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quilibrium conditions are enforced. The 
agrange multipliers method is utilized to assemble the global equations of motion for the acoustic system. Numerical 
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analytical solutions and other independent solutions available in the literature. 
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ABSTRACT 

A higher-order acoustic-displacement based finite element procedure is presented in this paper to investigate one-di- 
mensional sound propagation through a solid and the associated transmission loss. The acoustic system consists of 
columns of standard air and a solid, with the upstream column of air subjected to a sinusoidal sound source. The longi- 
tudinal wave propagation in each medium is modeled using three-node finite elements. At the interfaces between the air 
and the solid medium, the continuity in acoustic displacements and the force e
L
results obtained for various test cases using the procedure des
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th of transmission are insufficient, measures such as 
using ear plugs and limiting exposure time can be used to 
protect the receiver. 

This paper is concerned with a displacement-based fi- 
nite element method (FEM) formulation of one-dimen- 
sional sound propagation through solids and the applica- 
tion of the methodology to determine the sound trans- 
mission loss associated with these structures. The main 
advantages of using the displacement FEM formulation, 
compared to the pressure-based variational approach by 
Gladwell [1] and Craggs [2], are: 1) the analysis can be 

dary conditions, and 3) interface conditions between two 
distinct media can be hand

1. Introduction 

In general, a noise control problem deals with three ele-
ments—source, path, and receiver. The most effective 
means of controlling noise is to reduce the noise gener- 
ated at the source. However, it is not always possible to 
attain an acceptable level of noise by this means alone. It 
is often necessary to attenuate as much sound energy as 
possible along its path from the source to the receiver. 
When efforts to redu

easily formed for bo
tions in the real dom

 a generic manner without identifying the direction of 
wave propagation, namely, forward and backward, or 
transmitted and reflected. 

Isoparametric finite elements are generally used for 
sound propagation problems (Craggs [3], Kang and Bol- 
ton [4]). However, in the present work, to enhance the 
computational efficiency for dynamical problems and 
ease in handling interface conditions between two dis- 
tinct media, three-node higher-order (non-isoparemetric) 
finite elements are used to examine wave propagation in 
one-dimensional acoustic systems consisting of various 
distinct media. Six nodal quantities—the variable and its 
derivative (i.e., gradient) at all three nodes—are intro- 
duced for the element acoustic displacement vector. Thus, 
each three-node, higher-order, finite element has 6 nodal 
acoustic displacements. Moreover, quintic polynomials 
are used as the interpolation function for the acoustic dis- 
placement within an element. This feature is especially 
important when dealing with large wave numbers, e.g., in 
the case of high frequency sound propagating in an ex- 
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lysis. 
When sound propagation in different media is studied 

by means of finite element analysis, it is often necessary 
to formulate and implement interface conditions. Accord- 
ing to Craggs [3], when two systems are linked together, 
it may be assumed that there exists an incompressible 
fluid boundary layer, i.e., a small volume of incompres- 
sible fluid adjacent to the interfacial node. The dimen- 
sions of this volume are small compared with the acous- 
tic wavelength. This may be interpreted as the two media 
having continuous acoustic displacements and balanced 
acoustic pressures across the boundary layer. With acou- 
stic displacement as the field variable, these two condi- 
tions can be easily implemented. In a one-dimensional si- 
tuation, the pressure on either side of the boundary layer 
can be related to the displacement gradient (or acoustic 
strain) through compressibility, for fluids, and modulus 
of elasticity, for solids. When writing the two interface 
conditions in terms of nodal variables on the two sides of 
the boundary layer, the Lagrange multipliers method (Ta- 
barrok and Rimrott [5]) may be used for assembly of the 
global equations of motion for an acoustic system having 
multiple media.  

The conceptual model proposed by Morse and Ingard 
[6] has been modified by Craggs [7] through introduction 
of the structure factor, porosity, and resistivity, for appli- 
cation of the generalized Rayleigh model to a sound ab- 
sorbing material. The properties of sound absorption and 
reaction of materials can be modeled by using equivalent 
density, equivalent compressibility, and resistivity in the 
wave equation.  

