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ABSTRACT

In this paper, we discuss the average errors of function approximation by linear combinations of Bernstein operators.
The strongly asymptotic orders for the average errors of the combinations of Bernstein operators sequence are deter-

mined on the Wiener space.
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1. Introduction

Let F be a real separable Banach space equipped with
a probability measure x on the Borel sets of F. Let
X be another normed space such that F is continu-
ously embedded in X . By [{|, we denote the norm in
X.Any T:F—X suchthat f|f-T(f) isa
measurable mapping is called an approximation operator.
The p-average error of T is defined as

o 1. o[l -7 (0 i)
Let
F,={feC[01] f(0)=0},
Forevery feF, set

| £l = max

f(t).

Then (FU,||~||C becomes a separable Banach space.
Denote by %B(F,) the Borel class of (F,,[|,) and by
w, the Wiener measure on B(F,) (see [1]). From [1,
p. 70] we know

J.. 1(9)f (Day(a)

1)
=min{s,t} =%(s+t—|s—t|), vs,te[0,1].
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The Bernstein operator on C[0,1] defined by
0 k
Bn(f,x):zz f (ﬁ) Poi (X) 5

0

where

Poi (%) =(ijk (1-x)"" k=0,1---,n.

This operator turned out to be a very interesting ope-
rator, easy to deal with and having many applications in
approximation theory and practice.

Since Bernstein operators cannot be used in the inves-
tigation of higher orders of smoothness, Butzer [2] in-
troduced combinations of Bernstein operators. Ditzian
and Totik [3, p. 116] extended this method and defined
the combinations as

Ln,m(f,x)::?i:ci(n)sni(f,x), @

where n, and C, (n) satisfy the following conditions:
(@ n=ny<--<n,,; <Cn;

m-1 —

(b) r_21|ci(n)|sc;
(c) Eci(n):l; @)
(d) rfci(n)ni"’zo, p=12--m-1.

Throughout this paper, C denotes a positive constant
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independent of n and x, which may be a different
constant in different cases.
For

pE Ll[O,l],pZO,lﬁ p<oo,
the weighted L, -normof f eC[0,1] is defined by

1

I71,,, = (11T o(0)et)".

2. Main Result

Recently G. Q. Xu [4] studied the average errors of Bern-
stein operators approximation on the Wiener space. Mo-
tivated by [4], we considered the average errors of func-
tion approximation by linear combinations of Bernstein
operators. The strongly asymptotic orders for the average
errors of the linear combinations of Bernstein operators
sequence are determined on the Wiener space. We ob-
tain:

Theorem 1. Let 1<p<o, L, (f,x) be given by
(2, peL[01],p(x)>0 and p(x) is continuous on
(0,2) . Then we have

s (Lo P, o)

N

n; nj

m-1m-1 2 F—’— rT

= C,(n)C S :
i=0 j=0 (me; () ™, Zn(ni+nj)

v x"e 2dx.

_ 1 I+oo
P \/E o

Here and in the following the notation a, =o(b,) for
sequences {a,} and {b,} means that

lim, ,, a,/b, =0.

n—ow an

3. Proof of Theorem 1

To prove Theorem 1 we need the following two lemmas.
Lemma 1([5, p. 15]). If

O<a<£,
2

then

> pa(x)<cn

K—x‘zn
n

for each k >0, the constant C depending only on «

Open Access

and k.
Lemma 2 ([5, p. 15]). For fixed

0<x<L5>%,

the asymptotic relation

b (9= 4=

-1 n k 2
=(2mx(1- 2 —_— =
(2nx(1-x)n) exp{ 2x(l—x)(n xj }
=P, (x)
holds uniformly for all values of k satisfying the ine-

quality

K q<n. ey

n

In other words,
lim p,, (X)/Py, (x)=1

n—ow

uniformly for all k satisfying (4).
Proof of Theorem 1. From [1, p.107] we have

et (L Pl )

1 ) g )
:vp.‘.o[.[|f(x)_|‘n,m(f1x)| a)o(df )\J p(X)dX.
By (2),

Joo | ()= Lo (£ @y (df )
=L0 f2(x)a, (df )—22ci (n)knio Py (X)

m-1 m-1

Tt E Jaen) Ee of

;} P (x):_Zj0 Py (V)] f [5] f
= A (%) =28 (x)+ A (x).

On using (1), we obtain

A(x)= [, () (df)=x 7)
Note that

3 b (X) =1 Yko, (x)=nx,
(®)
> K2 P, (X) = n°X2 +nx(1-x),

by (1), we have
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) f (—)w0 (df )

an. X)J. (
-3 C, (n)é Pr, & (x)%(x+——

i=0

m-1

= x—%ZCi (n)knz_l;) P (X)

i=0

From [4,(3.24)], we know
ul 2x(1-x 1
gpni,k(x) =¥+o(ni2).

