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ABSTRACT

We consider the flow of an incompressible viscous Maxwell fluid between two parallel plates, initially induced by a
constant pressure gradient. The pressure gradient is withdrawn and the upper plate moves with a uniform velocity while
the lower plate continues to be at rest. The arising flow is referred to as run-up flow. The unsteady governing equations
are solved as initial value problem using Laplace transform technique. The expression for velocity, shear stresses on
both plates and discharge are obtained. The behavior of the velocity, shear stresses and mass flux has been discussed in

detail with respect to variations in different governing flow parameters and is presented through graphs.
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1. Introduction

In some technological problems related to petroleum
industry, Lubrication technology etc., the fluid flow ex-
periences phenomenon viz. run-up which arises due to
sudden withdrawal of the pressure gradient causing the

flow while its boundaries instantaneously move from rest.

Under this phenomenon, steady flow in the unperturbed
state gains unsteadiness later. Many research workers
have paid attention to the study of Maxwell fluids. In
lubrication theory and in many physical situations where
we come across slip flows, there arises a class of prob-
lems referred to as “run-up and spin-up flows”. The
growing importance of the use of non-Newtonian fluids
in modern technology and industries has led various re-
searchers to attempt diverse flow problems related to
several non-Newtonian fluids. One such fluid that has
attracted the attention of research workers in fluid me-
chanics during the last four decades is the Maxwell fluid.
This theory has several industrial and scientific applica-
tions as well, which comprise pumping fluids such as
synthetic fluids, polymer thickened oils, liquid crystal,
animal blood, synovial fluid present in synovial joints
and the theory of lubrication (Naduvinamani et al. [1-5],
Lin and Hung [6]). Kazakia and Rivlin [7] initiated the
study of these flows and later Rivlin [8-10] elaborately
studied the run-up and spin-up flows of visco-elastic flu-
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ids between rigid parallel plates and in circular geome-
tries. Ramacharyulu and Raju [11] investigated the run-
up flow of a viscous incompressible fluid in a long cir-
cular cylinder of porous material. Ramakrishna [12] dis-
cussed the run-up and spin-up flows related to a dusty
viscous fluid. Later, M. Devakar and T. K. V. Iyengar [14]
examined the run-up flow of an incompressible couple
stress fluid between two infinite rigid parallel plates. The
flow was assumed to be initially induced by a constant
pressure gradient between two infinite rigid parallel
plates. After the steady state was attained, the pressure
gradient was suddenly withdrawn and the parallel plates
were set to move instantaneously with different velocities
in the direction of the applied pressure gradient. The time
dependence of the resultant flow was investigated. Sugu-
namma et al. [15] analyzed the start-up flow of an in-
compressible visco-elastic Rivlin-Ericksen fluid. The
initial flow is assumed due to the movement of bounda-
ries. At an instant of time t, the boundaries are suddenly
brought to rest and the flow is maintained due to a pre-
scribed pressure gradient. Veera Krishna et al. [16] dis-
cussed the hall current effects on unsteady MHD flow of
rotating Maxwell fluid through a porous medium in a
parallel plate channel. Raji Reddy and Sambasiva Rao
[17] analyzed run-up flow of viscous incompressible fluid
through a rectangular pipe, a pipe of equilateral triangu-
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lar cross section, parallel plate channel and a cylinder.
They solved them by using ADI numerical technique.
Basha [18] extended the analysis of the same by consid-
ering visco-elastic Rivlin-Ericksen fluid between parallel
plates subjected to a constant suction. Malleswari [19]
discussed run-up flow of Rivlin-Ericksen fluid with po-
rous lining. With the recent researches in non-Newtonian
fluid flows cited earlier, we consider the flow of an in-
compressible Maxwell fluid between two parallel plates,
initially induced by a constant pressure gradient. The
pressure gradient is suddenly withdrawn while the plates
are impulsively started simultaneously. The up-flow is
referred to as run-up flow. In this present paper, we are
studying this flow of a Maxwell fluid.

2. Formulation and Solution of the Problem

Consider the flow of an incompressible Maxwell fluid
between two infinite rigid parallel plates y =0 and y = h
along the direction of x-axis (Figure 1). Since the flow is
along the X-direction, we take the velocity

q =(u(y,t),0,0), which satisfies the continuity equa-
tion.