The objective of this paper is to present a finite element 
procedure for computing the sound transmission loss in 
solids using acoustic displacement as the field variable. 
Although the wave equation considered herein is one-di- 
mensional, the procedure can be extended to two- and 
three-dimensional problems.  

2. Mathematical Procedure 

In this section, the equations of motion of the one-di- 
mensional acoustic system depicted in Figure 1 are pre- 
sented using an inertial coordinate system. The origin of 
the coordinate system is located at the inner surface of 
the rigid vibrating piston when the axial displacement of 
the piston is zero. For the purpose of studying the sound 
absorption and the sound transmission loss through a so- 
lid or porous medium, it is assumed that sound waves 
either terminate at the right end of the tube or are trans- 
mitted to the ambient air, although different boundary 
conditions may be imposed. 

2.1. Variational Principle 

In modeling the one-dimensional acoustic system shown  

 

Smooth, rigid and adiabatic walls  

o

Rigid piston with prescribed 
harmonic motion: uo(t) = Uo sin t 

x

Solid (2,R2, c2,l2) Fluid 1 (1,c1,l1) Fluid 2 (3,c3,l3)

x1 x2 x3 o1 o2 o3 

Sound terminates or is 
completely absorbed  here. 

 

Figure 1. A one-dimensional system having three media for 
studying sound transmission loss. 
 
in Figure 1, the following assumptions are made: 1) 
there is no ambient fluid flow; 2) heat transfer associated 
with acoustic waves is negligible everywhere; 3) the flu- 
ids are inviscid; 4) the tube walls surrounding the three 
media are smooth, rigid, and adiabatic; 5) the cross sec- 
tion of each medium is much smaller in size than its 
length. With the help of these assumptions, the wave pro- 
pagation in each medium is linear. 

For a column of solid or porous material, the longitu- 
dinal displacement or acoustic displacement is used as 
the field variable for consistency. And once the displace- 
ment field is obtained, the velocity and stress inside the 
material may be obtained. For a column of fluid (air) 
without flow, the plane acoustic wave equation may be 
formulated using one of the three field variables—acou- 
stic displacement, acoustic velocity, and acoustic pres- 
sure. In this paper, the acoustic displacement is chosen as 
the field variable. And once the acoustic displacement is 
determined, the acoustic velocity and pressure everywhere 
in the fluid may be determined.  

To derive the wave equations for a system of multiple 
media, we first study a single, unconstrained (one-dimen- 
sional) medium. The relevant acoustic material and geo- 
metric properties are density  k , speed of wave pro- 
pagation  kc  or modulus of elasticity for solids or com- 
pressibility for fluids, damping coefficient per unit of cross- 
sectional area  kC  for solids or resistivity for porous 
materials, length  kl , and cross-sectional area  kA . 
According to Hamilton’s principle, the equations of mo- 
tion for the single medium may be obtained from 

   
2

1

, 1d 0, , 0, ,
t

k nc k k k
t

L W t u x t t t t      2    (1) 

In Equation (1), k  is the Lagrangian, defined as 

k k

L
T V , where  is the kinetic energy and k  is the 
potential energy; 

kT V

,nc kW  is the virtual work done by dis- 
tributed non-conservative forces and the distributed damp- 
ing force; k  is the longitudinal acoustic displacement; 
subscript k refers to the k-th medium or system compo- 
nent; t is time.  

u

In acoustics, the wave equations are often written in a 
different form (Crocker [8]). However, in a finite ele- 
ment analysis, it is preferable to use the acoustic dis- 
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placement as the field variable because Hamilton’s varia- 
tional principles can be used to derive the ordinary diffe- 
rential equations for transient and steady state responses 
of an acoustic system to excitations. 

