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ABSTRACT

In this paper we explore the possibility of using the scientific computing method to obtain the inverse B-Transform of
Oyelami and Ale [1]. Using some suitable conditions and the symbolic programming method in Maple 15 we obtained
the asymptotic expansion for the inverse B-transform then used the residue theorem to obtain solutions of Impulsive
Diffusion and Von-Foerster-Makendrick models. The results obtained suggest that drugs that are needed for prophylac-
tic or chemotherapeutic purposing the concentration must not be allowed to oscillate about the steady state. Drugs that
are to be used for immunization should not oscillate at steady state in order to have long residue effect in the blood.
From Von-Foerster-Makendrick model, we obtained the conditions for population of the specie to attain super satura-
tion level through the “dying effect” phenomenon ([2-4]). We used this phenomenon to establish that the environment
cannot accommodate the population of the specie anymore which mean that a catastrophic stage ¢ is reached that only
the fittest can survive beyond this regime (i.e. ¢ > ¢ ) and that there would be sharp competition for food, shelter and
waste disposal etc.

K eywords. B-Transform; Impulsive Diffusion; Von-Foerster-Makendrick Models; Residue Theorem; Maple Symbolic
Programme and Asymptotic Expansion

1. Introduction finding closed solution forms for fixed moment im-
pulsive systems ([1]). Most known existing transform
methods are not known to be applicable to the (IDEs).
It’s interesting to say that the evolution times describing
(IDEs) are intermittently interrupted by small perturb-
ations (impulses) at certain fixed or non-fixed moments.
This peculiarity makes the solutions of IDEs to exhibit
some strange behaviors. Therefore any transform method
for finding solution of IDEs must take into consideration
the impulsive effect of the systems. The B-transform was

Impulsive differential equations (IDEs) describe proc-
esses which quickly change their states for short moment
of times when compare to the total evolution time for the
systems. The impulses may happen at fixed or non-fixed
moments and the behavior of state variables describing
the processes may show some “jumps”, “shocks” attri-
butes etc. This kind of impulsive behavior makes the

IDEs not easily accessible to most existing concepts and

theories in differential equations, ecology, biomathe- developed to take into consideration the impulsive effect

matlcs', engineering and control systems ([2-9]). M‘?re' of the system to provide a method for finding solutions
over, impulsive moments not only depend on some im- for the fixed moments IDEs ([1,11-13])

pulsive sets but also on the dynamics of the systems, this
special feature gives rich perspective for investigation for
many real life processes ([2,3,8,10]).

B-transform is an operational calculus method de-
veloped by Oyelami and Ale almost a decade ago for

B-transform has been successfully applied to solve a
variety of problems in Biomedicine, Physics, engineering,
control theory etc (see [1,7,12]). One major problem that
one encounters just like most known transform methods
([1]) is how to obtain in the inverse transform for some

. particular problems ([14]). In this paper we explore the
Dedicated to: Professor V. Lakshimikantham who has contributed ex-

tensively to the development of Differential Equations, Impulsive Dif- p OSS.lblhty F)f introducing scientific computing method to
ferential Equations and Nonlinear Analysis. obtain the inverse B-Transform. We would make use of
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some suitable conditions and the symbolic programming
method in Maple 15 to obtain the asymptotic expansion
of the inverse B-transform, then followed by the use of
residue theorem to obtain solutions to Impulsive Diffu-
sion and Von-Foerster-Makendrick models.

We note that, the Impulsive Diffusion model is very
useful for modelling the diffusion of drug across the cells
and tissues in the body and the attendant osmo-regulation
in the apparent volume and also modelling of environ-
mental degradation problems ([5,15]). More recently,
stochastic diffusion models are used for analyzing be-
havior of financial markets. The entropy trap threatens
the existence of man as a result of continuous emission
of carbon dioxide into the air and water. The earth is
getting more saturated carbon dioxide than the oxygen
that plants absorb and release. The sea water is fast
becoming acidic because of dissolution of carbon dioxide
in the water and hence the marine lives are also threat-
ened. The diffusion model considered here or its modi-
fications have potential applications for studying dif-
fusion of carbon dioxide into the atmosphere and the sea
and the long time chaotic effect can be studied from
impulsive perspective.

