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ABSTRACT 

An empirical formula is proposed to calculate the total binding energy of the outer electrons of atoms and their ions to a 
high accuracy. It is the authors’ opinion that the validity of the proposed formula testifies that electronic shells have 
some “spatial structures”, and the nature of which depends neither on the nucleus charge, nor on the number of the elec- 
trons in a shell. 
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1. Introduction 

It is generally known that “··· in a quantitative respect 
quantum mechanics is developed very poorly; ··· as a 
rigorous quantitative theory that it is not more than a 
theory of the hydrogen and helium atoms and of some 
other elementary systems” [1]. The well developed ap- 
proximation methods allow us to calculate the energies 
of the stationary states of complex atoms with certain ac- 
curacy, however, numerical calculations turn out to be in 
this case extremely bulky and labor-consuming [2-5]. The 
more interesting is the result of [6], the author of which, 
using minimal computation means has estimated the 
binding energies of the outer electrons of more than 200 
atoms and their ions to a high accuracy (~1% and higher). 
In his theoretical constructions, the author [6] utilizes, 
however, the ideas of the “old quantum theory” (with its, 
in particular, circular orbits of the electrons in atoms), 
and, for the understandable reasons, these speculations 
can not avoid apparent objections. In this paper, an at- 
tempt is made to present a more convincing version of 
the true background of the performed in [6] calculations. 

2. Results 

To a certain approximation, the total ionization (binding) 
energy n  of the electrons, which are in the outer shell 
of any atom (or ion), is determined by the number  of 

the outer electrons, main quantum number  of the 
shell to be considered and the nucleus charge 

E
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n
Ze : 

 ,n nE E N Z  .               (1) 

Whatever, the dependence (1) is, we always may, ob- 
viously, write it as  
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having equated thereby (quite formally) the mean bind- 
ing energy per electron, nE N , to the ionization energy 
of a hydrogen-like atom [7], the nucleus charge of which, 

nZ 1, will be then some function of the same variables as 
, namely, as it follows from Equation (2): nE
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         (3) 

In Figures 1-3 are shown the results of nZ  calcula- 
tions with this formula based on experimental data for 
ionization potentials of the atoms and their cations [8] 
with different values both of nucleus charge and main 
quantum number of the outer electron shell (for more 
details see Figure captions). 

1Appearing in Equation (2) the unit of energy (“rydberg”) Ry = 
13.6057 ev [7], and here and below by “nucleus charge” is taken its 
value in units of e. 
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Figure 1. Dependence of the quantity Zn, calculated from 
the formula (3) using experimental values En from [8], on 
the number N of electrons in the outer shell of atoms and 
their cations for the shells with the main quantum number 
n = 2. The numbers of the curves give the position of the 
corresponding elements in the periodic table (i.e., coincide 
with the values of Z), and, hence, the presented data refer to: 
N-N4+ (i.e., from N to N4+) (7), F-F6+ (9), Na+-Na8+ (11), P5+- 
P12+ (15), Ca10+-Ca17+ (20), Mn15+-Mn22+ (25). In order not to 
overload the figure, the results of calculations Z2 for the 
shells: C-C3+, O-O5+, Ne-Ne7+, Mg2+-Mg9+, Al3+-Al10+, Si5+- 
Si12+, S6+-S13+, Cl7+-Cl14+, Ar8+-Ar15+, K9+-K16+, Sc11+-Sc18+, 
Ti12+-Ti19+, V13+-V20+, Cr14+-Cr21+, Fe16+-Fe23+, Co17+-Co24+, 
Ni18+-Ni25+, Cu19+-Cu26+ are not shown. 
 