2.2. Finite Element Formulations for a System 
Component 

Suppose that a system component (a fluid, solid or po- 
rous medium) is modeled using ,e k  three-node one-di- 
mensional finite elements, as depicted in Figure 2. With- 
in each finite element, the acoustic displacement, , 
varies with the local axial coordinate, 

N

ku
 , as  

       ,, 0k e ek k
u N D u l     e k     (2) 

where  N    is the shape function matrix;  eD
k

 is 
the element geometric matrix, and  e k

u  is the element 
nodal displacement vector. These quantities are defined 
as follows   

 

 
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4
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, , , , , ,
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
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 (3) 

where the element mass and element stiffness matrices,  


0 le / 2 le

ok xk 

Node 1 Node 2 Node 3

x=(xk)1 x=(xk)2 x=(xk)3  

Figure 2. A three-node finite element for component k and 
its coordinates. 
 
 e k
M  and  e k

K , are given by  

         
,

0

d
e k

TT

e e k kk k

l

e k
M D A N N   

 
        

  
 D  

         
,

2

0

d d
d

d d

e k
Tl

T

e e k k kk k

N N
e k

K D c A
 

 
 

    
     
     
 D  

To complete the kinetic and potential energies, the fol- 
lowing component nodal displacement vector is introduc- 
ed 

 

1

node  1 1

2

2node  2

node  

k

nn

nn knn k

u u

u u

u

uu

 

 



            
              
   
   
    
    

    


         (4) 

where nn appearing in the above equation as subscripts 
represents the number of nodes in a finite element mesh 
for component k. 

Once the strategy for formulating the component nodal 
vector is determined, the element displacement vector 
may be related to the component displacement vector by 
a transformation matrix, e g k

T    , as follows  

   e e g kk k
u T u             (5)   

Utilizing the transformation in Equation (5), the com-
ponent kinetic and potential energies may be written as  

     1

2

T

k kk
T u M u 

k
            (6) 

     1

2
T

k k kk
V u K u  

where the component mass and stiffness matrices are de- 
fined by 
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When damping is present in the component, the distri- 
buted damping (non-conservative) force will do work. 
For Rayleigh damping, the effect can be considered 
through a Rayleigh damping function, , defined as  kU

       2

0

1 1
d

2 2

kl
T

k k k k k kk k
U C A u x u C u       (7) 

where k  is the damping coefficient; C k  is the 
damping matrix, which can be obtained from the follow- 
ing equations 

C

         

   

,

,
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1

d
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l
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e e k k ek k

N
T
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e
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


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       





,
k



  

For a Rayleigh material, the generalized damping 
force vector may be derived from the following relations  

 
 

   k
nc T kk k

k

U
Q

u


   





C u        (8) 

The work done by the generalized force vector for a 
virtual displacement  T

k
u  is  

   ,

T

nc k nck k
W u Q              (9) 

When the component nodal displacement vector is 
chosen as a set of generalized coordinates, it can be 
shown that satisfaction of Hamilton’s principle in Equa- 
tion (1) yields the following Lagrange equations 

     
d

d
k k k

T T T

kk k

L U L

t uu u

  
  

 
0

 
       (10) 

Substituting Equations (6) and (7) into Equation (10), 
one obtains the following equations of motion for an un- 
constrained component in terms of the component nodal 
displacement vector 

           kk k kk k
M u C u K u  0        (11) 

Since a component in a system interacts with its nei- 
ghboring components, the above equations of motion are 
coupled through displacements at the interfacial nodes 
with other component equations and cannot be solved in- 
dependently. 

It is noted that the component equations of motion in 
Equation (11) may be obtained from the wave equation 
and Galerkin’s weak form of the variational principle 
when time t is held fixed or t is considered a parameter. 

In this paper, we decided to treat the interface condi- 
tions between components using the Lagrange multipli- 
ers method, which is consistent with Hamilton’s princi- 
ple and the Lagrange equations method. 