Combining(3) and (9) we get

1 md J2x(1-x) 4
e X_EZCI { y ( )J (10)
X( X)$C()

i=0 \/E

Now, we estimate the term A, (x) . From (2) and (8),

: Cj( )Zopn. ( )an S( )

k
X ——|

(11)

Using Lemma 1 and (3), we have

2. Py s(x)<cn™

S _ylon7Y12
"j

>I’1J

Note that

we get

<Cn™. (12)

-5/12

x>n

S
nj

By (8) and (12), we obtain

Open Access

dl k s
ani, ( )an,s( )___
k=0 i nj
di k s
:ani,k(x) z pnj,s(x)___‘
k=0 “n9A12 ni nj
k s
+ x (X)X P ()
‘fo -5/12 s _yl<n 5/12 ni nJ
i nj T
k s
+ X Pn; s (X)|———
‘7 <912 )S—xgnjs/lz ' ( )ﬂl ﬂj
—o(n )+ P () X P ()
‘ nl l<n5/12 <712 ni nj
(13)
For
K _x <n®? and |- X <n¥?,
i nJ
by Lemma 2,
k s
n_i_n_j pni,k(x) pnj,s(x)
+0(1) L_i (14)
2nx1 X) nn; |

"{uu[h]z(u[_]}

Set

-n —N.
F(u,u,)=(u —uz)exp{zx(l'_x) u + 2x(1i X)uzz}.

For
k-1 k+1 s—1 s+1
(V,v,) € , x ,

n; N nj nj

by the differential mean value theorem we have

(= eolammals]

+ szln_- X)[X_n_s.] }—((X—Vl)—(X—VZ))

]

= F{(é‘,n)[V —nﬁl}rF (& n)(v —%J

(15)

JDAIP



88 Y. J.JIANG, Z. Q. ZHANG

where By a simple computation we know
y p p
(e n)e(x_kﬂ X_k—l]x[x_s+l 5—1J IF(&n)|<C. |R(&n)|<cC
n n j From (15),

‘__i exp{ i [ sz_'_ —nj {X_i]z}
n n. 2x(1 n 2x(1-x n
! ] ( ) i ( ) j (16)
= , N u
e P e R LA A L
Integrating two side of (16) about (v,v,) in
Kk k+1| | s s+l
n’'on n;’ n
we get
2 2
= n; _h +—_nj X—i
- n, 2x(1-x) n
17
n s+1 _ni , _nj , _1%
=nn, n.l dv_[nj |(x=v;) = (x=v, )|-exp 2x(1—x).(x_vl) +—2X(1_X)(x—vz) dv, +|n 22 |.
From (14)-(17), we have
k s
Z pni,k(x) Z pnj,S(X)___
‘L_xgnf5/12 s x<n’5/12 n; nj
nj ! n;j
k
= P pn. ( )pnj,S(X)
‘L_ X Snr5/12 75/12 n; i
5 5 1+o Jn,nJJ.kn+l 5*_1
_‘L_Xsn%/lz S _ylen812 ZTCX 1-x n
nl i n—j—x,nj
-n. —n. 3
'(X‘Vl)‘(x‘Vz)"ex"{w'-x%“f g ol
A/ n k+1 s+l “n , “n ;
= S S S L d nj _ i _ j _ d
L,E—mz . ‘< g 27X(1- x.[k Vljn] |(x=v,)—(x v2)|exp{2X(l_X)(x v,) +2x(1—x)(x v,) } v,
n i n—j—x,nj
+o(n‘1)
J/nn. X+n; 2,1 x+n7 912 +1 -n. -n.
i) n; i i 2 2 B
g A R e L) LU
(18)
Let
_ n _ _ n; B
W= 2x(1—x)(X W)W, = 2x(1—x)(X v2)>

by (18), we get
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k s
Z Pr, i (X) Z pnj,S(X)n__n_
‘#‘mesﬂz ns ><<n]5/12 i ]
’ - (19)
\j l X \/2x1x \/2x1x 2 2 2 -1
.[nmz 71/2 nyu 71/2 \/—— S 'exp{—wl —WZ}dW2+o(n )
J2x(1-x) \/2x1 X) : ]
By (3), suppose that
N_e2 N _¢2
n 'n. 1’
from (19) and the convergence of the improper integral
[ dw, [ |cw, — ¢ wy | exp{—w? —w3 } dw, ,
we have
k 1/2x o0 -1
P, « (X Py s (X)|——— dw, -exp —W; ¢ dw, +o(n )
L IPRUAL 2O Lot o
N I‘\J
ﬂZX(l_x) +oc[ J +00 +00
:—I dw, f 1 exp{ WlZ—WZZ}dW2+2 ~dw, W
. NN Ao
-exp{-wf —w | dw, + o(n'%) (20)
—|1+ j W2 1+i W2
-0, )
_ X( X)Loe x(1 e " dw, +o(n 2
" oy 0
2x(1-x) 1 nmo o q [ nym ,%) 2x1 x n,
T \/ﬁ n; +n; \/’ n+n ( n+n n,
Combining (11) and (20), we obtain
lml m-1 nj nj k S
A (X) = x5 2 (M8, (1) P ()2 Py (9]
i=0 j=0 k=0 s=0 i j (21)
2x(1-x)mt m-1 n/n; +yn; /n;
e
2n % -0 n,+n

From (5)-(7), (10), and (21), we complete the proof of
Theorem 1.
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