought dura-
tion cause the relative severe destructiveness for society,
economy and environment; and modern integrated water
resources system pressingly need a long-term operation
program which is able to concern various water-supply
projects and many kinds of water sources usage [10,11].
Therefore, the present work is to study the mathematical
model to obtain the operation policy of reservoir-group
water-supply system within successive drought periods,
and propose the model-solving method.

2. Methodology

The mixed integer optimization model for single reservoir
operation during drought periods can be set up by bringing
the operation performance index, namely reliability, resil-
ience and vulnerability, into a regular linear programming
model, which is multi-objective decision-making model to
maximize the reliability and resilience of reservoir water
supply and minimize the water-shortage of single time-
period [2,12,13]. The 0-1 type integer variables have to be
introduced into the model because of considering the reli-
ability and resilience of reservoir water supply. Generally
speaking, there are only two kinds of basic connection
types, called as series connection and parallel connection,
among reservoirs position relationship, although reservoirs
position relationship patterns are various in real water re-
sources systems. In order to make present research work
have a typical sense and fit the water-supply system char-
acteristics in application example, the mathematical model
of reservoir-group system operation optimization for
drought is set up based on the reservoirs connection struc-
ture shown in Figure 1, where Reservoir 1 and 2 are con-
nected parallel which both themselves have independent
water-supply zone each other, and Reservoir 3 is located at
lower reaches which water-supply zone is supplied with
release from Reservoir 1 and 2, besides Reservoir 3.

2.1. Constraints

Water Quantity Balance Constraints
For reservoir 1 and 2,
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Figure 1. The reservoir-group water-supply system scheme.

VI =Vi+D,—R - -0/ - E],
t=1,2,n (1)

sz = th +112 _er _722 _0/2 _Ezz ’
t:1329“.’n (2)
For reservoir 3,
V=V +L+r'+r’+0' +0’-R' -E -0,
t=1,2,.n 3)
In Equations (1)-(3), V*,, V' is the beginning stor-

t
age and ending storage of Reservoir k at time-period ¢
(k=1,2,3); I* is the inflow into reservoir k at time-period f;
R is the release from Reservoir & to the independent
water-supply zone of Reservoir & during time-period £; 7
is the release from Reservoir £ into the water-supply
zone at lower reaches(that is the third zone); O/ is the
overflow of Reservoir k during time-period #; E[ is the
evaporation and seepage loss of reservoir k during time-
period ¢, which is calculated in term of the linear function
of average storage of Reservoir & during time- period . ¢
is the time-period variable, n is the term length of reser-
voirs operation analysis.
Reservoir Capacity Constraints

vE<Cht=0,1,2,-,n 4

The C* is the effective capacity of Reservoir k. In or-
der to care for reservoirs operation performance in next
possible drought and eco-environment protection aim of
arid period, it is suitable that the starting storage of Res-
ervoir k, V' is requested not to be less than the ending
storage of operation term V", that is

Vv >0,k=1,23 (%)

Constraints on Relationship between Release and
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Water Demand

RE+L +L, =D =D} +D},, t=1,2,--.n (6)
BE<RNIDE, t=1,2,-m (7
L, —(1=hf)x D} <0, t=1,2,,n (8)
L, —a'xDi <0, t=1,2,--,n 9)
W+a >1, t=1,2,---,n (10)
L, + Ly <Dy 1=12,0m (11)