2.3. Boundary Conditions 

The natural boundary condition at either end of a com- 
ponent, according to Hamilton’s principle, is either 1) the 
acoustic displacement is prescribed or 2) the acoustic 
pressure is zero. The prescribed displacement includes 
the situations where the boundary moves with a rigid pi- 
ston (the source of sound) and where sound propagation 
terminates. The zero acoustic pressure is rarely encoun- 
tered for a component of finite size. Besides the two na- 
tural boundary conditions, non-natural boundary condi- 
tions may also be imposed. For example, a sound absorp- 
tion material or structure may be modeled as boundary 
conditions when only the reflection or transmission at the 
sound-structure interface is of interest. These boundary 
conditions may include inertial, stiffness and damping 
elements. 

When one end of a column of fluid, say, the left end of 
fluid 1, as shown in Figure 1, adheres to a rigid and vi- 
brating piston with a prescribed acoustic velocity, the 
acoustic velocity at the first node must be specified and 
equal to that of the piston. For harmonic acoustic excita-
tion of a single frequency, the prescribed acoustic veloc-
ity may be written as 

   
1

1 1 0 0 00
, cosc sx

u x t u t V t V tsin 

       (12) 

where 0c  and 0V sV  are the cosine and sine components 
of the harmonically varying velocity;  2π f   is the 
excitation frequency. In this paper, as the acoustic dis- 
placement is adopted as the field variable, the equivalent 
sound source may be written in terms of the acoustic dis- 
placement as follows 

   
1

1 1 0 0 00
, cosc sx

u x t u t U t U tsin 

     (13) 

where 0 0c sU V    and 0 0s cU V  . 

2.4. Interface Conditions 

At the interface between the components, it is assumed 
that 1) the acoustic displacements or velocities of the 
components at the two sides of a thin and incompressible 
boundary layer are identical in the direction normal to the 
interface, and 2) the acoustic pressures at the two sides of 
the boundary layer are also identical. These two condi- 
tions ensure the continuity and force balance across a 
thin boundary layer. For the acoustic system with three 
components, there exist two interfaces and four interface 
conditions. Using local coordinates, these conditions may 
be written as 
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   
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   

   
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p x t p x t

u x t u x t
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 

 

 

 









,

,
      (14) 

For a fluid or solid, the acoustic pressure and displace- 
ment are related by  

2 2 , 1,2,k k k k
k

u
p c c k

x
         

3    (15) 

Substituting Equation (15) into Equation (14), the four 
interface conditions may be rewritten in terms of acoustic 
displacements and strains as 

   
   
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0
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x l x

xx l
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c x t c x t
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c x t c x t
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 


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







   (16) 

It must be pointed out that the interface conditions 
between two different media described in Equation (16) 
are valid for waves propagating in either direction (for-
ward or backward; transmitted or reflected). The reason 
is that the sign of the acoustic pressure is also opposite to 
that of the acoustic strain. In other words, compression of 
a medium (negative strain) corresponds to a positive 
acoustic pressure; rarefaction of a medium (positive strain) 
corresponds to a negative acoustic pressure. However, 
when using acoustic velocity or pressure as the field va- 
riable, separate expressions are required for a wave pro- 
pagating in different directions. 

2.5. Assembly of Equations of Motion for the 
Acoustic System 

With the neglect of the viscosity of the air on either side 
of the solid, the three sets of equations may be written as 

       
           
       

11 11

22 2 22 2

33 33

M u K u

M u C u K u

M u K u

 

 

 

0

0

0



 



     (17) 

Based on the model for a porous material developed 
by Morse and Ingard [6] and Craggs [7], the following 
material properties of the solid can be calculated using 
the density of air  1 , speed of sound in air  1c , the 
structure factor  sK , porosity  , and resistivity 
 R  

2 1 2 1 2, ,s sc c K K C R          (18) 

To finalize the equations of motion for th
sy

e acoustic 
stem consisting of several components, each set of 

component equations in Equation (17) must be modified 
to satisfy the boundary and interface conditions. The first 
column of fluid is placed directly adjacent to the sound 
source; consequently, from Equation (13), the acoustic 
displacement of the first node of the first column of air 
must be equal to the piston displacement, or  
   1 01
u u t . 
If the air he right side of the solid terminates at theon t  

right-most end of the system, the last node must have 
zero acoustic displacement, or  3

0nnu  . However, if 
the right end is exposed to the open a e acoustic pres- 
sure is zero. This indicates that the acoustic strain must 
be zero, or 

ir, th

 3
0nn  . The two types of homogeneous 

boundary conditions may be easily handled by modifying 
the stiffness matrix using the penalty method. 

