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ABSTRACT

There are many papers related to stability, some on suppression or on stabilization are one type of them. Functiona diffe-
rential systems are common and important in practice. They are special situations of neutral differential systems and
generalization of ordinary differential systems. We discussed conditions on suppression on functional system with Mar-
kovian switching in our previous work: “Suppression of Functional System with Markovian Switching”. Based on it, by
slightly modifying and adding some conditions, we get this paper. In this paper, we will study afunctiona system who-
se coefficient satisfies the local Lipschitz condition and the one-sided polynomial growth condition under Markovian
switching. By introducing two appropriate intensity Brownian noise, we find the potential explosion system stabilized.

Keywords: Stochastic Functional System; Brownian Noise; Markovian Switching; Boundedness; Stabilization

1. Introduction

There are many papers which discuss stability of systems.

It is caled a stabilization problem when we impose such
conditions on a given unstable system to make it stable.
There have been rich literatures on this topic, here we
only mention [1-4]. It talkes about suppression of noise
in [1,2]. It shows similar stabilization phenomena in sto-
chastic systems as those in deterministic systemsin [3,4].
They al indicate clearly that different structures of envi-
ronmental noise may have different effects on the deter-
ministic system. On the other hand, there are also many
papers related to stabilization of functional systems, such
as [5-8]. [5] investigates a stochastic Lotka-Volterra sys-
tem with infinite delay, whose initial data come from an
admissible Banach space C, and show that its unique
global positive solution has asymptotic boundedness
property by using the exponential martingale inequality.
[6] studies existence and uniqueness of the global posi-
tive solution of stochastic functional Kolmogorov-type
system and its asymptotic bound properties and moment
average boundedness in time under the traditionally di-
agonally dominant condition. [7] studies the same praob-
lems as [6] under some other conditions. [8] discusses
stabilization of a given unstable nonlinear functional
system by introducing two Brownian noise.

Many practical systems may experience abrupt changes
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in their structure and parameters caused by phenomena
such as component failures or repairs, changing subsys-
tem interconnections, and abrupt environmental distur-
bances. The hybrid systems have been used to desribe
such situations. Along the trajectories of the Markovian
jump system, the mode switches from one value to an-
other in arandom way are governed by a Markov process
with discrete state space. [9,10] studied the stability of a
jump system. Feng et al. [11] systematically studied sto-
chastic stability properties of jump linear systems and the
relationship among various moment and sample path
stability properties. Shen and Wang [12] presented new
exponential stability results for recurrent neural networks
with Markovian switching. Wang et al. [13] dealt with
the problem of state estimation for a class of delayed
neural networks with Markovian jumping parameters
without the traditional monotonicity and smoothness
assumptions on the activation function.

Taking both the environmental noise and jump into
account, the system under consideration becomes a sto-
chastic differential system with Markovian switching
(SDSWMS), which has received a lot of attention (see
[14-24]) recently. [17] provided some useful conditions
on the exponential stability for general nonlinear
SDSwM Ss, which was improved by himself in Mao et al.
[19]. Yuan and Lygeros [20] investigated almost sure ex-
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ponential stability for a class of switching diffusion pro-
cesses. [25] discusses the asymptotic stability and expo-
nential stability of SDSwMSs, whose coefficients are
assumed to satisfy the local Lipschitz condition and the
polynomia growth condition.

Motivated by [25,26] and some other literatures, we
will investigate suppression and stabilization by noise of
functional differential system with Markov chains, whose
coefficient satisfies the local Lipschitz condition and the
one-sided polynomial growth condition. For a given un-
stable functional system with Markovian switching

x(t)=f(t,%,r(t)), )
where
x=(%, %),

f=(fu 1) iR xC([-7,0];R")xS—>R",

x €C([-7,0];R") is defined by x (6)=x(t+6), by
introducing two independent scalar Brownian noise un-
der some conditions, we get a stochastic functional sys-
tem which admits a unique global positive solution. Fur-
thermore, choosing appropriate intensity noise, we can
get an exponential stable stochastic functional system

dx(t)=f(t,x,r(t))dt+g(t,x,r(t))dB(t)
+h(t,x,r(t))dB, (1),

on t>0, where B (t)(i=12) is a scalar Brownian
motion, and

f:(fli...'f

@

)" :R xC([-7,0;R")xS> R,

9=(g+.9,)" 1R xC([-0.0[;R")xS> R,

h=(h,-h) :R xC([-7,0;R")xS > R".

