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ABSTRACT

We discuss the solution of Laplace’s differential equation by using operational calculus in the framework of distribution
theory. We here study the solution of that differential Equation with an inhomogeneous term, and also a fractional dif-
ferential equation of the type of Laplace’s differential equation.
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1. Introduction

Yosida [1,2] discussed the solution of Laplace’s differen-
tial equation (DE), which is a linear DE with coefficients
which are linear functions of the variable. The DE which
he takes up is

(at+b,)y"(t)+(at+b)y'(t)

(1.1)
+(at+by))y(t)=0, t>0,
where a and b for 1=0,1,2 are constants. His
discussion is based on Mikusinski’s operational calculus
[3].

In our preceding papers [4,5], we discuss the ini-
tial-value problem of linear fractional differential equa-
tion (fDE) with constant coefficients, in terms of distri-
bution theory. The formulation is given in the style of
primitive operational calculus, solving a Volterra integral
equation with the aid of Neumann series.

Yosida [1,2] studied the homogeneous Equation (1.1),
where he gave only one of the solutions by that method.
One of the purposes of the present paper is to give the
recipe of obtaining the solution of the inhomogeneous
equation as well as the homogeneous one, in the style of
operational calculus in the framework of distribution
theory. With the aid of that recipe, we show how the set
of two solutions of the homogeneous equation is attain-
ed.

Another purpose of this paper is to discuss the solution
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of an fDE of the type of Laplace’s DE, which is a linear
fDE with coefficients which are linear functions of the
variable. In place of (1.1), we consider

(a,t+b,)(Da7u(t)+(at+b)-,D7u(t)
+(a,t+by)u(t)=f(t), t>0,
for o=1 and o=1/2. Here ,DZu(t) for ceR_

is the Riemann-Liouville (R-L) fractional derivative de-
fined in Section 2. We use R to denote the set of all
real numbers, and R, = {X € ]R|X > b} . When o is

(1.2)

n
equal to an integer neZ.,, ,Dpu(t)= ((ilt”

u(t). When

o =1, (1.2) is the inhomogeneous DE for (1.1). We use
7Z to denote the set of all integers, and

Z., ::{neZ|n>a} and Z, ::{neZ|aSnSb} for

a,beZ satisfying a<b. We use (X—| for xeR, to
denote the least integer that is not less than X.

In Section 2, we prepare the definition of R-L frac-
tional derivative and then explain how (1.2) is converted
into a DE or an fDE of a distribution in distribution the-
ory. A compact definition of distributions in the space
D; and their fractional integral and derivative are de-
scribed in Appendix A. A proof of a lemma in Section 2
is given in Appendix B. After these preparation, a recipe
is given to be used in solving a DE with the aid of opera-
tional culculus in Section 3. In this recipe, the solution is
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. 1
obtained only when a, #0 and b, =0. When o= 5

b, =0 is also required. An explanation of this fact is
given in Appendices C and D. In Section 4, we apply the
recipe to the DE where a, =0, of which special one is
Kummer’s DE. This is an example which Yosida [1,2]
takes up. In Section 5, we apply the recipe to the fDE

. 1 .
with o = 5 assuming @, =0.

The discussion is done in the style of our preceding
papers [4,5].

2. Formulas

We use Heaviside’s step function, which we denote by
H(t). When f(t) is definedon R_,, f(t)H(t-b)
is assumed to be equal to f(t) when t>b andto 0
when t<b.

2.1. Riemann-Liouville Fractional Integral and
Derivative

Let u(t)H(t—b) be locally integrable on R. We then
define the R-L fractional integral ,Dg"u (t) of order
veR_, by

_y 1
yDRU(t) =

r(v)
where I'(v) is the gamma function. The thus-defined
, DrU (t) is locally integrable on R._, , and
yDRu(b+)=0 if v=1.

We define the R-L fractional derivative , Dfu (t) of
order feR_,,by

f;(t—X)Hu(x)dx, t>bh, Q.1

N
ngu(t):;—N[ng’Nu(t)}, t>b, (2.2)
if it exists, where N =[], and ,Dgu(t)=u(t) for
t>Db.

