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ABSTRACT 

First we introduce two necessary and sufficient conditions which ensure the existence of the global attractors for semi-
group. Then we recall the concept of measure of noncompactness of a set and recapitulate its basic properties. Finally, 
we prove that these two conditions are equivalent directly. 
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1. Introduction 

It is well known that many mathematical physics 
problems can be put into the perspective of infinite di- 
mensional systems, which can be equivalently described 
by  semigroups in proper function spaces. One im- 
portant object to describe the long time dynamics of an 
infinite dimensional system is the global attractor, which 
is a connected and compact invariant set in some func- 
tion space, and which attracts all bounded sets.    

0C

To show the existence of the global attractor, one 
normally needs to verify: 

1) there exists an absorbing set, and 
2) the semigroup is uniformly compact. 
However, it is difficult or even impossible to verify the 

uniform compactness of the semigroup for many 
problems. In [1], the authors use the measure of noncom- 
pactness of a set to introduce a new concept of com- 
pactness called  -limit compact, then they show that 
there exists a global attractor for a  semigroup if and 
only if: 

0C

1) there is an absorbing set, and 
2) the semigroup is  -limit compact. 
A well-known result (see [2-6]) is that a continuous 

semigroup has a global attractor if and only if: 
1) it has a bounded absorbing set, and 
2) it is asymptotically compact. 
Furthermore, in [7], the author introduce the concept 

of asymptotically null and show that a lattice system has 
a global attractor if and only if: 

1) it has a bounded absorbing set, and 
2) it is asymptotically null. 

Our main motivation of this paper is to prove that 
asymptotically compact   -limit compact, and then 
we prove that the conditions in [1,7] are equivalent 
directly in  p  . 

The concept of pullback random attractors for random 
dynamical systems, which is an extension of the at- 
tractors theory of deterministic systems, was introduced 
by the authors in [8-10]. We point out that our work in 
this paper also can be extended to pullback attractors.  

2. Measure of Noncompactness and Its  
Properties 

In this section, we recall the concept of measure of 
noncompactness and recapitulate its basic properties; see 
[11]. 

Definition 2.1 Let M be a metric space and A be a 
bounded subset of M. The measure of noncompactness 
 A  of A is defined by 

  


inf 0  admits a finite

cover by sets of diameter

A A 



 


. 

Lemma 2.1 Let M be a complete metric space, and   
be the measure of noncompactness of a set. 

1)   0B   if and only if B  is compact; 
2) If M is a Banach space, then 
     1 2 1 2B B B B     ; 
3)    B B 1 2  whenever ; 1 2B B
4)       B1 2 1 2x ,B maB B  ; 
5)    B B  .  
Proof. 1) (a) If B  is compact, then  is precom- B
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pact. M  is a complete metric space, thus for any , 
there exists a finite subset 0  of  such that the balls 
of radii  centered at 0  form a finite covering of . 
By Definition 2.1,  admits a finite cover by sets of 
diameter . The arbitrariness of   implies that 

. 

0

B
B B



0

B
B

2
 B
(b) On the other hand, if  B

0


0

B



2

, then by Definition 
2.1, we have that for any ,  admits a finite 
cover by sets of diameter . So for any ,  
always has a finite -net. Then  is totally bounded. 

B
0 B


M  is complete, thus  is precompact, and B B  is 
compact. 

2) If  1
nC  is a finite cover of 1 , and  is a 

finite cover of , then  is a finite cover of 
, thus 

B
n mC

 2
mC

2B  C 1  2

1B  2B     

 1 2
B

B1 2 1 2

3) If 1 , then the finite cover of  must be a 
finite cover of , so . 

B B

2B

B 

  

2B

  . 

2B

B B

B

1 1 

2B

1

4) (a) The finite cover of 1 2  must be a finite 
cover of both of  and . So we have 

 and 

B B B
B

1B
      

2

1

22 1 



B B
 B

  ,B 

B

B

. Thus 
.     


 1 2

(b) For any 2 , we can find 
finite covers 1C  of 1  and 2  of 2  with the dia- 
meter of  and 2C  less than 

1B 
 

max ,B B 

1C


max
B C B

 . But 2  is a 
cover of 1 2  and the diameter of  is less 
than 

1C C
1 2C CB  B

 . Hence  1 2B B 
1B 




. So 
.      1 2 B  2max ,B B 

5) Since BB  , then    BB  . For any 
,  has a finite cover by sets of diameter  B  0  B

 . For any , 0 B  has a finite cover by sets of 
diameter    . From the arbitrariness of   and 
Definition 2.1, we have  B  . Thus    B B  . 
So   B B   .  

3. Main Results 

In this section, firstly we recall some basic definitions in 
[1,7], then we show that the two necessary and sufficient 
conditions for the existence of global attractors for 
semigroups are equivalent directly. 