where: D) is the sum of water-demand target of Res-
ervoir k water-supply zone at the time-period ¢, which is
composed of urban water-demand(including domestic
and industrial demand) D), and agricultural water-de-
mand D, , and urban water-supply is prior to agricul-
tural water-supply. Li, is the shortage of urban water-
supply of Reservoir %k water-supply zone at the
time-period ¢, which is the difference between urban wa-
ter-demand and water-supply; L), is the shortage of
agricultural water-supply at the time-period ¢. D~ is
the maximum shortage of single time-period of Reservoir
k water-supply zone. k' is the indicating variable to
describe urban water supply state, which takes 0 or 1,
and 0 indicates that there is some water shortage during
time-period ¢ while 1 indicates that urban water-supply is
completely met. a* is the indicating variable to de-
scribe the Reservoir k& water-supply condition, also 0-1
type variable; 0 indicates that the demand of Reservoir £
water-supply zone is satisfied and 1 expresses the exis-
tence of some water shortage. Constraints (7)-(10) imply
that if the release from Reservoir & at the time-period ¢ is
less than D, let A =0, that is there is the shortage of
urban water-supply; and constraints (9)-(10) can force
the shortage of agriculture water-supply to exist. Other-
wise, if the release from Reservoir k& at the time-period ¢
is greater than D[, let h' =1, which implicates there is
not any shortage in urban water-supply, but there will be
or not be some shortage in agriculture water-supply.
Under such situation, if some shortage exists at the time-
period ¢, certainly, it is the lack of agriculture water-su-
pply, that is L, =0 and L) #0. Constraint (11) re-
stricts the maximum shortage for Reservoir k& water-su-
pply zone to D, among all of time-periods.

max °

Reservoir Overflow Constraints
pf<vl/Cr, t=1,2,-.n (12)
Of —bfxM <0, t=1,2,---,n (13)

The b/ is the indicator for describing the overflow condi-
tion of Reservoir £ at the time-period #, which takes 0 or
1, 1 for overflow from reservoir occurring and 0 for not
occurring. If the available storage of reservoir k at the
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end of time-period ¢ exceeds d‘, then b," =1; otherwise,
the condition of b =0 will cause O =0, the over-
flow from Reservoir £ does not happen at time-period z.
Constraints for Avoiding Occurring of Shortage and
Overflow at the Same Time-Period

a'+b' <1, t=1,2,---,n (14)

Satisfying this equation can avoid the occurrence of
shortage and overflow at the same time-period ¢.
Constraints on Distribution of Shortage Time-Periods

Sk < pt (15)
t=1

1+N*
> af <N, 1=12,

t=1

,n—N* (16)

Equation (15) is the constraints on the sum of water-
shortage time-periods within reservoir operation term,
which is the alternative constraint for assurance rate of
water-supply reliability. Equation (16) is the constraints
on the successive time-periods number when water de-
mand can not be satisfied. In which / is the starting time
of successive time-periods, N* is the permitted maximum
number of successive time-periods, p* is the target of
water-supply reliability. Generally, N* and p* should be
determined according to the real situation of each reser-
voir water-supply zone, but in the present work, the
identical N and p were used for each zone in the wa-
ter-supply system.

Constraints on Cannel Discharge Capacity

RF<Q',,, t=12,.n (17)
rt<qt,,, t=12n (18)
Yk(rf+0f)<Q, . t=1.2m (19)

The O%..» ¢, and ka,, are the discharge capacity of
cannels.

2.2. Model Variables

The non-integer variables include V', R*, r*, OF,
LY, and Df, , and the integer variables are p*, A

t
a’,and b’ . All of variables must be positive.
2.3. Objective Function

A multi-objective decision-making model can be set up,
based on the principle that maximizes the reliability and
resilience and minimizes the vulnerability of water-sup-
ply system [14]. According to the available experience of
reservoir regulation, the resilience implies that how the
water-supply restores the normal condition as quickly as
possible, once the water shortage occurs. The resilience
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index is able to be achieved through limiting the lasting
length of successive time-periods of shortage, and con-
straint (16) had reflected the restriction of the index.

Therefore, the objective of mixed-integer program-
ming model can be considered as maximizing the reli-
ability of water supply and minimizing the maximum
water-shortage of single time-period. Because the water
supply system was divided into several reservoir water-
supply zones, and there may be the maximum shortage
of single time-period every zone, the multi-objective
function should be expressed as

Driax ’ DISnax } (20)

max 2

min {p,D1

Through using linear weight method, the equipollence
of above objective function is

min{wlp W, (SlDrlnax + 5, D 53D )} 21
where w;, w, are the weights for the reliability and the
maximum water shortage of single time-period, respec-
tively. The weights sy, 5, and s; stress the relative impor-
tance of each reservoir water-supply zone, which theo-
retically should be computed in term of the constituent of
water-demand types and the water-demand sum in each
reservoir water-supply zone, the preferential order of
every water-demand type and reliability requirement. But
in present study, weights sy, s, and s; were determined by
evaluating the ratio of water-demand of each reservoir
water-supply zone into the total water demand of the
system.