We now assume that the following condition is satis-
fied.

Condition A u(t)H (t) is locally integrable on R,
and there exists ,Dgu(t) for t=0, and ;D" Mu(t)
for neZy, , are continuous and differentiable at
t>0, where N=[pg]. We then assume that there
exists a finite value

Uy = oDF U (0+), (2.3)

forevery keZp -
Because of this condition, the Taylor series expansion
of ,DF Mu(t) is given by

N-1
0 DR'B_NU (t) = Zuﬁ—NJrn )
n=0

where W(t) is a function of O(tN") as t— 0+, so

tn
m+w(t), t>0, (2.4)
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that W(t)/’[N’l —0 as t—0+. By comparing (2.2)

N

and (2.4), we obtain ,Dgu(t)= ::—w(t) .

tN

2.2. Fractional Integral and Derivative of a
Distribution

We consider distributions belonging to D';. When a
function h(t) is locally integrable on R and has a
support bounded on the left, it belongs to D’y and is
called a regular distribution. The distributions in D'y
are called right-sided distributions.

A compact formal definition of a distribution in D'
and its fractional integral and derivative is given in Ap-
pendix A.

Let f(t)H(t) be aregular distribution. Then

[0 Dy f (t)] H(t) for v>0 is also a regular distribu-
tion, and distribution D™ [ f(t)H (t)] is defined by

D[ f()H(1)]=[,D" f(t)[H(t), v=0. (25)
Let NeZ_,, and let h(t) be such a regular distri-

bution that ;ltn h(t) is continuous and differentiable on

R, forevery neR .Then D“h(t) is defined by

[o,N-1]

DNh(t)=;—Nh(t). 2.6)

Let ;T:[{ODf_Nf(t)}H(t)], for feR., and

N =[], be continuous and differentiable on R, for
every ne R[O,N—l] . Then

D/[f()H(t)]=[,DEf()]H (). @7
When h(t) is a regular distribution, D"h(t) is
defined forall veR.
Lemma 1 For h(t)eD';, the index law:
D'D’h(t)=D""’h(t), (2.8)

is valid for every v, eR.
Dirac’s delta function &(t)
fined by &(t)=DH (t).

Lemma 2 Let gv(t):;tv‘lH(t) for veR_,.

r(v)

g,(t)=D"58(t), v>o0. 2.9)

is the distribution de-

Then

Proof By putting b=0, veR_, and u(t)=1 in
(2.1), we obtain ,Dg"1 =;t". By (2.5), we then
C(v+1)
! t"H(t). By applying D to

[(v+1)

have D™H(t)=
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this and using (2.6) and (2.8), we obtain (2.9). [
We now adopt the following condition.
Condition B u(t)H(t) and f(t)H(t) are ex-
pressed as a linear combination of g, (t) for v>0.
Then u(t)H(t) and f(t)H(t) areexpressed as

u(t)H(t)=a(D)s(t),
f(t)H (t)= f(D)s(t).
Lemma 3 Let ,Dgu(t) existfor geR_,. Then the
products u(t)H (t) and [ODF'fu(t)]H (t) belong to Dy,
and they are related by
D’[u(t)H (t)]=[,Du(t) |H (1)
(5] @2.11)
+ D Uy, -DS(1).
k=0

Proof We obtain (2.11) from (2.4) by multiplying
H(t) from the right and then applying D“. We first
note D™ [u(t)H (t)]=[,D£ ™ u(t) [H (t) dueto (2.5).
Applying D" to this, we obtain the lefthand side of

(2.11), and hence from the lefthand side of (2.4). We
next note that

(2.10)

N
due to (2.6) and 0DFfu(t):;lt—NW(t) as noted after

(2.4). Thus we obtain the first term on the righthand side
of (2.11) from the last term of (2.4). As to the remaining
terms, we only use (2.9). O

Lemma4let feR.Then

0

t-D/5(t)=-p-D"'5(t) = Y D/s(t).  (2.12)

The last derivative with respect to D is taken regard-
ing D asavariable.