Definition 3.1 Let M  be a complete metric space. A 

one parameter family  of maps   
0t

S t


 S t

 t x

: M
0S

S t

, 0

M


 s 

, 



 

,  is called a  semigroup if 0

 t S
S t

t 0C

t s
1)  is the identity map on M, 
2)  for all , S s

  x
 , 0

3) the function  is continuous at each point 
.  M

Definition 3.2 Let 
0

 be a  semigroup in 
a complete metric space 

 
t

S t 0C
M . A subset 0  of B M  is 

called an absorbing set in M , if for any bounded subset 
 of B M , there exists some  such that 

, for all .  
1t

1t
0C

0
 S t 0

Definition 3.3 A  semigroup 
0t

 in a 
comple te metric space 

B  B t 
 S t 

M  is called  -limit compact, 

if for every bounded subset  of B M  and any , 
there exists  such that  

0
0 0t 

 B
 
  
 0t t

S t


 .

S t

 

Definition 3.4 A  semigroup 
0t

 in a com- 
plete metric space 

0C  
M  is called asymptotically compact 

if, for every bounded subset , for any B M  nu B  
and any n , t    n nuS t  has a convergent sub- 
sequence.  

Let   be a positive smooth function on R and 
0 p   . Then define a weighted  space as p

     :
i Z

pp
i ii Z

u u i u 


     
 

   

with norm     
1

p

p p
ii Z

u i





  u . 

Definition 3.5   
0t

S t


 is said to be asymptotically  

null in  p   if for any 
i Z

 bounded in  ,n n iu u
 p   and , the following holds nt 

    lim 0.limsup
p

n n ik n i k

i S t u
  

  

Theorem 3.1 Let   S t
0t

 be a  semigroup in a 
complete metric space M, then we can have: 

0C

  S t
0t

 is  -limit compact   S t 
0t

 is 
asymptotically compact.  

Proof. First, we prove the necessity. 
It suffices to prove that for every bounded subset 

, for any , there exists , such that  B M 0 0 0t 

 
0

.
t t

S t B


 
  

 
   

Assume otherwise, then there exists a bounded subset 
 and , such that for every  we have B M 0 0 0 0t 

 
0

0.
t t

S t B


 
  

 
   

We take 1
0 1t  , then 

t
. Let    01

S t B   1 1t   
and take    S t B1 1S t u 

1t . 

Let  2
0 1max 2, ,t t  then . By 

the definition of measure of noncompactness, 

   02
0t t
S t B


 

 2
0t t
S t B

  has no finite covering of balls of radii 0

2


.  

Thus there exists  and 2
2 0t t    2

0
2 2 t t

S t u S t B


  
such that  

     0
1 1 2 2, .

2
d S t u S t u 


 

Otherwise   1 1S t u  is the finite 0

2


-net of 
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 2
0t t
S t B



  3
0t t
S t



. 

Next we take  hence 

. That is to say  has no 

finite 

 3
0 max 3, ,t 

 0 

2t

B  3
0t t
S t B


0

2


-net. Thus there exists  and 

 such that  

3
3t t 0

  2
0

3 3 t t
S t u


  S t B

     0
3 3, , 1, 2

2i id S t u S t u i 


.  

Otherwise  is the finite     1 1 2 2,S t u S t u 0

2


-net of 

.  3
0t t
S t B


Repeat the previous procedure, then we have the 

sequence  which satisfies    i iS t u 
      0, ,

2i i j jd S t u S t u i j  


.

B

   (1) 

By the way of taking 0 , and 0it , we have 

i . Since i  and  is a bounded subset 
of 

it it
t   u  B

M , 
0t

 is asymptotically compact. Therefore 

i i  has a convergent subsequence. This gives 
contradiction to (1). 

 S t



 S t u

Thus  is   S t
0t

 -limit compact. 
Next, we prove the sufficiency. 
We need to prove that for every bounded subset 

, for any  and any n , 
 has a convergent subsequence. 

B M
  nS t u

 nu 



B


t 
n

Since 
0t

 is  S t  -limit compact, then for the 
bounded subset  above, for any , there 
exists  such that  

B  M 0
0t

  .
t t

S t B


 
  

 



  

For , there exists , such that  
when .  implies  

nt 
n N

0N  nt t 

 nu  B



    .n n
n N t t

S t u S t B
 

 


 

Property (3) of the measure of noncompactness in 
Lemma 2.1 shows that  

    .n n
n N t t

S t u S t B 
 

  
        

 


  

So . Notice that    n nn N
S t u


   1

1

N

n nn
S t u




contains only a finite number of elements (where  is 
fixed such that  as n ). 

N

n

Using properties in Lemma 2.1, we have  
t t  N

   
1 1

1 1

0.
N N

n n n n
n n

S t u S t u 
 

 

  
        

   

Thus  

     

 

1

1 1

max ,

.