The theory of taxism, loosely speaking is the tendency
of an organism to move forward or be away from some
stimuli. There are many taxes, positive and negative
which influence presumably direct organisms in favor-
able physical environments ([15]). Most notable or
perhaps widely studied taxes are the chemo taxi that is
response for organisms to be sensitive to chemical chan-
ges. If the response is measured in term of concen-
tration of such chemicals, the impulsive diffusion model
will give a clue to study chemo taxis of the expected
organisms. More research works are expected to be on
taxes in cellular ecology, that is, molecular and cellular
biology. The study of bacterial and viral chemotaxes
from impulsive point of view will offer researchers the
opportunity that has integrated approach to understand
the interaction of genetics, physiology and ecology.

We must emphasize that under certain conditions like
rapid changes i.e. advent of war, earthquake, displace-
ment of persons etc., the population tends to be impulsive
in nature (see [2,8,16-18]). For this reason, we consider
impulsive analog of the Von-Foerster-Makendrick model
of an age-dependent population in given ecosystem. The
model is typical impulsive partial differential equations
and has potential applications in modelling the popula-
tion of species stratified into age groups and epidemiol-
ogy of infectious diseases like malaria and HIV/AIDs.

2. B-Transform

Consider the impulsive differential equations
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x=f(t,x),1# 1,k =0,1,2,-

A= 1(x(1) o

where
fiR xR" >R
I:R" >R
fand [ are assumed to satisfy the continuity and Lipchitz
conditions for the existence and uniqueness of solution of
(IDE) (see [3.,4]).
The B-transform of the function x(¢) with impulses

at fixed moments {tk},k =1,2,--- during the evolution-
ary process is [1,11]

Bx(1)=x.(q)+x(q) (1)

where
x-(q) and x,(g) are the L. and L, components of
the B-transform and are defined as

xe(q)=Lx(t)= Ie—r/qnlx(t)dt,t £1,k=0,1,2,- (2)

0

And

xi(g)=Lx(t)= Y e/ (x(1,)) 3)

to<tj<t

where

n'=0,1,2,---,n; n' is the order of the transform. For
sake of simplicity, we will choose »n'=1. The advantage
of taking n'=1 lies in the derivation of the inverse
transform.

The inverse transform for components of x.(¢) and
x,(g) was obtained (see [1], Theorem 1) as follows:

1 V+ico .
vl =50 x a)eda @

x1(f)= z l//(tk:q)l(x(tk)) (5)

to<tj<t

The B-transform is valid in the union of the sets
Az{x(t)eR" :Ie—xk/q"‘ |x(t)|dt<ml,
0

te R ={t,} k=120 =1,2,---|

And
B= {I(x(tk )) eR": )] e tld I(x(tk ))| <m,,
n' :1,2,---} o

And such that
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Diam(A UB) = max(|x(t)|,|](x(tk ))|) < 400

where |.| is the n-dimensional Euclidean norm, m; and m,
are constants that are assumed to exit and finite.

3. Impulsive Diffusion Problems

Consider an example of application of B-transform to
impulsive partial differential equations. Impulsive partial
differential equations have so many interesting applica-
tions. We will consider a diffusion problem of a porous
media of substrate whose concentration is given by
C(x,t) at time 7 and a distance of x from the source.
This type of problem is very useful in drug administra-
tion. The underlying mathematical model can be stated as
follows:

2
8C(t,x) _ —kiC(t,x)+Di 0 C(t,x)
ot ox’ (6)
+hr (x(t=h))+ g, (£),1 £ 1,

AC, (t=t,,x)=1(C,(t.x)), k =0,1,2,--- %

Subject to the boundary conditions

oC,
t x=0, —(¢,x)=0 8
at x= 0, S (1,0) ®
oC, (t,x)
at x=L,——~""2=0 ©))
Ox

where

C,(t,x) is the concentration of the substance that
diffuses across the apparent volume into gastrointestinal
tracts at time ¢ and the thickness of the tract being x units.
k! and k, are some rate constants, D; the coefficients of
diffusion.