Since the acoustic displacement of the first node is 
specified and not subjected to variation, the first equation 
for the air on the left side of the solid may be deleted. 
After implementing the prescribed acoustic movement at 
the left-most node, the modified equations of motion may 
be written as 

         1 1 11
cos sin

c s1 1
M u K u Q t Q t     

  (19) 

where 



is the resulting matrix of  1K  

c
 and

1
K  
  after delet- 

ing the first row and first column;  1
Q   1s

Q  are 
the acoustic force vectors, defined by 

 

 2
2,1 2,1K M 

 

 

 

 
 

 

0

2
3,1 3,1 0

1

2
6,1 6,1 0

2
2,1 2,1 0

2
3,1 3,1 0

1

2
6,1 6,1 0

,

c

c

c

c

s

s

s

s

U

K M U

Q

K M U

K M U

K M U

Q

K M U











 
 
 
    
 

 
 
  
 
 
 
    
 

 
 
  

0

0





 

To implement the boundary condition at the right-most 
end, the second to last diagonal element or the last diago- 
nal element associated with  3nn  in  3K  must be 
changed to k . The modified equations  motion for 
the air on the right side of the solid are then written as 

of

       33 3 3
0M u K u   

        (20) 

where 
3

K  
  is identical to  3K  

nn, 
except for element 

elemen -1, 2nn-1), or (2 2nn). Values of kt (2nn   
(the lar umber permitted by computing machine) gest n  a 
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should be taken to make  1 1
k u  the only domina t 

term in the first equation of Equation (19) without caus- 
ing overflow problems. 

To illustrate how global equations of motion of the 
acoustic system are obta

n

ine  the equations of mo- 
tio

d from

To implement the interface conditions in Equation (22) 
into the global equations of motion of the acoustic sys- 
tem, we introduce the following potential to the lagran- 
gian 

       

       

2 1

3 2

T
c

I I I

T

J J J

L u R u f

u R u

 

 

n of all components, let us examine the four interface 
conditions, which are now written in the following ma- 
trix form 

1 21 11 0 1 0nn nnu uu u


          

  
  1 21 1 1 22 31 2

0 0nn nn           
        

 (21) 

or 

             2 1 3 2
0 , 0I I I J J Ju R u u R u      (22) 

where 2 2
1 1 1 1 2 2 2 ;c A c A   2 2

2 2 2 2 3 3c A c A   3 .  

g

 

      (23) 

where {f} and {g} are constraint forces between two me- 
dia at interfaces I and J, respectively. 

Incorporating the work done by constraint forces on 
arbitrary boundary displacements, the modified equations 
of motion in the desired partitioned form along with the 
constraint equations are written as  

 111 1 1

( )OO OI O OO OO OI
T

IO II II IO II I

M M u Q tu K K

M M uu K K R f

                     
          

0

0

 
                 (24) 

2 2 22 2 2

II IO IJ I II IO IJ I II IO IJ I

OI OO OJ O OI OO OJ O OI OO OJ O

JI JO JJ J JI JO JJ J JI JO JJ J

M M M u C C C u K K K u f

M M M u C C C u K K K u

M M M u C C C u K K K u

            
                        

                       

0

0

   
   
     TJR g

 
    
 


0

0



  (25) 

 

1 3 3

JJ JO JJ JJ JO

OJ OO OO OJ OO

M M uu K K

M M uu K K

g

    
     

     
 

  
 0

 
 