Proof of Lemma 4 for feR_,. Let f=-v,
veR_,. Then by (2.9), we have
v
t-Do(t)=t-g,(t)= t"H (t
(0)=0.(0)= 0, 5t H O

0
=yD™'5(t)=———D7"5(t),

by using (2.9) repeatedly. [
A proof of this lemma for feR_, is given in Ap-
pendix B.
The following lemma is a consequence of this lemma.
Lemma5 Let u(t)H (t) satisfy Condition B. Then

t.u(t)H(t):t.a(o)g(t)z_%a(o)a(t). @.13)

Open Access

Lemma 6
D* [t-u(t)H (t)]=t-D*[u()H ()]
+AD*[u(t)H ()]

Proof By using (2.10) and (2.13), we obtain
t-D*[u(t)H (1)] = —5 D*[4(D)8 (1)
=-AD*'[4(D)s(t)]-D* [%L](D)(S(t)}
=—2D" [u(H (O]+ D [tu()H (1]

(2.14)

O
3. Recipe of Solving Laplace’s DE and fDE
of That Type

We now express the DE/ADE (1.2) to be solved, as fol-
lows:

M=

(at+b)-,Dyu(t)=f(t), t>0,  (3.1)

I
o

where o =— or o=1,and m=2. In Sections 4 and

| —

5, we study this DE for o =1 and this fDE for o= %,

respectively.

3.1. Deform to DE/fDE for Distribution

Using Lemma 3, we express (3.1) as

m

2 (at+b)- D [u(t)H ()]

= (3.2)

=f(t)H(t)+v(t)H (1),

where

m Mo]-1
v(t)H(t)::Z{(a,Hb,) kZ;)ula_k_l-Dké(t)}. (3.3)

=1

3.2. Solution via Operational Calculus
By using (2.10) and (2.13), we express (3.2) as

_ga, .a%[o'ﬁa(o)a(t)}gb. :Da(D)5 (1)

=_A(D)[8D u(D)(s(t)}L B(D)[u(D)s(t)] (3.4

e 3.5)
B(D)=>(-1-0-3,-D" " +b-D"),

Il
o
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V(D)=

n[ ol flo}1 36
| -4 kZ K Uy - D' +hy kZ Upgyey - D" |. G0
=1 =0 =0

In order to solve the Equation (3.4) for G(D)ds(t),
we solve the following equation for function G(x) of
real variable X:

_A(x)%a(x)m(x)u(x):f(x)+o(x). (3.7)

Lemma 7 The complementary solution (C-solution) of

Equation (3.7) is given by G(x)=C, -¢(x), where C,
is an arbitrary constant and

. x B(¢)
#(x)=C -exp( —df], 3.8)
where the integral is the indefinite integral and C, is
any constant. R
Lemma 8 Let ¢(x) be the C-solution of (3.7), and
let the particular solution (P-solution) of (3.7) be 4; (X)
when the inhomogeneous partis x™ for veR . Then
5—Ad5+c3-¢3(x), (3.9)

%0)=0] 25

where C, isany constant.

Since f(t)H(t) satisfies Condition B and V(D) is
given by (3.6), the P-solution G(X) of (3.7) is ex-
pressed as a linear combination of U, (x) for veR_,
and Oik (X) for keZ._,.

From the solution G(x) of (3.7), U(D) is obtained
by substituting X by D . Then we confirm that (3.4) is
satisfied by that (D) appliedto &(t).

3.3. Neumann Series Expansion

Finally the obtained expression of ((D) is expanded
into the sum of terms of negative powers of D , and then
we obtain the solution O(D)d(t) of (3.4). If the ob-
tained G(D) is a linear combination of D™ for
veR,,, U(D)s(t) is converted to the solution
u (t) H (t) of (3.2) by using (2.10) and (2.9). It becomes
a solution u(t) of (3.1) for t>0.