In order to eliminate the impacts of distinction of di-
mension and quantity between p and D, on deci-
sion-making, it is suggested that the reliability of wa-
ter-supply is represented as the ratio p*/n, while the
maximum shortage of single time-period is replaced by
the ratio DY, /Df, , in which Df, is the maximum
water-demand of single time-period in Reservoir & wa-
ter-supply zone.

2.4. Model Solving Procedures

The multi-objective mixed-integer programming model
composed of Equations (1)-(21) can be solved using the
branch-bound method [13,15,16]. But obviously, the
model will possess numerous variables and constraints,
and be a large-scale mathematical problem to be solved
difficultly, if a large number of time-periods is requested
for water-supply system operation analysis.

In the multi-objective mixed-integer programming model
based upon the scheme of reservoir-group water-supply
system shown by Figure 1, the relationship among Res-
ervoir 1, 2 and 3 are characterized by the connected
variable 7} as well O . It implies that during drought
periods of the water-supply system, under the condition
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that the demands of Reservoir 1 and 2 water-supply
zones are satisfied, the surplus water in Reservoir 1 and 2
should be released into Reservoir 3 water-supply zone to
meet the requirement of the zone. Therefore, operational
rules of Reservoir 3 are affected by the release from Re-
servoir 1 and 2.

The system decomposition algorithm was widely ap-
plied into integrated simulation for water quality and
quantity of watershed [17,18]. The principle of algorithm
is to decompose the complex system into several smaller
sub-systems which may be treated with. Based on the
system decomposition algorithm, following is the pro-
posed solving model procedures.

Step 1. The mixed-integer programming model for
single reservoir operation is solved, under the objective
of maximizing ¥ s/, to obtain the maximum releases
from Reservoir 1 and 2, r*, according to the given
time-periods number of water shortage p and various
maximum shortage of single time-period DY, . The
maximum shortage of single time-period is not certainly
greater than the maximum water-demand of time-period,
D}, =max{D!!, therefore, the value of D, may be
designed within range [0, D}, ]. The reliability index p is
given based on the water-supply assurance rate of the
system.

Step 2. The maximum releases from reservoirs at up-
per reaches will be considered as a part of inflow into the
reservoir at lower reaches, then under the objective of
minimizing D, , the operation policy of Reservoir 3
for drought period is found.

Step 3. Obviously, any optimal operation policy of
reservoir 3 is relevant to some programs of releases from
reservoirs at upper reaches. The optimal operation policy
of reservoir-group must be searched for under the given
permitted time-period number of water-shortage and
following objective

min f = 5D} + 5, Dy + 5502, (i D)
= g( Dy Diy )

where f is the comprehensive value of objective. The
operation policy for Reservoir 3 correlates highly with
operation for Reservoir 1 and Reservoir 2, therefore,
D. . is a nonlinear function g(.) with variables D!
and D’ _ . Instep 3, the optimal operation policy of res-
ervoir-group is obtained by using the coordinates alter-
nating search method. That is one variable is searched
for the optimal value, at the same time, other variables
are fixed to some values. Through iteration progress, the
converge criterion to stop searching for the optimal solu-
tion is expressed as

ETAREY: (23)

(22)
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In Equation (23), f, f*' is the minimum compre-
hensive value of objective at the i-th and (i-1)-th iteration
computation, € is a given allowance precision. For single
variable D, of Reservoir 1 or D7, of Reservoir 2,
a field for searching for the optimal policy is formed
through dividing evenly the range [0, D}, ] or [0, D;, ] to
a lot of smaller ranges. The dividing rates are depended
on computation precision.