7 (x(t—h)) accounts for the biological gestation
function lagged by a constant C:;.

u, (t) is the relevant biological control function that is
responsible for osmo-regulation of the medium.

Using a transformation of variable, a kind of separa-
tion of variable per say, we can express C,(7,x) in the
form C(7,x)=C(t)C(x) where C(¢) and C(x)
are purely functions of # and x respectively. This separa-
tion works for this type of problem, for other forms of
impulsive partial differential equations, it may not work.
This kind of features makes the theory of impulsive dif-
ferential equation to be expanding at a rapid rate of late,
even though the discovery of new phenomena like “beat-

ing effect”, “loss of autonomy” and “dying effect” are
hampering the rate of its development ([2,4,9,15]).

Let us return to the problem, if we slot C(z,x) into
Equations (6) and (7), we get

dCi(t)-i—k'C[(t):UCi:titk,k205132"“ (10)
2
d dC;)(cX) +a,C (x)=kr, (x(t_h))+ Hi (1), an
t#t,k=0,1,2,--
AC(t=1,)=1,(C(4,)) (12)

O<ty, <ty <t, <<t

limt, =+, a, = constants,i=1,2,--
k—x

Subject to given boundary conditions applying the
B-transform to Equations (10)-(12) and solving the equa-
tions we get

1Y a.q’
Ci(q)z(ki,__j G- i

q kiq” (13)

+ Ztu<t,(<t ¢z (tkﬂq)l(c(tk ))

1
(1c.9)= [ daelii ) (14)
And solving Equation (11) we get

C,(x) = 4;sinVax + 8, cosJax
+ J.:O G (s,t)(r,. (x(s —h)) + 4 (s)) ds
G, (5.1)=a cos(\Ja, (¢ +5)). (16)

Now, we determine the inverse of C,(g),i=1,2 and
the constants 4, and B,. Thus

(15)

G (t)=e"C, + 2
K (17)
+ 2 (6.0 1(C(4))si = 1,2,

1, <ty <t

The values for constants 4 and B, i=1,2 are
found to be

G cos@(r. (0)+ s, (1))

; - (18)
ai
B o % c0s Jait(ri (0)+ s, (t))cos al +a)? cosJaT(L + g, (L)) (19)
T a, sin\/;[L
AM
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Therefore C(z,x) given the require solution to the
model, that is,

i

A sinJa,x+ B cos\/a>ix+.[x G, (s.t
(rl. (x(t—h))+,ul.u, (t))dt

.
= (e—kircu + k_;e—x/k + Zta<fk<t¢i(tk t)J (20)

i

(Cl. cos(\/aix + ﬂl))
+ LU G, (S,t)(}’;. (x(t—h)) + L, (t))dt

Cle){ 6 e 42 1 (C)

where
C=\4'+B. B =tan_1(%j
The problem exhibits oscillatory behavior at
(1 +4k)n-2p,
X. =
i 2\/7

If

r (x(t—h))+,u,u, (t) =0,i=12,---

At steady state, when ¢ — o

lim,_,, C(t,x)=C,(x)
where
C,(x )—}Lrlg(t ;<, 10)1 ( )(C cos(\/7x+ﬁ))

+ J: G, (Sit)<ri (x(s=h))+pu, (S))ds'
€2y

If the system does not oscillate about the points x; as
enumerated above and if C, (x)=0 it oscillates.

From the above derivation, drugs that are needed for
prophylactic or chemotherapeutic purposes the concen-
tration must not be allowed to oscillate about the equilib-
rium at the steady state. Drugs that are to be used for
immunization should not oscillate about the equilibrium
at steady state in order to have long residue effect in the
blood.