 3




  (26) 

where subscripts O, I, J refer to interior, first interfacial 
and second interfacial degrees of freedom. 

stic displace- 
m

Equations (22), (24), (25) and (26) constitute a com- 
plete set of dynamical equations for acou

ents and constraining forces between two adjacent me- 
dia. To obtain a system of second order ordinary differ- 
ential equations, these equations are often revised by de- 
leting the constraining force vectors. From Equation (22), 
 1Iu  and  2Ju  may be replaced with   2I IR u  and 
  3J JR u , respectively, in Equations (24), (25) and (26). 

dition, c raining force vectors {f} an may 
eleted to form simple matrix operations. For 

In ad onst d {g} 
also be d

example, vector {f} may be deleted by pre-multiplying 
the first set of equations in Equation (25) and then adding 

or as  

it to the second set of equations in Equation (24). 
A set of inhomogeneous governing differential equations 

written in terms of the modified displacement vect

           
   cos sin

gg g gg g

gc gs

M u C u K u  
     (27)

Q t Q t  
 

where, 

 

 
 
 
 
 

       
1

1
1 1

2

2

3

, ,

O

I

c s
Og gc gs

J

O

u

u
Q Q

uu Q Q

u

u

 
 
       


    

   
 
  

0 0
 



 

 

   
                 

       
                 

     

1 1

1 21 2 2

2 2 2

2 2 2 3

3 3
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T T T

IO II I II I I IO I IJ

OI I OO OJg
T T
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 
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2.6. Solution 

To determine the steady-state propagation of a sinusoidal 
sound wave in the one-dimensional acoustic tube, we pro- 
pose a solution in the following form 

t     cos sin
g c s

u u t u           (28) 

Substituting Equation (28) into Equation (27) and 
coefficients associated with sine and co- comparing the 

sine harmonics, we arrive at the following equations 

     
     

 
 

 2

2  
gcg g g s

c gsg g g
U Q

QK M C U

C K M

 

 

            
    

 
   

 

(29) 

ine 
the acoustic pressure and acoustic velocity in medium 
k in the real domain, the following equations may be 
used  

t

The above equations may be solved for the amplitudes 
of the nodal acoustic displacements and strains associ- 
ated with the sine and cosine harmonics. To determ

     2 cos sink c sk kk
p c p t p

   cos sink k c sk k
v u u t u t

      

   
  (30) 

where    2
c ck k

p c   ,    2
s sk k

p c   ; sub-
scripts c and s represent cosine and sine harmonics of 
acoustic displacements, strains and pressures. 

In studying steady-state acoustics, it is often desirable 
to represent the acoustic pressure in the complex domain, 
in which case the acoustic pressure is defined in 
lowing manner 

the fol- 

 ˆRe e i t
k kp p             (31) 

It can be shown that the real and imaginary parts, 
 p̂  and  p̂ , of the complex acoustiR k I k

c pressure 
 ˆ kp , are related to the cosine and sine coefficients in 
Equation (30) by 

       ˆ ˆR c Ik kk k
p p p p ，  s

Similar relationships may be written for other acoustic 
quantities, such as acoustic ents and acoustic 
velocities. 

3. Numerical Results 

rocedure. This is done through two sim- 
ple test cases, for which exact analytic
For an acoustic system having three media (air, porous 
m
transm

agation in Air with Specified 
Acoustic Impedance 

Th

 displacem

Before presenting numerical results for general applica- 
tions, it is necessary to validate the methodology and the 
finite element p

al solutions exist. 

aterial and air), the topic of general interest, sound 
ission loss, is investigated.  