3.4. Recipe of Obtaining the Solution of (3.1)

1) We prepare the data: f (D) by (2.10), and A(x),
B(X) and \7(D) by (3.5) and (3.6).

2) We obtain ¢?(x) by (3.8). If ¥(D)=0, the C-
solution of (3.1) is given by

u(t)H(t)=C,-4(D)s(t), t>0.

3) If f(D)#0 or V(D)#0, we obtain U (x)

given by (3.9).

Open Access

4)1f ¥(D)=Y"" e, D¥ %0, the C-solution of (3.1)
is given by
R [mo-—‘—l

u(t)H(t)=C,-¢(D)s(t)+ X ¢’ (D)s(t), t>0,

k=0
where C, are constants.
5) If f(D) =Y dD £0, the P-solution of (3.1)

is given by
U(t)H (1) = S (D)s(t), t>0,
k=1

where v, e R_, and d, are constants.

3.5. Solution of (3.1) from the Solution of (3.7)

In the above recipe, we first obtain the C-solution of
(3.7), that is l](x):C1 ¢?(X) It gives the C-solution
U(D)s(t) of (34) and hence the C-solutions
u(t)H(t) of(3.2)and u(t) of (3.1).

We next obtain the P-solution G (X) of (3.7) when
the inhomogeneous part is X for veR. As noted
above, the P-solutions G(x) of (3.7) for f(x) and for
V(x), are expressed as a linear combination of U, ()
for veR_, andof U (x) for keZ._,, respectively.
The sum of the P-solutions G(x) of (3.7) for f(x)
and for V(x) gives the P-solution ((D)&(t) of (3.4)
and hence the P-solution u(t)H(t) of (3.2). The
C-solution u(t) of (3.1) comes from the C-solution of
(3.7) and the P-solution of (3.7) for V(x).

3.6. Remarks

When we obtain (D) at the end of Section 3.2, we
must examine whether it is compatible with Condition B.
We will find that if b 20 for lo>mo—1, the ob-
tained U(D) is not acceptable. Hence we have to solve
the problem, assuming that b =0 for all 1>m-1/c.

1
When G:E and m=2, we put b, =b, =0. When

o=1 and m=2, we put b, =0. Discussion of this
problem is given in Appendices C and D.

4. Laplace’s and Kummer’s DE

We now consider the case of o=1, m=2, a, #0,
a,#0, a,=0 and b, =0. Then (3.1) reduces to

d’ d
a2t~?u(t)+(a1t+b1)'au(t)erO'u(t) 4.1)
=f(t), t>0.
By (3.5)and (3.6), A(x), B(x) and ¥(x) are
A(x)=a,x* +ax=aX(x+a), 42)
B(x)=(b —2a,)x+b,—a,
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~

V(x) =—a,u, +bu,, 4.3)

where a=a,/a, .

4.1. Complementary Solution of (3.7), (3.4) and
(3.2)

In order to obtain the C-solution @(x) of (3.7) by using
(3.8), we express  B(x)/A(x) as follows:

B(x
B _n, n “44)
A(X) x X+a
where
b b b
7/1"'7/2:_1_2’ 7/1:_0_1» 2:_1_ °-1. (4.5)
a‘2 1 a‘2 1

B(x) is now expressed as
B(X): &, (71 +72)X+a171~
By using (3.8), we obtain

72

#(x)=x" (x+a)”

=X (1+ax )

4.6

[yzjanx—m—ylﬂ/z’ ( )
—=in
1" (=

where [yjzw for yeR and neZ._,
n n!

co(a+k)

are the binomial coefficients. Here (a)n =

for acR and neZ.,,and (a), =1.
The C-solution of (3.4) is given by

0(D)5(t)=C,-4(D)5(t)

=C,-D"" (1+aD™)" 5(t) 4.7)

:cli(@anowna(t).
n=0

If y,+y, <0, Condition B is satisfied. Then by using
(2.9), we obtain the C-solution of (3.2):