4. Impulsive Population Model

We consider impulsive analog of the Von-Foerster-Mak-
endrick model of an age-dependent population in given
ecosystem. The equation is given by

Open Access

ON ON
ala+a2§ :—,u(th)F(N(t,x)),t;ttk (22)
N(x,O)zq)(x) (23)
N(0,1)= T}/ 24)
N(xt=t,)=1(N(x.1)) (25)

0<1t, <t <t, <--~<tk,k—tk =+,

where N:DxR*—>R, ¢eC” (R*) , R =[0,4+0),
N(x,t) is the population of a single species in given
ecological set-up at time ¢ and x age group. If

I (N (x.1, )) >0 substrate (biomass) is taken away and
if 7(N(x,4,))<0 biomass is added to the environment
(3D.

We must emphasize that under certain conditions like
rapid changes i.e. advent of war, earthquake, displace-
ment of persons etc., and the population tends to be im-
pulsive in nature [18].

U R"'xDxR" >R
F:R" >R’
@ Is the growth rate, F' is a non-linear function and

a,,i=12. are some relevant rate constants. Applying
B-transform to model we arrive at
— I 7
L.N(x,t)=N,(x,q)= JO e /"N (x,1)dt

> e‘”[(N(x,tk ))

LIN(x,t) =N, (x,q) =

ty <ty <t
0 T 0 0
L[ S [ [Lemtnna=Z v (g
5= v P (26)
oxs° (ro)de=ZN (xa)

L [a_axN(x t j J.e’/qN X, t)dl‘:éNc(X»Q)-

o %Nc (x,q)-i—ch (x.9)=,¢(x)-G(x.q)

©

G(x,q) = —_[e’/",u(t,x,N)F(N(t,x))dt

©

N ef/thf ¥ (x.4) N (x,

0
0 00
— t/q
=[]t
00

Substituting the value of N, (x,q) and then solving
Equation (26) for N, (x,q) for fixed ¢, we get

N,(0,9)= t,)dedy,.

x,t,)dedr,.
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dN (x,q) a, 1 a 1
—< 2 N (x,q9)=—2% ——G(x,
= Tag . (x.q) . #(x) ” (x.9)

T t/q
0
Solving Equation (27) we get

N, (x,9)=N,(0,q9) exp( %- ds]
1

27)
x,t, ) deds,.

O'—-S

T 1
0 q (28)
I 1
N, (x,9)=N,(0,q9) exp( IZQ ;ds]
0 1

Therefore

N(x,q) =N, (x,q) +N, (x,q).
It follows that

y7Rgte

N, (x,t) =— J. N, (x,q)e’qdq
27 s (29)
Nl (xaq) =

> Btt) (N (x.t))
t, <ty <t
Let C be contour for which the integration is carried
out in the complex plain.
Therefore

N(x,t)=NL,(x,t)+Nl(x,t). (30)

N(x,;)zzim_{chC(o,q)exp(_jjz_ﬁﬂq]dq
{j exp[ I—2E+tqu:(a—2¢(s)—Z—TG(x,q)] G1)

a q a4
exp[jxa_zldsj:|dq Z e—lk/qI(N(X,tk))}
¢ al q ty <ty <t
We note that the system has no solution passing
through (t N(c)) if

I(N,(t.t,)) =

where C, are possitive constans such that

t :tziN(t*,tk)—&,az <0.
a, a,

1
CN(t,t,)+a,t+C,

k=0,1,2,--

This model wills exhibits the ‘dying effects’, which
mean that the solution is not continuous across some
natural boundary containing the solution ([2-4]). To this
particular model, this means that the population of the
specie attains super saturation level ¢* such that after
time ¢>¢" the population starts showing some strange
behavior that the population cannot be quantified.

The “dying effect” as ¢>¢" suggests that the envi-
ronment cannot accommodate the population of the spe-

Open Access

cie any more. By Darwin’s theory a catastrophic stage is
reached that only the fittest can survive beyond this re-
gime (i.e. t>1"); there expected to be sharp competition
for food, shelter and waste disposal etc. It is interesting
to note that dying effect does not exist if «, >0.

We consider special cases of Equations (22)-(25).