In the next section we will give some necessary nota-
tions and lemmas. In Section 3, we will give the main
results of this paper.

2. Preliminaries

Throughout this paper, unless otherwise specified, let |
be the Euclidean normin R". If A isa vector or ma
trix, its transpose is denoted by A'. If A is a matrix,

its trace norm is denoted by |A =, ltrace( AT A) . Denote

the inner product of X,YeR" by (X,Y) or XTY.
Let i, j,k,N bepositiveintegers. Let avb denotethe
maximum of a and b, while aAb the minimum of
a and b. Let R =[0,0), R, =(0,x). Denote by
C=C([-7,0;R") the family of continuous functions

from [-z,0] to R" with the norm ||| = sup_,_,.o|¢()|,

7<60<0
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which forms a Banach space. Let C, =C([-7,0];R)
and C,, =C([-z,0];R",). Let C* denote the family
of functions V(t,x,i) on CxR'xS which are con-
tinuously twice differentiablein x and oncein t.

Let (Q.F.{%}_,.P) beacomplete probability space
with a filtration {F | _, satisfying the usual conditions
(i.e. it isincreasing and right continuous while %, con-
tains al P-null sets). Let L’ (Q,R") denote the fam-
ily of R"-valued ¥ -measurable random variables &
with E|¢|” < o0. Denote the family of R™-valued bounded
;-measurable random variables by L% (Q,R"). If x(t)

isan R'-valued processon t e[-7,), let
X ={X(t+60):—-r<6<0,t>0}.

If M is a continuous local martingale, denote the
quadratic variationof M by (M,M), . Let

B (1)(i=12),t>0

be independent scalar Brownian motion defined on the
probability space. Let r(t),t>0 be a right-continuous
Markov chain on the probability space taking valuesin a
definite state space S={1,2,---,N} with the generator
r=( )N . givenby

P(r(t+§):j|r(t):i):{

where 6 >0, y; is the transition rate from i to j

and y, >0 if i=]j while y, =->7%, . We assume
i#]

that the Markov chain r() is independent of the Brow-

nian motion B(-). For any initial value

x(0)=¢ eC([-7,0l;R"),

denote the solution of the corresponding initial value
problemby x(t;0,£,r(0)) orsimply x(t) on t>0.
In order to obtain the main results, we need the following
assumptions.

(H1) There are some nonnegative constants «, 4, u
such that

7ijé'+0(5)
1+ 7,6 +0(95)

if i |

if =

?" ()1 (L) <lp(0) | Alp(0)°

0 a a
+u ]’ lo(0) dn(6)+o(je(0))]
for al (t,p,i)eR xCxS, where ; is a probability
measure on [-7,0] and o(y) means some functions

satisfying IimM:O.
y—oo y

©)

T

(H2) For every integer j>1, thereisa K; >0 such
that
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[f(tod) = (L) v]g(tei)-g(ty.i)

vlh(t. o) =h(ty,i) <K, lo-v]
for all (t,go,i),(t,t//,i)e R xCxS with ||¢)||v||l//||Sj

(4)

(H3) There are some nonnegative constants 3, W, W,
g.G.7.7 and probability measure 7 such that for
any (t,p,i)eR xCxS satisfying x=0,

" (g (tei) 2w |p(0) =7 o(@)f " dn(6)+ ol (0) ") ®)
[o(toi)<ile(0) +7]° o (o) dn(6)+o(jo(0)’) (©)
[0 (O)n(to.0) 2alo(0) =6, Jo(0) dn(9)+of|o(O) ) ¥
h(t. i) <d lp(0)+a [ lo(0)]dn(0) +o(|o(0)))- ®)

Definition 1: The irreducibility of the Markov chain
means that the Markov chain has a unique stationary (pro-
bability) distribution 7 =(7,,7,,-, 7)€ R*™", which
can be determined by solving the following linear equa
tion

zl'=0 9
subject to
N
Zﬂ'i =landz, >0, VieS. (20)
i=1

Lemma 1: [27] Let (Hy) hold, for any initial value
X, =£eC, system (2) has a unique maximal local
strong solution on [-7,7,), where 7, is the explosion
time.

3. Main Results
Similar to the proof of Theorem 1 in [28], we dightly
; pﬂia[ 0

LV (t,X,i1)<H(X)+——
(txi)<H () + 225 [

P(P=2)(B+YWF, [ ro
T 28+ p-2 7D—r

x(t+6)

modify the condition on the coefficient of (1) and obtain
the following theorem.