3.1. Sound Prop

e first test case deals with sound produced by a vibrat- 
ing piston for which sinp ox X t  or cosp ov V t , 
its propagation through a column of air, and its interac- 
tion with a solid me d  dium characterize

n in Figu
*

 by a specified
re 3(a). The speci- acoustic impedance, as show

fied acoustic impedance, Z , is defined as  

* * *

1 1

ˆ

ˆ
L

R I
L

p
Z Z iZ

c v
          (33) 

It can be shown that the exact analytical solution for 
the complex pressure everywhere may be written as 

     *

1 1 0

cos
ˆ

*

sin

cos sin

Z k L x
p x c V




i k L x

kL iZ kL

 


  (34) 

orb- 
ing a  the specified impedance is 

scous damping elements (  an

of the massless piston, the following relation may 

In the displacement-based model, the acoustic abs
nd reacting material with

equivalent to a massless piston subjected to the constraints 
of linear spring and vi a d 

ad ), as shown in Figure 3(b). From the equilibrium con- 
k

dition 
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Smooth, rigid  adiabatic walls  

Rigid piston with prescribed harmonic 
motion: uo(t) = Uo sin t 

and

Sound absorbing and reacting material 
with specified acoustic impedance (Z*)

Fluid 1 (1,c1,l1) 

o1 x1 

(a)
  

Fluid 1 (1,c1,l1) 

o1 x1 

ka

da

(b)  

Figure 3. Test case 1: (a) a physical model of sound propa- 
gation in air and porous material with specified acoustic im- 
pedance; (b) an equivalent displacement-based model with 
porous material modeled as massless piston with spring and 
damping elements. 
 
be obtained  

L a L a Lp k u d v           (35) 

To determine the relationship between the acoustic im- 
pedance and values of  and , the following com- 
plex notations for stea at displacement, ve
locity and pressure at the r-solid interface are intro- 
duced 


   (36) 

ak
dy st

ad
e acoustic 

ai
- 

 
  

ˆRe e ,

ˆ ˆRe e , Re e

i t
L L

i t i t
L L L L

u u

v v p p







 



 
 

where ˆLu , ˆLv  and ˆLp  are, respectively, the complex 
amplitudes of acoustic displacement, velocity and pres- 
sure at the interface.  

Substituting Equation (36) into Equation (35), the equi- 
ibrium condition ml ay be rewritten in terms of complex 

ˆ

numbers as 

ˆ ˆL a L a Lp k u d v             (37) 

To derive the values of reactance and resistance coef- 
ficients from the real and imaginary parts of the specified 
acoustic impedance, the following relationship between 
complex velocity and complex displacement may be ob- 
tained from Equation (36) 

ˆ
ˆ L

L

v
u

i



               (38) 

From Equation (37) and Equation (38), the following 
shi a tarelation p m y be ob ined 

1 1ˆ

ˆ
a aL k dp c

i
v



1 1 1 1L c c  
          (39) 

Comparing Equations (33) and (39), we may conclude 

that  

* *

1 1 1 1

,a a
R

d k
Z ZIc c  

 

It can be seen that the results 
from the finite element procedure 
lytical solutions for both the real 
pr

 Air and Porous  
MateRial 

The second test case, which was considered by Craggs 
[3

 illustrated in Figure 5(a). The sound originates 
from a sinusoidally vibrating piston with varying ampli- 
tudes and frequencies. At the distant en
material, the sound terminates. The equivalent properties 
of

e results are presented in Figure 5(b) for five 
 vary- 
bsorp- 

ic pressure difference across the two surfaces of 
the solid (steel) to the input acoustic velocity, may be de- 
termined by 

         (40) 

Numerical results were obtained using four finite ele- 
ments and the analytical solution in Equation (34) for pa- 
rameters given in Table 1. The real and imaginary acou- 
stic pressures along the entire length of the air column 
are compared in Figure 4. 

are identical to the ana- 
and imaginary acoustic 

essures. 

3.2. Sound Propagation in

], involves sound propagation in air and a porous mate- 
rial, as

d of the porous 

 the porous material are calculated from the properties 
of standard air and three factors, as defined in Equation 
(18). In this test case, the structure factor and porosity 
factor are both taken to be one (Ks = 1,  = 1) and the 
resistivity (R) is allowed to vary. Values of other proper- 
ties are given in Table 2. The absorption coefficients de- 
fined by Craggs [3] were calculated using four finite ele- 
ments for the air and two finite elements for the porous 
material. Th
values of resistivity and for excitation frequencies
ing between 0 and 16 kHz. The computed sound a
tion coefficients are identical to those reported by Craggs 
[3].  