S 2 n 1 n-y1=72-1
1 2 (-7) N e
e " (—at) tH(t 4.8
F(_71_72)n:0n!(_71_72)n( a) () 49
1 o
=C,———t7"7 7 R (=yy—7 —vas—at)H (1).
N (=723=7—rs—at)H (1)

Remark 1 In [6,7], Kummer’s DE is given, which is
equal to the DE (4.1) for a,=1, a, =-1, b =c and
b, =—a. In this case,

7,=c-a-1, y+y,=c-2,

o (4.9)

yy=a-1,

We then confirm that the expression (4.8) agrees with
one of the C-solutions of Kummer’s DE given in those

books.

4.2. Particular Solution of (3.7)

We now obtain the P-solution of (3.7) when the inhomo-
geneous part is equal to X" for v>0.

When the C-solution of (3.7) is ¢(x) given by (4.6),
the P-solution of (3.7) is given by (3.9). By using (4.2)
and (4.6), we obtain

0, (x)=—x" (x+a)* [ ‘f—;

a §1+71

Z—aLX””2 (1+0¢x’1)y2 JX§-2-71—72—V (l_i_a{l)-l—n

2

57dé+Cy ¢3(x)
a

d&+C,-(x)

0 1 A
:__2(7’2] nX7n+yl+72.[ Z( 72} mé:—mfyryz—zfvdé:_'_ca ¢(X) (4'10)
az n=0 m=0
:Li e a"x " > _1_72 a™ 1 ¥~V
a, ol N =0 m m+y, +y, +1+v
1 < * n,,—-n-1-v
_a_ZnCyz yi+14v a X >
2 n=
Open Access AM



18 T. MORITA, K. SATO

where
* (P _1_p1 1
C = _
NP ;J(k]( n—k Jn—k+ P, + P,

Lemma9 ,C,
1 (p),

SCo=(=1) :
oo = (1) p+p, (1+p+p,),

Proof Equation (4.10) shows that the P-solution

0, (x) of (3.7) is now expressed as

0 (X)= 2 Se,ax

2n0

@.11)

defined by (4.11) is expressed as

(4.12)

(4.13)

*

where c, = ,C

n~yn+v+l ©

Substituting this into (3.7), we

obtain an equation which states that a power series of
x"' is equal to 0. By the condition that the coefficient of
every power must be 0, we obtain a recurrence equation

for the coefficients c,:

C :;, (4.14)
I+v+y, +7,

n
¢, =—— VNN o nez,. (4.15)
I+v+n+y, +7,
By using this repeatedly, we have
n v+1+
c, = (_1) ( 7 )n
(2+V+]/1 +72)n

By comparing (4.10), (4.13) and (4.16), we obtain
(4.12). O

Cp» NEZ,,. (4.16)

4.3. Particular Solution of (3.2)

Equation (4.10) shows that if the inhomogeneous part is
D™5(t) for v >0, the P-solution of (3.2) is given by

u, (t) H (t)
2 1

Z 2.7V

b r(n+l+v)

a " H (t). @17

By using (4.12) in (4.17), we obtain
u, (t)H (1)
1

- t”
a,(1+v+y,+7,)(v+1)

i (v+1+9,) (1), .(—at)n H(Y)

n:0(2+‘/+71+72)n(‘/+1)nn'

4.18)

1
= t
a,(1+v+y,+7,)C(v+1)
DB (VHI+yL 524 vy, 475, v+ —at)H (1).

v

(4.19)

Open Access

4.4, Complementary Solution of (4.1)
By (4.3), V(x)=—(a,—b)u, =a,( +7, +1)u,. When

the inhomogeneous part is V(x)#0, the P-solution of
(3.7) is given by

U(x)=a, (7 +7, +1)-U, -Gy (X). (4.20)
By using (4.18) for v =0, we obtain
U(t)H (t)=a, (7, +7, +1)-Uy-uy (t)H (1)
= (1+n), "

=, -IF, (1+7|;2+71 +y2;—at)H (t)

Proposition 1 Let u, #0 and y, +y, :3—2 <-1.
a2
Then the complementary solution of (4.1), multiplied by
H (t), is given by the sum of the righthand sides of (4.8)
and of (4.21).
Remark 2 As stated in Remark 1, in [6,7], the result

for a,=1, a,=-1, by=c and b, =-a, is given. In
this case, », and y, aregivenin (4.9), and
I+y,=a, 2+y,+y,=C, a=-1. (4.22)

We then confirm that the set of (4.8) and (4.21) agrees
with the set of two C-solutions of Kummer’s DE given in
those books.