Case |
When if ¢ = const and F(N(x,t)) =N(t,x).
Then
N, (o,q)y/(x)+%w(x)]¢(s)ds
N, (x.q)= : . (32)

HX 5
1=
a v (x)

¥ (x):= exp—ﬁ[fj . Thus using Equations (28), (30)
a\q

& (32), we find N(x,z) for this particular case. If

a, <0,x>0,y>0andx<<&
U

Then

-
N.(g,x)=~ -
- (4.) o ()

0

By asymptotic expansion using Maple 15 Symbolic
Programming at dos command prompt:
> asympt (exp (theta/q), q);

0 ¢ & o & 1
I+—+—+—+——F+——+0| —
q 2q° 6q° 24q° 120q q

ﬁ]qé(s)ds}

10

> subs (theta = alpha [2]/alpha [1]*x, %);

1+—

ax  a’ Xt a,x o’ x° ( 1 J
+ —

+
aq 2a°¢ 6a’q 1200515(]5
> Y%o*exp (*q);

2 2 3.3 5.5
1
1+ x+a22x2+a23x3+___+ a2x5 =+0| — | |e"
aq 207°q° 60q 120’ q q

And the asymptotic expansion of Nj(#,q) being

1
1 etq 7eql‘ ]
N, (4.q) = 6{“0(—6)}“’ +Z 1+
t k=0| 4
le"’t,f] ie"’tk“[ Let"t °1
+ 6 n 24 120
3 4 5
q q q
where the summation over is taken over
I=1(N(1,.1)),0<1, <t.
Therefore
AM
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N(x.1) F(N(z,N)):E(K—N),K is the saturation (maxi-
1 ax dixt adad sy’ K
S T T L L mum) population the environment can support. For this
2mi '\ aq 20°¢" 60,q 120¢,°q pop PP
i 19 I 14 19 case, we found that
1 N, (0,9)e"dg
w» A S x
e’ Ne (0, ‘1)dq+0(zmj & ’u?(//z(x)Nf (x,q)+ (l—yxy/ (x )) . (x.q)

N, (0,q)w ( (x)[ 4(s)

It follows that

+L' (azelq j-¢(s)dsdq] + > Bt.0)1(N(4))

47” C t 0 O<ty <t

Case II: For u = const and

N/ (x.q)

R~ (x>)+J(l—uwz(x))—“,‘;"(w3<x>zvc(o,q>+‘;‘jw2<x>J;¢(s>ds] -
: 0y )
N, (x.q)

= 0) 1 ()= 20 (), 00 0 () 00 -
) 5y )

And ¢, isany real number.

If we slot Equations (33) and (34) into Equations (29)
and (30) the solution to the model can be found for cases
II and I respectively.

If we let

A:%ale'f',u\Pz (x)7CzNL'(O’q)\P(x)’

X 2
DzZ—j\Pz (x) [ #(s)ds and y:gz

o

We can approximate N.*(x,q) in Taylors series us-
ing the Maple 15 software as

+ B 1 1
N (g.x) zﬂ[li(“—y——yz +—’

5 7 33)
e o)

If <1 and K isvery large than

B 1
N (g, x)~—|2+—
(a)= 243
Hence
N(t,x)

c

~

J'{l +exp— 2%j exptgdg — 0
2mpx ¢ q

as x — +©

Since .[ exptgdg is analytic in C and by the Cauchy
C

integration theorem it is zero.

The asymptotical expansion for N, (z,x) by Dos
command prompt in Maple 15 we have:

> Ncl(x,q):=1/2*pi/i*int(%%*N[c](0,q),q)+alpha2/2*
int(exp(t*q),q)*int(phi(s),s=0...x);

v (x q): K J_ 1+a2 a22 2 a23 3 a24 4 azsxs
STV Meuam’ic U g 2a°¢7 6a’q 24aqt 1200¢
K ¢N:(0,g)e” 1 K
N (0, q)dq+0(4—— %dg o —j ¢d j¢
pxic g Tuxi

where the integration is take over a contour C containing
the pole g=0 of order k=6. By the use of Cachy-

Open Access

Goursat theorem, the integral can be reduced to only an
integration around a small circle about the pole g =0 of
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iq
order k=6. The value for Jce—kdq can be obtained
q

by the use of residue theorem as

e“dg
.[C qk
(k-1) _tq

=2mi Res(e”’ ) = 2ni;d—e 37

4=0 (k=1)! g

q=0
k

=2mi !