We consider a Cartesian system O(X,y) so that the
fluid flow takes place within boundary plates y = 0 and y
= h. The linear momentum equation governing the flow
u(y, t) is given by

2 2 2
PICAC RN S Rl 1 VY A R
ot ot plox  otox oy

where p the density, p is the pressure, x is the coef-
ficient of viscosity and A is the relaxation time. The
boundary conditions are

_JUsy=h
u_{o;y=o(t20) )

We consider the run-up flow of the Maxwell’s fluid
through the parallel plate channel. Initially the flow due
to a prescribed pressure gradient with boundaries at rest
and at the time t > 0, the pressure gradient is withdrawn
and the upper plate moves with a uniform velocity while
the lower plate continues to be at rest. The equation gov-

> =h
p —r L x
— —_ (1,0,0)
» =0

Figure 1. Configuration of the problem.
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erning the initial flow is

2
(24)-1(@) 5
oy pLOX
The corresponding boundary conditions are
0;y=h
u=1""""(t<0) @)
0;y=0
We introduce the non-dimensional variables
=Xy =ty =ty P
h h ] puU h

Using non-dimensional variables, the governing equa-
tion are (dropping the asterisk)

2 2
J[20), 1 (2 -

ot ot Rloy

2
;—‘j - PR 6)
where, R :&h is the Reynolds’s number, az%
U
op

is the Maxwell’s fluid parameter, P = o is the con-
X
stant of pressure gradient. Using the boundary conditions
(4), the Equation (6) reduces to
PR
u= > y(y-1) @)

Applying the Laplace transform to the Equation (5)
and using the Equation (7), we get

(y,s)=ACosh(ay)+BSinh(ay)

PR(Y-Y?) P ®)

T2 s s*(sa+1)

Now the transformed boundary conditions are

1
—y=1
Tol3Y

€
0;y=0

On solving Equations (8) using (9); we get

p  Sinh[a(l-y)] sinh(ay)

Sinh(a) sSinh(a)

lT(y’s):_sz(SOHI)

P simm(ay) PR(Y-Y) P

s’(sa+1) Sinh(a) 2 s s*(sa+1)
(10)

On taking the inverse Laplace transform [13] for the
Equation (10); we get
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U(y,t)=y—?(y—y2)

M

+3(~1)" ™' {a,Sinh (by)-a,Sinh[b, (1-y)])

n

M

+3 (1) e™ {alOSinh(bzy)— a,Sinh[ b, (1- y)]}

an

>
Il

against the direction of the boundary movement as the
reversal flow. Figures 2-9 represent the behaviour of the
velocity component U for variations in low and high
Reynolds number with Maxwell fluid parameter and for
various values of time t. Tables 1-3 show stresses on
both boundaries and mass flux.

Figure 2 and 3 depict the variation of the velocity u
slightly increases for increase in low Reynolds number R
while it experience enhancement with increase in high

The shear stresses on the upper plate and the lower
plate are given by

+i(—l)nes"‘t {c, +¢,Coshb, } (12)

—i—i(—l)nes"2t {c, +c,Coshb, }

du PR
0, =|—| =l+—
(dyjy—l 2

(-1)"e™" {c,Coshb, +c, } (13)

and

M

+

n

+Y"(~1)"e™" {c,Coshb, +c,}

M

=]
I

The mass flux Q is given by
1 PR

1
Q= |udy=———
Y-L, 2 12

(-1)"e™" {d, [Coshb, —1]+d, [1-Coshb, ]}

M

+

>
’ﬂ‘

+

M

(-1)'e™" {d, [Coshb, —1]+d, [1 - Coshb, ]}

n

(14)

3. Results and Discussion

The flow governed by the non-dimensional parameters R
the Reynolds number, « the Maxwell fluid parameter.
The velocity, the shear stresses on the plates and dis-
charge between the plates are evaluated analytically and
computationally discussed for different variations in the
governing parameters R and ¢« . It is interesting to note
that the behavior of the flow very much depends on the
pressure gradient, in accordance with the run-up flow,
the initial steady flow is due to the prescribed pressure
gradient, while the perturbed flow is due to the sudden
movement of the boundary in absence of the pressure
gradient. The flow in direction of the movement of the
boundary may be considered as actual flow, where as the
flow caused by the pressure gradient assumed to be
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Figure 2. The velocity profile for u on low Reynolds number