N

n n n n n n
n n n N

n n
n N

S t u S t u S t u

S t u

  





  



     



     

     
 

  
 

  

 




 

From the arbitrariness of , it has  

 
1

0.n n
n

S t u


 
 

 
  

Hence   n nS t u  is precompact. Thus   n nS t u  
has a convergent subsequence. Therefore   S t

0t
 is 

asymptotically compact. This completes the proof of 
Theorem.  

Corollary 1 Let   
0t

S t
 p

 be a semigroup of 
continuous operators in  . Then 

0t
 has a 

bounded absorbing set and it is asymptotically null in 
  S t

    p S t 
0t

is 
 has a bounded absorbing set and it  

 -limit compact.   
Proof. By Corollary 3.4 in [7], we have   S t

0t
 is 

asymptotically compact in  p   if and only if 
  

0t
S t


 is asymptotically null in  p   and 

1n n n
 S t u   is bounded in  p   provided  n n

u
1




 

is bounded and .  n

Using the Theorem 3.1 above , we have 
t 

  S t
0t

 is 
 -limit compact in  p   if and only if   

0t
S t


 is 

asymptotically null in  p   and 
1n n n

  S t u



 is 

bounded in  p   provided 
1n n

 is bounded and 
. Thus the necessity of the corollary is obvious. 

 u


nt 
If   S t

0t
 has a bounded absorbing set, 

1n n u



 is 

bounded and nt , then there exists  such that  N
  n n n N

u


S t


 is contained in the bounded absorbing set. 
   1

1

N

n n n
uS t




 is a finite set in  p  , so it is bounded. 

Thus 
1n n n

 S t u   is bounded. Now we can have the 
sufficiency immediately. This completes the proof of 
Corollary.  

4. Acknowledgements 

The author wishes to thank professor Yongluo Cao for 
his invaluable suggestions and encouragement. 

REFERENCES 
[1] Q. Ma, S. Wang and C. Zhong, “Necessary and Sufficient 

Conditions for the Existence of Global Attractors for 
Semigroups and Applications,” Indiana University Mathe- 
matics Journal, Vol. 51, No. 6, 2002, pp. 1542-1558.  
http://dx.doi.org/10.1512/iumj.2002.51.2255 

[2] A. V. Babin and M. I. Vishik, “Attractors of Evolution 
Equations,” North-Hollard, Amsterdam, 1992. 

[3] J. K. Hale, “Asymptotic Behavior of Dissipative Sys- 
tems,” American Mathematical Society, Providence, 
1988. 

Open Access                                                                                         IJMNTA 

http://dx.doi.org/10.1512/iumj.2002.51.2255


L. XU, Y. H. SHI 

Open Access                                                                                         IJMNTA 

222 

[4] J. M. Ball, “Continuity Propertics and Global Attractors 
of Generalized Semiflows and the Navier-Stokes Equa-
tions,” Journal of Nonlinear Science, Vol. 7, No. 5, 1997, 
pp. 475-502. http://dx.doi.org/10.1007/s003329900037 

[5] R. Sell and Y. You, “Dynamics of Evolutionary Equa- 
tions,” Springer, New York, 2002.  
http://dx.doi.org/10.1007/978-1-4757-5037-9 

[6] R. Temam, “Infinite-Dimensional Dynamical Systems in 
Mechanics and Physics,” Springer, New York, 1997.  

[7] B. Wang, “Dynamics of Systems on Infinite Lattices,” 
Journal of Differential Equations, Vol. 221, No. 1, 2006, 
pp. 224-245. http://dx.doi.org/10.1016/j.jde.2005.01.003 

[8] H. Crauel and F. Flandoli, “Attractors for Random Dy- 
namical Systems,” Probability Theory and Related Fields, 

Vol. 100, No. 3, 1994, pp. 365-393.  
http://dx.doi.org/10.1007/BF01193705 

[9] F. Flandoli and B. Schmalfuss, “Random Attractors for 
the 3D Stochastic Navier-Stokes Equation with Multipli- 
cative White Noise,” Stochastics and Stochastic Reports, 
Vol. 59, No. 1-2, 1996, pp. 21-45.  

[10] B. Wang, “Suffcient and Necessary Criteria for Existence 
of Pullback Attractors for Non-Compact Random Dy- 
namical Systems,” Journal of Differential Equations, Vol. 
253, No. 5, 2012, pp. 1544-1583. 
http://dx.doi.org/10.1016/j.jde.2012.05.015 

[11] K. Deimling, “Nonlinear Functional Analysis,” Springer- 
Verlag, Berlin, 1985. 
http://dx.doi.org/10.1007/978-3-662-00547-7 

 
 

http://dx.doi.org/10.1007/s003329900037
http://dx.doi.org/10.1007/978-1-4757-5037-9
http://dx.doi.org/10.1016/j.jde.2005.01.003
http://dx.doi.org/10.1007/BF01193705
http://dx.doi.org/10.1016/j.jde.2012.05.015
http://dx.doi.org/10.1007/978-3-662-00547-7