 

Figure 2. The same as in Figure 1, but for the shells of n = 3: 
P-P4+ (15), Ca2+-Ca9+ (20), Mn2+-Mn14+ (25), Zn2+-Zn19+ (30), 
Kr8+-Kr25+ (36). As before, the results are not shown for the 
shells: Si-Si3+, S-S5+, Cl-Cl6+, Ar-Ar7+, K+-K8+, Sc2+-Sc10+, 
Ti2+-Ti11+, V2+-V12+, Cr+-Cr12+, Fe2+-Fe15+, Co2+-Co14+, Ni2+- 
Ni17+, Cu+-Cu18+. 
 

From the data presented (i.e., from experimental data 
for the energies ) it of necessity follows that nE

1

2n n n

N
Z Z k

  ,              (4) 

where, as seen from the Figures, parameter nZ   is about 
Z , whereas the slope  but with regular- 
ity (monotonically increasing) depends on : 

 constnk 

 

Figure 3. The same as in the previous figures for the case of 
n = 4: As-As4+ (33), Br-Br6+ (35), Rb+-Rb8+ (37), Y2+-Y10+ 
(39), Mo+-Mo13+ (42). For the same considerations as before 
(Figures 1 and 2), the data for: Ge-Ge3+, Se-Se5+, Kr-Kr7+, 
Sr2+-Sr9+ are not given. Points calculated in the case N = 2 
are not shown in the figures: in all cases these points lie 
outside the straight lines drawn through the points  

  , 1 2nZ N   with N ≠ 2 (see Figure 4 as illustration). 

This property of the closed s-shells is left without comments, 
and, consequently, the analysis and interpretation of the 
presented data do not extend on these shells. 
 

. . . . . . . .

 

Figure 4. Explanations in the text (see the third sentence in 
the caption to Figure 3). 
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Thus, the experimental data for the energies of ioniza- 
tion of atoms and their cations testify the existence of 
one more—along with the main quantum number n— 
“invariant of electronic shell”: at fixed n the value of di- 
mensionless parameter n  does not depend either on the 
nucleus charge, or on the number of electrons in the shell. 
This interesting observation explains, in particular, the 
mentioned above results of the author [6] on estimation 
of the value  for a large number of atoms and their 
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nE
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ions: resulting from Equations (2) and (4) is an empirical 
formula2  

  2
1 2n n
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Z k N
E NRy

n

   
  

 
         (6) 

coinciding (within notations and a layout) with equality 
(18) from the work [6], where this formula was, in fact, 
postulated by the author3. 

3. Discussion 

To understand (even at first approximation) the physical 
meaning and importance of the found relation (4) and (5), 
or, which is the same, of the formula (6) which follows 
from Equations (2), (4), let us proceed as follows. With- 
out taking into account spin effects, the Hamiltonian of 
the considered set of electrons is the sum 

H T U U    , 

where  is an operator of kinetic energy, —energy 
of Coulomb interaction of the outer electrons with the 
nucleus and the electrons of the inner shells, U

T U

  is 
electrostatic energy of mutual repulsion of the outer layer 
electrons, and, thus, 

in 2
2

1 1

1NN N

i j k ii ij 1 ik

Z e
H T e
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 
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 
   .      (7) 

Here —the distance of the  electron to the nu- 
cleus, ij

ir
thi

 —the distance between the outer electron with 
the number  and the  electron of an inner layers, 

in —the number of electrons in these layers, ik —the 
mutual distance of two electrons of the outer shell. 

i thj
N d

If we now denote by n  a wave function (a vector) 
of the lowest state of the system under consideration, so 
that 

nH n E n , 

then ionization energy will be 

nE n H n n n .            (8) 

Substitution of Equation (7) into Equation (8) gives  
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where angle brackets stand for the mean values of the 

corresponding quantities. 
Taking into account that the number of terms in the 

sum with k i  equals to  1 2N N  , let us rewrite 
the right-hand side of Equation (9) in the form 
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Here  T T N  is the mean kinetic energy of an 
outer electron , and, , nr n  and  are given by: nd
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For the mean binding energy per electron we obtain 
from Equation (10): 

2ˆ
n

n

Ze
E N T

r
                (11) 

where the following notation is used: 

 in
ˆ 1 2.n n

n n

r r
Z Z N N

d
            (12) 