Theorem 1: Let (H,) - (Hs) hold, for any initia value
X =£5eC,if

272 —2W 7 + 207 <W? and /3>%+1,
then there exists a unique global solution x(t) of sys-
tem(2)onal te[0,») as.

Similarly to that in [28], we define the stopping time

7 =inf {te[0,7,):|x(t) 2k}, (11)

P
and a C*-function V(x)=(1+|x|2)2 ,forany pe(01).

Using the 1td formula and the Y oung inequality, for any
pe(0,1), by (Hy) and (Hs), we get

X(t+0) " dn(6) |

2p+p-2 dn(g)_|x|z/3+p72}

(12)

+2(p-2)a5,| [ x(t+0)" dn(6)-|x" ]

2pB7° T o
+2ﬁ+|o-2U—r

X(t+0)

where

H (%)= p(4 +44)|x

“+p+—p(g_2)[v—vi2+2

These results will be used in the following.

3.1. Boundedness
Theorem 2: Let (Hy) - (H3) hold, for any initial value

Open Access

A —2
W7 +2W'2ﬁ)|x|zﬂ”’_2 + o(|x

PR an ()~ [ [0 an (o) -1 |

- a+p)+o(|x|2ﬁ+p_2). (13)

%=£6eC and pe(01), if 27°-2Wy +2W <W
and /3>%+l, then there exists a constant M, such

that the global solution x(t) of system (2) has the
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property that
limsupE|x(t)" <M,
t—oo

where M

EV(t,x(t),i)=

By (12) and (13), we have

LV@&JHAM@SHUHEﬁgLiﬂHHYW

a+p

(14)
, IS dependent on p and independent of the

initial value ¢, thatis, x(t) isboundedin moment.

Proof: For any &>0, applying the 1t6 formula to
e'V(x) vyields

e “EV(0,x(0),r(0))+e* EJ';e“[LV (sx.r(s)+&V (s x(s).r(s))]ds

mﬂ@-h“q

p(p—2)(B+1)Wyp, [ (o
T 284 p-2 y“—r

+2(p-2)g6 U |xt+9| dn (0

2pﬁ7i 0
TR

+32| [ x(t+0)f dn(0)

By the boundedness of polynomia functions, there
such that

existsaconstant M
LV (t,%,i)+eV(X)<M,
which implies
EV(x (t))<e’“E(1+|§|) +M(1 e).
&
Then

limsupE |x(

t—oo

b~
. 2\z M

| <I|rt11iupE(1+|x(t)|) s?._Mp.

That is, the global solution x(t) of system (2) is

F(xi)= [/“ PA IOj|><|(”p+\N2(|0 DX+ q (p-1)¢° + 'p i

+72( p—1)|x|p72 J.i|x(t+6’ | dn (6

2|rzj|xt+e|dn +004””*)

x(t+0)

2,B+p—2d77(9)_|x|2ﬂ+p—2:|
)=
25+p—2d77(9)_|x|2/)’+p—2:|
P
|A}+s@+M)2

bounded in p-th moment forany pe(0,1).
Theorem 3: Let (Hy) - (Hs) hold, if

272 —2W7, + 20 < W and /3>%+1,

then for any initial value x,=£€C and pe(0,1), the
solution x(t) of system (2) has the property that

. 1.7 p N
I|rTn_>s;lOJp?J'0 E|x(t)| dt < izzllﬂi Ki, (15)
where
K; =suppF, (x,i) <o
XERE
x(t+6)"" dn(0)
(16)

Proof: By Theorem 1, there as. exists a unique global solution x(t) to system (2) on te[o w) as. Let
V(x)= 6

=|x", by the It6 formula, we have

where

LV (t,%,1) = p|X" " X" (t,%,1)+ QMF’4(|ng(t,x[,i)|2+|xTh(x,t,i)|2)

dV (t,x(t).1) = £V (t.x,i)dt+ p|x" " x"[ g(t, %.i)dB, (t) + h(t, %.i)dB, (t)],

+g|x|p_2 (|g(t,>q,i)|2 +|h(t,xt,i)|2).

By (H,) and (H3), we have
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O x)< oAbl

T

x(t+6?)|d77(¢9)+

o(|x|“ )}

+p(p-1)|4"° {|:\7\42 X + ;Zz.f_or|x(t +49)|2ﬂ d77(6’)+0(|x|2ﬁ)}

[ o7 (e o) an(o) o) ]

Let 7, be the same stopping time as defined in the
proof of Theorem 1. By (13) and (14), we have

0<[£(0)" +E["K, dt—E[" |x(t)|" .