Because it is possible that the best local solutions exist
at several parts within the initial field, the searching
work of step 3 should be done at all parts where the best
solution exist probably, in order to get the true global
optimal solution. The system decomposition algorithm
was described as Figure 2.

3. Case Study

The area of a water-supply system in the southeast part
of Huanghe-Huaihe River Basin, China, is 2 X 10* km?,
and there are three key reservoir-projects. The distri-
bution pattern of projects within this water-supply sys-
tem is showed in Figure 1. The total capacity of Reser-
voir 1 is 4.02 x 10°m’, the effective capacity is 2.15 x
10®m’, the limited storage during flood season is 1.58 x
10®m’; the total capacity of Reservoir 2 is 1.613 x 10 m’,
the effective capacity is 0.738 x 10%m’, the limited stor-
age during flood season is 0.659 x 10°m’; the total ca-
pacity of Reservoir 3 is 1.425 x 10°m’, the effective ca-
pacity is 5.03 x 10*m’, the limited storage during flood
season is 4.38 x 10°m’. The droughts often happen dur-
ing dry spring and autumn seasons, and the rainfalls
within a year are not well-distributed in the system. Be-
cause 70% of annual rainfall concentrates in the flood
season, June-September, the situation that autumn droughts
often occur on schedule after the lasting spring drought
impacts severely on the development of regional society
and economy. Reservoir 1 and 2 undertake mainly the mis-
sions for supplying agriculture with water. In addition, also
both reservoirs supply urban domestic and industry with
a little amount water. Reservoir 3 is a big tank with the

Optimizing multi-reservoir
water-supply system operation

ol 2 .}
min = 510" yax + 82D paxt $307 pax

2 2 1
Dlmm’ {rlf} Dmax {}" I} {Y t rzz} DSm,u

Optimizing operation
policy For Res. 1
max ¥ «"r;!

Optimizing operation
policy For Res. 2

max ¥ "

Optimizing operation
policy For Res. 3
min D’

Figure 2. The structure of system decomposition algorithm.
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synthetic functions for agriculture and urban wa-
ter-supply, flood control, hydro-power generation and
aquatic production. During droughts, the operation rules
of Reservoir 1 and 2 have to conform to the water-supply
target of Reservoir 3.

4. Results and Discussion
4.1. Model Computing Conditions

The historical series of runoff from 1964 to 1999 are
available for the operation analysis of three reservoirs.
The climatic conditions in the parts of the system are
similar, the change patterns of dry and wet seasons of
three reservoirs water-supply zones showed no differ-
ence among months or years. In order to evaluate quite
well impacts of the longer drought period on the society
and economy in each water-supply zone and the opera-
tion performance of reservoirs, a runoff process of dry
period with 22-month length was selected for the hydro-
logic input data. The runoff data of three reservoirs with
similar frequency were able to reveal the most disadvan-
tageous results for the system operation analysis.

The urban water-demands of each reservoir water-su-
pply zone among time-periods are even, but the best part
of agriculture water-demand occurred in the planting and
growing periods of crop, May-October, the other periods
had a small amount of water-demand for the agricultural
diversified economy. The water-demand process corre-
sponding to the exceeding probability 75% was chosen as
the target water demand of the system. The month was
taken as computing time-period, so n = 22. The permitted
maximum number of successive water-shortage time-pe-
riods 3 and the sum of water-shortage time-periods 6 were
chosen in term of water requirement for plant types of
crop, irrigation institution and the practical measures of
water saving. The evaporation and seepage loss in a
time-period was computed by the reservoir average effec-
tive water-surface area during a time-period multiplying
evaporation rate. Let S,= 0 for emphasizing the disad-
vantageous aspects of reservoirs operation.