(k—l)!
Substitute the above value for k=0,1,2,---,6 gives

the asymptotic approximation for N (z,x) and
N(t,x)=N,(t,x)+N.(t,x) where

z itkk—ltk

O<ty <t k0,5 k! (38)
I(N(t,x(tk )+ O(t6I(N(f6»x(fe)))))

By residue theorem which is unbounded as
t —> o and x — 4o except if

(¥ (1 (0)| £ 0 exp-(e-1,):

|x(2,)|

where 6 >1 and &, > 0 are constants.

N, (t,x)z

The Maple was used to find N, (¢,¢) involving some
special functions see the appendix and the use of the
residue theorem can then be applied to complete the so-
lution.

5. Conclusions

From the two models considered, the B-transform has
been demonstrated to offer simple way for solving fixed
moment impulsive system (see [19]) for more applica-
tions). More works need to be done on applications of
B-transform especially taxism problems by studying the
response of living organisms to stimulus. Moreover, in
molecular chemistry, the use of impulsive diffusion mod-
el can be explored to investigate the movement of che-
mical substances in and out cells and tissues of organ-
isms.

Furthermore, the Von-Foerster-Makendrick models
can be further exploited to study epidemiology of infec-
tious diseases like malaria and HIV/AIDS. In view of
these, it is recommended that more work should be done
on the applications of B-transform couple with the use
symbolic programming approach to solve problems.
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Appendix > %*exp (t*q);
> approx2:=asympt (1 + exp (theta/q), q); 5 202x 2a2*x 3 42’ x°
0o ¢ & & 0 1 alg  al’q”  3al’q’
approx2:=2+—+—+—+——F+——+0| — i s S s
g 27 64 24¢° 12047 g 202 4a2’s ( 1 Be<tq>
4 4 5.5 6
> Subs (theta=—2*alpha2*x/alphal, %); 3al’q”  15al’q q
5 202x 202°x* 42X’ w = K/(2*pi*mu*x)
— + p—
alg  al’q>  3al’q’ K
w=
+2a24x4 3 42’ x° N 1 2mpux
3al'q®  15al’¢g’ q°

> N(tx):=%*nt (%%*exp (£*q), 9);

)

202°X°1 —ti—ZEi(l,—th)
q

2a:2xtEi(1,-2t

N alx l( q)+

al al’

N(t,x)= (e("])2 )

3 al’ h al

15 al’

(rq)’ (ra)’ (ra)’ (rq)’ (rq)’
/e ) (e ) (e ) L [e ) 21 () 4 L

1 - L L SN N S A
504 10 g 15 P 15 24 1515 1q 15 (1.-21)

a2t x't —% S —§Ei(1,-2tq)

4 .
3 o7 |:—EEZ(1,—2[£]):|W

(e(’q)z ) ~2Ei(1,-2tq)

iq

2a2° x| -

2 al

1 {e(m)z N 2a2xtEi(1,—2tq)} . .
a

_%Ei(l,—th)K/(ﬂﬂx)

>Subs (alphal = 0.001, alpha2 = 0.05, pi = 3.142, K = 1000, %);
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)

(S

e +100- xtEi(1,-2tq) +5000- x*r’ ——— 2k (1,-2q)
q

() )
~166666.6666x°° -3 - ~2FEi(1,-21q) | +---

ol ol el
7 oaal 1 1 2 4
+0.4166666667 107 - x'r*| — —gEz(l,—th) .

5 t3q3 _g t2q2 _g tq

(19)° (1) (1a)° (19)° (a)”
) () ) ) ()
-—Fi

5 ¢ 10 t'q* 15 rq 15 g’ 15 tq 15

(1.-2t9) | /()
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