T AT

Thenas k — «, we have
E[T[x(t) dt<[£(0) + E[ K, .

That is,

1 7 f(o)p 1,7
?Efo|x(t)|pdt£| T| +E(? OK,(t)dtj. (17)

By the ergodic and irreducibility property of the
Markov chain, we have

asrequired.

3.2. Stabilization of Noise

The following lemma can be obtained by slightly modi-
fying the proof of Mao [2].

Lemma 2: Let (H,) - (Hs) hold, for any initia value
X, =£eC with x(0)=0, the global solution of sys-
tem (2) has the property that

P{x(t)=0ont>0}=1. (18)

isthe explosion time.
(Hz) hold, assume that

where 7,
Theorem 4: Let (Hy) -

272 —2W7 + 20 <W and f>Z+1.
lim< K odt = Z 2
T-o T 70 If
Hence, , 19
) 1 T p N q —§0| >O, 19
limsup=| E|x(t) dt<) 7K,
Tpr-[O | ()| ;ﬂ' ' where
@ = mgx{(/ﬂ + 44 ) X" ——(2% + W, + 20— ) X 4 (qi2+2az+2qo‘—i—q2)}, (20)

then for any initiad value x,=&£eC , satisfying
x(0)# 0, the global solution of system (2) has the prop-
erty that

That is, the solution to system (2) is a.s. exponentially
stable.

Proof: By Lemma2 and Theorem 1, x(t)#0,VteR,

Injx(t) . . ,
limsup t <—(q°-¢).as (21)  as. Thus, applying the t6 formulato In|x(t)| yields
t—w
In|x(t) |:In|§ | Hx | f(s,%,r(s))ds+M,(t)
H s) U 9(sx.r(s |+|hsxsr())|}ds
_I |x Ux (s%.1(s) | +|xT(s)h(s,xs,r(s))|2}ds,
where | isanidentity matrix and martingal es with the quadratic variation
.HX (9" X (s)g(s .1 (s))dB(s). b= LX) X () g (s %7 s))| ds,
H |_2 T (s)h(s, %1 (s))dB,(s). (M,,M,) H s)| |x sxsr(s))| ds.
Clearly Ml(t) and Mz(t) are continuous local By (Hs),
Iimsupws Iimsup;l'f;|x(s)|72[2(3i2|x|2 +257 _OT X(s+ 6)|2d77(6)+0(|x|2)}dss 267 + 2572 < .
t—>o0 t—oo

Open Access
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Applying the st | f ber,
Ppiying the Strong faw of farge number P{sup{Ml(t)—%(Ml,Ml)t}Zé“lnm}g%.
1<t<m m
Iim—MZ(t)zo as. =
oot ' Since Zm‘g < oo, by the Borel-Cantelli lemma, there
. m=1
Forany ¢'>1 and exchinteger m>0, by the expo-  gyigs an O, c Q0 with P(Q,)=1 such that for any
nential martingale inequality, weQ,, when m-1<t<m,
—f x(s)| | (s ( ))| ds+¢ In(t+1).
From (H,) and (Hs),

In|x(t)|s|n|§|+M2( )+ <& In(t+1) I[ﬂi|x| +ﬂ.J |x s+9| dn (0 +0(|X|a)]ds
_EHX(S)V ["_‘42|X|2ﬂ+2 —2Wy, |X|ﬂ+l j_OT|X(S+ 9)|ﬂ+1dn(0)+o(|x|25+2)}ds
—HX |4[ I -2g6| s+6)|2d77(¢9)+o(|x|4ﬂds

+—J;|x<s>|‘2[2m“f|x|2”+27EJE’|x<s+e)|”dn<e>

+o(|x| ﬂ)+2q,

s+¢9|d77 +o(|x|2)}ds
<In|g|+ M, (t)+ < In(t+1) jH ds+/¢,jDﬁr|x(s+9)|adn(e)—|x|“}ds

2 dn )—|x|2ﬂ+2}ds

+%(277iz+\7\47?i)j U |x (s+0)

+(a a6 )| I

s+0)" dn(H)—|x|“}ds

where
H(X)=(4 + )X —%(27, —2W 7, +2W — vvz) X 2 (qi2 +257 +2G0, —q2)+o(|x|a)+o(|x2ﬁ+2).
By the definition of ¢ in (20), and add some contents, then we get some new conclu-
In|x( |<In|§| ( )t+M (t,r)+§|n(t+1). sions about boundedness and stabilization of the system.
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