3.3. Sound Propagation in Air, Solid and Air 

To study the sound transmission loss through a solid, an 
acoustic system having three components (air, solid and 
air), as depicted in Figure 1, is investigated. Since only 
the sound transmission loss as the sound propagates through 
the solid is of interest, the sound is assumed to be com- 
pletely absorbed at some distance downstream from the 
solid material. This assumption ensures that the sound 
transmission loss calculations are not affected by sound 
reflected at the boundary of the system under considera- 
tion and the environment. The source of sound is again a 
vibrating piston whose frequency is allowed to vary over 
a wide range. 

Under steady-state sound propagation conditions, the 
acoustic impedance, defined as the ratio of the complex 
acoust
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Table 1. Values of parameters used for test case 1. 

Parameters A 

Density 1 (kg/m3) 1.2 

Length L1 (m) 1.705 

Speed of Sound c1 (m/s) 341.0 

Piston Velocity V0 (m/s) 0.01 

Real Acoustic Impedance *

RZ  4.0 

Imaginary Acoustic Impedance *

IZ  3.0 

Frequency  (rad/s) 2000 

 
Table 2. Values of Geometric and Material Properties Used 
for Test Case 2. 

Parameters Air 1 (k = 1) Solid (k = 2) Air 2 (k = 3)

Density k (kg/m3) 1.2 1.2 Ks 1.2 

Length Lk (m) 0.05 0.025 0.05 

Speed of Sound ck (m/s) 341 341 sK   341 

Resistivity R (rayls/m Variable 

Porosity Factor Variable 

Structural Factor K Variable 

) 0 0 

 - - 

s - - 
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Figure 5. Test case 2: (a) a simple model used by Craggs [3], 
(b) computed sound absorption coefficient. 
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where subscripts “L” and “R” represent the left and righ
su l- 
culate the acoustic pressures on both sides of the solid 
and the incident velocity. Once the acoustic impedance is 
determined, the sound transmission loss across the po- 
rous material (in decibels) may be calculated using 

t 
rfaces of the solid. Equation (30) may be used to ca

1 1

20 log 1
2

Z
TL

c
             (42) 

where 1 1c  
e

is the characteristic impedance of air. 
Num rical results for sound transmission loss, obtain- 

ed using the finite element method for a wide range of 
excitation frequencies, are presented in Figure 6 for a 
short solid and Figure 7 for a long solid. It can be seen 
that there is excellent agreement between the analytical 
solution and the finite element results for the sound trans- 
mission loss through solids of different lengths. The sound 
transmission loss increases linearly on the log-log scale 
with the frequency in accordance with the mass law or 
the limp wall model in the low frequency range, maintains 
a plateau value of just below 80 dB, and dips considera- 
bly at critical frequencies or natural frequencies of the 
solids. 

A finite element procedure is employed to investigate the  

M

4. Concluding Remarks  

Figure 4. Steady state acoustic pressure for test case 1. 

Open Access                                                                                            OJA 



S. D. YU, J. G. KAWALL 

Open Access                                                                                            OJA 

119

 0

Solid: Length 0.095493 m, rho = 2000 kg/m 3̂, c = 3000 m/s

 20

 40

 60

 80

 100

 10  100 0.01  0.1  1

S
o

u
n

d
 T

ra
n

sm
is

si
o

n
 L

o
ss

 (
d

B
)

Fre

Analytical
FEM

quency(kHz)

Solid: L=0.095493 m,  = 2000 kg/m3, c=3000 m/s 

 

. Figure 6. Sound transmission loss in a short solid
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Figure 7. Sound transmission loss in a long solid. 

sults, obtained using the proposed procedure, are in ex

cellent agreement with the analytical solutions and inde- 
pendent solutions available in the literature. 
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