An expression in the right side of Equation (11) repre- 
sents the energy of an electron which moves in the filed 
of the nucleus with the charge Ẑ  and occupies, ac- 
cording to initial assumption, an orbital of the main 
quantum number n. Comparing Equations (11) and (2), 
we conclude that it is possible then to set: 

ˆ
nZ Z .                  (13) 

which means, in its turn, that appearing in Equation (4) 
empirical parameters ought to be assigned, when com- 
pared to Equation (12), the following meanings: 

inn nZ Z N   ,              (14) 

n n nk r d .                (15) 

where the notation n n nr   was introduced. 
Equality (14) permits a simple physical interpretation, 

namely: nZ   is the “effective” charge of the nucleus 
screened by the electrons of the inner shells, and the fac- 
tor n  has, respectively, the meaning of the coefficient 
of the screening, i.e., of the effect, caused by interaction 
of the electrons of the outer shell with the electrons of the 
inner layers. Taking into account relations (12)-(15), 
similar reasoning is true in case of Equation (4) too: mu- 
tual repulsion of the outer shell electrons also amounts to 
the screening of positive nucleus charge, and the pa- 
rameter n  is, thereby, a measure of the efficiency (“a 
coefficient”) of such (“outer”) screening. 

k

2The error of the En values calculated with this formula (with the kn

value taken from equalities (5) and with the charge nZ   determined 

from the data presented in Figures 1-3) lies between a few percent 
down to hundredths of a percent, and, on the average, the accuracy of 
the formula may be estimated by 1%. 
3In any case, an attempt of the author [6] to obtain formula (6) as a 
formal consequence of “old quantum theory”, i.e., “to derive” the 
formula, using the concept of circular Bohr orbits, is not possible to 
recognize as successful for a variety of reasons. 

The discovered coefficient n  “invariance”, i.e., —in 
accordance with Equations (5), (15)—the ratio 

k

n nr d  
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independence of nucleus charge and the number of the 
electrons in the shells having the same quantum number 

, may mean, for example, that electronic shells (layers) 
are “spatially structured”: the electrons experience some- 
thing like random “migration” between nodes of a certain 
spatial lattice (with the number of vertexes ), in- 
scribed into a sphere of radius n . For example, for n = 2 
the “structure” of the electronic shell may be close to a 
cube: the cubic lattice, being centrosymmetrical, has the 
required number of nodes, and, as easy to calculate, the 
ratio of the mean inverse distance between the vertexes 
to the inverse radius of a circumscribed sphere (i.e., the 
ratio 

n

22n
r

2 2r d for this case) equals to 0.705 (cf. Equation (5) 
for )4.  2n

n 
It is more difficult to imagine the “portraits” of shells 

with . It is easy to construct centrosymmetrical 
lattice with sufficient number of the vertexes and appro- 
priate mean inverse distance between them—the problem 
is to choose from a multitude of such lattices those which 
could correspond to physical reality. The problem of “se- 
lection rules” requires, apparently, a more thorough theo- 
retical analysis. 

3,4

4. Conclusion 

In conclusion, it should be emphasized that the purpose 
of this communication is to draw attention to validity of a 
non trivial, as it seems to us, empirical dependence (6) of 
total ionization energy of the outer electrons of atoms 
and their cations on the number of electrons in the outer 
shell, the shell main quantum number and charge of the 
nucleus of an atom or an ion. As for proposed interpreta- 

tion of the regularity presented above, the authors, of 
course, do not consider it as final being quite aware of 
the vulnerability of their constructions and of their quali- 
tative, generally speaking, nature. 
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 4It may be noteworthy to remember here of an article by Gilbert New-

ton Lewis [9] widely known some time ago, concerning his “theory of 
cubic atom” (in the development of which was published no less well 
cited paper of Irving Langmuir [10] on “concentric theory of atomic 
structure”). 
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