5. Solution of fDE (3.1) for ¢=1/2

In this section, we consider the case of o = m=2,

1
27
a,=0, a#0, a,=0, b,=b =0 and b, %0
Then the Equation (3.1) to be solved is

atDu(t)+at- Dy u(t)+byu(t)= f(t), 5.1)
t>0.
Then (3.5) and (3.6) are expressed as

A(x)=ax+ax” =ax” (X +a),

B(x)=b, - aQ—%ax'V2 (5.2)

V(x)=0, (5.3)
where a=a,/a, .

5.1. Complementary Solution of (3.7)
By using (5.2), B (X)/A(X) is expressed as

A(X) X2 X tq

where

AM
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b
71+72:_0_1» Nn=—=7, = (55)

a, 2
By (3.8), the C-solution ¢?(X) of (3.7) is given by

¢?(X) —x (Xl/2 +0()272 — i (1+(ZX71/2 )272

— i[zszanX—nﬂWﬁn )

n=0 n

a, 2

(5.6)

5.2. Complementary Solution of (3.2) or (5.1)
The C-solution of (3.2) is given by

u(t)H (1)=0(D)4(t)=C,-4(D)5(t)
_ Cli(zgzja”D'"/“”*“&(t).

(5.7)

é;—v

19

By Condition B, we have to require

b
nty,=—-1<0.
a

2

Then by using (2.9) in (5.7), we obtain
u()H (1)=C,-4(1)

A2, 1
_Clg( n JF(H/Z—}/I—]/Z)

The C-solution of (5.1) is equal to this for t>0.

a"t"r I (). ©-9

5.3. Particular Solution of (3.2) or (5.1)

By using the expressions of A(x) and ¢?(X) given by
(5.2) and (5.6) in (3.9), we obtain the P-solution of (3.7)
when the inhomogeneous partis X ™":

0, (x)=—x" (x'* +ar) " [

— _i X7| +72
a2

1 & 2}/2J ny-n/2+7+7, [* S [
=—— a X
S ey

)

az n=0
zLi(2y2)anx—n/2 i(_1_272
az n=0 n m=0 m
< * -n/2-v
= Zznc272,271+2v ’ anx i H
n=0

*
n C272 27 +2v

where is defined by (4.11) and is given by

(4.12).
By using (4.12) in (5.9), we can show that if the in-

1
r(v)
P-solution of (3.2) is given by

u, (t)H (t)=0,(D)s(t)
_ 1 > (2\/+2)/1)n
a, (|/+7/1 +72)"=0(1+2V+271+272)n

1 N n/2+v-1
— (= t H(t).
Far) %) (t
This u;(t) for t>0 gives the P-solution of (5.1),

I
r(v)

homogeneous part is t"'H(t) for v>0, the

(5.10)

t"' for v>0.

when the inhomogeneous part is
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Appendix A: Definition of a Distribution in
D', and Its Fractional Integral and
Derivative

A right-sided distribution h(t)eD'; is a functional for

which a number (h,g) is associated with all g(t)e Dy,

where Dy is the space of infinitely differentiable func-
tions which is defined on R and has a support bounded
on the right.