The target water-demands of Reservoir 1 and 2 wa-
ter-supply zone are 1.551 x 10°m® and 0.434 x 10%m’,
respectively. The maximum demands of single time-
period are 0.122 x 10°m® and 0. 34 x 10’ m’ for both
reservoirs. The target water-demand of Reservoir 3 wa-
ter-supply zone is 8.14 x 10°m’. Therefore, the weights
s1, 8 and s3 take 0.153, 0.043 and 0.804, respectively.

4.2. Results and Discussion
According to the system decomposition algorithm, the

optimal solution is obtained, on which the best values of
D)., D, and D]  is 0366 x 10'm’, 0.102 x 10’

max >
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m’ and 0.971 x 10" m® respectively; the comprehensive
value of objective is 0.08413. The optimal releases of
reservoirs and the water-shortage distribution of reser-
voir water-supply zones from the optimal solution are
shown in Figure 3 and Figure 4. From Figure 4, it is
made out that in Reservoir 1 and 2 water-supply zones,
there are 6 shortage time-periods, and the maximum
number of successive shortage time-periods is 3, the
maximum shortage of single time-period are 0.366 x 10’
m’ and 0.102 x 10’ m’; in Reservoir 3 water-supply zone,
there are 4 shortage time-periods, and the maximum
number of successive shortage time-periods is 3, the
maximum shortage of single time-period is 0.971 x 10’
m’. Undoubtedly, such water-shortage distribution within
the system operation term and the maximum shortage of
single time-period are the desired solutions. The lighter
water-shortage distributed evenly among several time-
periods can avoid the calamities resulted from severe
water shortage concentrated on a few time-periods.

In order to analyze the impacts of different total wa-
ter-shortage time-period number p on operation policy
and computation results, the model were solved accord-
ing to several probable situations, p =3, 4, 5, 6, 7 and 8§,
which water supply probabilities approximately are the
range of 86~64%. Figure 5 showed above computation
results. From Figure 5, each water-shortage of single
time-period, D), , D, and D] and comprehen-
sive objective f decreased with increasing p. It indicated
the fact that the more minimum number of water-short- age
time-period during drought, which means higher reliability

+—release policy for
0.7

. " " Reser. |
E 0.6} y y = release policy for
S5 A § A Reser. 2
= ¥ A a L] o
0.4 \ a—release policy for
4 A i
n 03 / . J Reser. 3
Z 0.2 / Nt
20|_.--‘1" -, .,
o W * * .,
& 0 l.:=u"Il‘!'=‘=l:l"""l n
] 5 10 15 20 25 30
time period t/mon.
Figure 3. The optimal release policy of reservoirs.
0.12. —s—water-shortage for
- Reser. 1 zone
B 0.1 ko --»--water-shortage for
S 0.08 ! Reser. 2 zone
> i - -« -water-shortage for
= 0.06 '\ Reser. 3 zone
£ 0.04
% 0.02
0 : ST
0 5 10 15 20 25
time period t/mon.

Figure 4. The best distribution of water-shortage.
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Figure 5. The change process of maximum shortage of sin-
gle time-period and comprehensive objective with p.

of reservoir water supply, the more deep water shortage of
single time-period. But this operation policy was not ra-
tional from the views of reducing the risk of reservoir wa-
ter-supply and the social and economic impacts from water
shortage. Therefore, it is noticeable that relaxed restriction
on water-shortage time-period number may result in the
smoother water-shortage of single time-period.

5. Conclusions

In term of basic connotation of the index for expressing
reservoir water-supply risk during drought, that is reli-
ability, resilience and vulnerability of reservoir water
supply, and mathematical programming principle, the
multi-objective mixed integer programming model was
set up, which was able to consider the priorities of urban
water-supply and agricultural water-supply, and opera-
tion rules of reservoir-group system for successive
drought periods. The model-solving procedures and the
system decomposition algorithm were proposed based on
characteristics of the model structure. The concept of
proposed technique is clear to understand and convenient
to write the computer program, therefore, the large-scale
and complicated mixed programming model become
easy to solve. The application example verifies rational-
ity of the model technique and it has practical value for
multi-reservoir water-supply system operation policy
analysis during drought.
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