Rwith P=1t=0.1,2=0.25.

y

Figure 3. The velocity profile for u on high Reynolds num-

ber Rwith P=1t=0.1,¢=0.25.
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Figure 4. The velocity profile for u on the Maxwell fluid
parameter a with low Reynolds number R = 20, P = 1,

t=0.1
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y

Figure 5. The velocity profile for u on the Maxwell fluid
parameter « with high Reynolds number R = 20, P = 1,

t=0.1.
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Figure 6. Time development of the velocity component u for
a =0.25 with low Reynolds number R =20, P = 1.

——t=0.1

y

Figure 7. Time development of the velocity component u for
a =0.25 with high Reynolds number R=20,P =1.

Reynolds number being the other parameter fixed. The
velocity profiles (4 and 5) for u on the Maxwell fluid
parameter « with low and high Reynolds number R =
20 and R = 1000 respectively. The similar behaviour is
observed as earlier mentioned. We notice that the Max-
well fluid parameter with the Reynolds number affects
the flow in the entire region. An interesting phenomenon
is observed in Figures 6 and 7, the magnitude of the ve-
locity enhances with increase in time while fixing R and
« . Figures 8 and 9 indicates that for a fixed t, R and
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Y

Figure 8. The velocity profile for u with pressure gradient P
on low Reynolds number R=20 with t=0.1,a¢=0.25.

u 0.5

Y

Figure 9. The velocity profile for u with pressure gradient P
on low Reynolds number R=20 with t=0.1,&¢=0.25.

Table 1. The shear stresses on the upper plate.

R I 11 1 v
50 0.431432 0.511602 0.622056 0.736465
100 0.520844 0.623145 0.737066 0.833415
250 0.675562 0.746652 0.832455 0.911453
500 0.758568 0.833755 0.994585 1.833452

I I i v

a 0.25 0.5 0.75 1.0

Table 2. The shear stresses on the lower plate.

R I I 1 v
50 0.056752 0.074675 0.085326 0.094523
100 0.046675 0.052762 0.067745 0.073148
250 0.037562 0.047536 0.053742 0.052274
500 0.027458 0.037459 0.040742 0.052288

I I 111 v

a 0.25 0.5 0.75 1.0

a , as P increases the velocity decreases for any y. This
is in accordance with the fact that an increase in P im-
plies a decrease in pressure which naturally results in a
decrease of velocity.

The magnitude of the stresses on upper and lower
plates enhance with increasing in « , and reduces in
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Table 3. The Discharge between the plates.

R I I 111 v
50 0.846752 0.931448 0.983246 1.132652
100 0.884675 0.966758 1.108321 1.234525
250 0.920554 1.103244 1.375265 1.578346
500 0.957562 1.346738 1.670812 1.846724

I 11 111 v

a 0.25 0.5 0.75 1.0

lower plate increases in upper plate with increasing R
(Tables 1 and 2). The discharge between the plates en-
hances with increase in both Rand « (Table 3).

4. Conclusion

The run-up flow of an incompressible Maxwell fluid
between two infinite parallel plates is studied using Lap-
lace transform technique. Analytical expressions for the
fluid velocity field are obtained in Laplace transform
domain. The magnitude of the velocity enhances with the
increasing in both R and « and reduces with the in-
creasing in P. The stresses on upper and lower plates
enhance with the increasing in « , reduce in lower plate
and increase in upper plate with increasing R. The dis-
charge between the plates enhances with the increasing
inbothRand « .
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Appendix

a= 1/ R(Sza +5)
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VR (1+25,a)
o2 Sy, +Sh @
a - P
’ Sy (l+sn2a)
2P[s, +s, a
a()

= \/ﬁsé (1 + snza)(l + 2Sn2a)C0Shb2
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. 2\[s, +snax B 2P s, +s R(s +Sza)
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