A regular right-sided distribution h(t)e D’y is a lo-
cally integrable function on R, which has a support
bounded on the left, and (h,g) is given by

=["h(t)g(t)dt. (A.1)

Let g(t)eDy. If f=
gral Dy'g(t)eDy is

D\,‘V”g(t):=$L®(x—t)“l g(x)dx, (A.2)

—-veR_,, the fractional inte-

<0>°

and if BeR.,, the fractional derivative Djg(t)e Dy

is given by
D{g(t)=Dy"[Dhg(1)], (A3)
where n=[B|. Weset Dyg(t)=g(t),and

nd"
dt"

Dyg(t)=(-1) —=9(t)

for neZ.,.

In this place, we can confirm that the index law
0;D;0(t)= D4 g (1) (A4

is valid for every fB,veR.
For a distribution h(t)eD',
P R isdefined by

(D”n(1),9(1)) = (h(1),Dfg(1)). (A5)

The index law (2.8) follows from (A.4) by (A.5).
Dirac’s delta function &(t) is defined by DH (t),
as stated just below Lemma 1, and hence

(6 (t)»g(t)>=<DH (1).9(1))

D’h(t)e D’y for

(A.6)
~(H(0)0,0(0) =L (g
It is customary to use the notation:
(8(t).9(t))=["5(t)g(t)dt=g(0). (A7)

Let h(t)eDFQ and g(t),f(t)g(t)eDR . Then
f(t)h(t)e D} is defined by

(f(Oh(1).9(1)=(h(). F(t)a(t).  (A8)

Open Access

Appendix B: Proof of Lemma 4 for feR,,

Here we give a proof of Lemma 4 for feR_,, with the
aid of notations explained in Appendix A.
Let feR.,, n=[f] and g(t)e Dy. Then

(t-075(t).0(1))=(5(1).D4 [t-a (1))
=(s(t).0 "D [t-9(1)])

=(D""5(t), Dy [t-g(1)])

- (D76(t).(~n)-D} g (1) +t-Dja (1)
=-n(D""5(t),g(t))+(t-D""5(t), D59 (1)).

Using Lemma 4 for f—neR_; in the last member,
we obtain

(t-D75(1),9(1))
=-n(D”'5(t),g(t))-(B-n)(D""'5(t). D59 (1))
=-p(D"5(1),9(1)).

Formula (2.12) for feR_, follows from this.

Appendix C: Solution of Laplace’s DE (3.1)
for 6=1

We now consider the DE (3.1) for =1 and m=2.
Then (3.5) and (3.6) are expressed as

A(x)=a,x* +ax+a, =a,(X+a, )(x+a_), (C.1)

B(X)=b,x* +(b, —2a,)x+b, —a, (C.2)
V(X):bzuox_azuo +b,u, +bu,, (C.3)
where
a ta’ —4a,a,
a, :—2a . (C4)
2

In solving (3.7), we express B(X)/A(x) as
B(x) _b, ¢ +ex
A(x) a,  A(x)

; (C.5)

where ¢, and c, are constants. In Section 4.1, we as-
sume that b, =0 and obtain the C-solution given by
(4.8) which satisfies Condition B. In the presence of the
first term on the righthand side of (C.5), we will see that
we cannot obtain a solution satisfying Condition B.
Hence we have to assume b, =0.

Appendix D: Solution of fDE (3.1) for
c=1/2

. . . 1
In this section, we consider the fDE (3.1) for GIE

and m=2.Then (3.5) and (3.6) are expressed as

AM



A(x)=a,x+ax" +a, =a,(x"* +a, )

-1/2

B(x)=b,x+bx"* +b, —a, —%alx ,
W(X) =b,u, +b1u71/2’

where «, are given by (C.4).

X2 +a

In solving (3.7), we express B(X)/A(X) as

A(x) a,

B(x) _b_z{ﬂ_%}(vz L GtCX

A(x)

3, a

Open Access
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). (D.1)
(D.2)

(D.3)

, (D.4)

where ¢, and c, are constants. In Section 5.2, we as-
sume that b, =b =0 and obtain the C-solution given
by (5.8) which satisfies Condition B. In the presence of
the first two terms on the righthand side of (D.4), we will
see that we cannot obtain a solution satisfying Condition
B. Hence we have to assume b, =b =0.
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