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ABSTRACT

We present an energy-based method to estimate centrality in electrical networks. Here the energy between a pair of ver-
tices denotes by the effective resistance between them. If there is only one generation and one load, then the centrality
of an edge in our method is the difference between the energy of network after deleting the edge and that of the original
network. Compared with the local current-flow betweenness on the IEEE 14-bus system, we have an interesting dis-
covery that our proposed centrality is closely related to it in the sense of that the significance of edges under the two

measures are very similar.
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1. Introduction

The electrical network is one of the most critical and
complex infrastructure networks in modern society.
There are some important issues which are keys to the
performance of the network. Reliable electric power
supply, for example, is crucial for many devices and its
disturbances may disrupt the devices or even paralyze the
network. This brings the concern about reliability and
resilience to disturbances and failures of various types of
infrastructure systems, and a corresponding demand for
methods of analyzing the vulnerabilities of the electrical
network [1]. Moreover, the blackouts of the North
American and Italian electric power grids in 2003 ex-
posed the weaknesses of the electrical network. The
weakness and vulnerable analysis about the electrical
network have been widely studied in the past years [1-4].

With recent advances in network and graph theory,
many researchers have applied centrality measures to
complex networks in order to study network properties.
Various centrality measures have been defined. They
draw links between the structure of networks and the
vulnerability to certain types of failures, and are used to
identify the most vulnerable elements of a network. Tra-
ditionally, there are four centrality measures within net-
work analysis, i.e., degree centrality, betweenness,
closeness, and eigenvector centrality. The degree metric
utilizes the local information. Closeness and betweenness
utilize the shortest path information. And the eigenvector
metric rely on the Laplacian matrix of the group. All of
them consider only the topological properties but not the
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actual physical flow through the power system. Moreo-
ver, the betweenness and closeness centrality postulate
that the information or flow transfer along the shortest
path, but this is not true for the current in the electrical
network. A series of centrality measures considering the
physical flow are proposed. [5] proposed a so-called
random-walk betweenness, counting how often a node is
traversed by a random walk between two other nodes.
This centrality is known to be useful for finding vertices
of high centrality that do not lie on the shortest path. Ac-
tually, the random-walk betweenness is closely related to
the current-flow betweenness proposed in [6]. The paper
derives the metric straightforward from the electrical
current and proves that the current-flow closeness is in
fact identical with the information centrality [7]. Some
papers proposed their measures which are actually of no
difference with the current-flow betweenness though
they didn’t point that directly. For example, [8] proposed
an electrical centrality measure based on the impedance
matrix which is similar to the current-flow centrality.
Besides, they pointed out the differences of the topology
of power grids from that of Erdos-Renyi random graphs,
the “small-world” networks or “scale-free” networks but
the power networks appear to have a scale-free network
structure under their proposed measure. However, as the
indication of [9], the proposed electrical centrality meas-
ure in [8] was defined incorrectly. But a simple analysis
shows that the revised measure was the right current-
flow betweenness.

The betweenness above needs to take into account all
pairs of nodes in the networks. [10] considered only the
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pairs of generations and load nodes. Besides, they consi-
dered some other features of power systems such as
power transfer distribution and line flow limits, and got
that according to the un-served energy after the network
being attacked the nodes ranked highly is more vulnera-
ble.

The centralities defined before are not so easy to un-
derstand. This paper will propose an easy-understanding
method which is based on the effective resistance. The
effective resistance between a pair of vertices s and t is
the potential difference between them ensuring a current
of size 1 from s to t, and can be seen as the total energy
in the system. The effective resistance is local in some
sense. Its global form is the Kirchhoff index, which is
based on the resistance-distance matrix introduced in
1993 by Klein and Randic and defined as the effective
resistance between pairs of vertices [11]. The Kirchhoff
index is often used to quantify the structural attributes of
the graph. See [12,13] for more information.

This paper is organized as follows. In Section 2, we
introduce some preliminary concepts about centrality
measures, the effective resistance and so on. In section 3,
the definition of our measure based on energy and the
variation of current-flow betweenness, that is, the local
current-flow betweenness is given. Section 4 provides
the comparisons with the current-flow betweenness cen-
trality and other centrality measures. Conclusions are
drawn in Section 5.

2. Preliminaries
2.1. Betweenness

Vertex betweenness, first introduced by Freeman in 1977
[14], is one of the most used centrality measure. It re-
flects the occurrence degree of a node on the shortest
path between any pair of nodes. Given a undirected graph
G(V,E), where V is the set of vertices and E is the set of
edges, the betweenness of a node v is defined by:

ZS;tV;tteV Oy (V) / O

G, (V) = (n-)(n-2)/2

where o, and o (v) are the number of shortest paths
from s to t and the number of shortest paths from s to t
through v. Girvan and Newman [15] generalized the ver-
tex betweenness to edges and proposed edge between-
ness which is defined as the number of shortest paths
between pairs of vertices that run along it and used to
find which edges are most important. If there is more
than one shortest path between a pair of vertices, then
take them as one path. The edge betweenness is given by:

Zsﬂev O-Sl (e) / O-Sl
nin-1)/2

Cy(v) =

It is found that the removal of the nodes or edges with
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large betweenness will put the network at high risk to be
disconnected.

2.2. Current-Flow Betweenness

The current-flow betweenness here is based on the defi-
nition of [6]. An electrical network is a graph N =
(V,E,c)=(G,c), together with a function c:—R",
where ¢, =c(e) is the reciprocal of the resistance of the
edge e. Given a supply of size 1 from a source s to a sink
t, the throughput of an edge e and an inner vertex v is
defined by:

7, (€) = W(E) |,

1 -
(V) == 2 [wE) L
2 ewvee
Define the edge and vertex current-flow betweenness
respectively by:

=0 509 %O

1

e Y )
(n-H(n-2) J=v

The current-flow betweenness is reasonable for that
the current is unique by Lemma 1 of [6].

Besides, Brandes proposed also the current-flow
closeness centrality which is a variation of closeness
centrality. It is defined by:

Ceg(V) =

nC
Ztis pst (S) - pst (t)

for all s in V, where p(s) refers to the voltage in the
vertex s. Moreover, Brandes proved that the current-
flow closeness centrality equals information centrality.

Cec(8) =

2.3. Effective Resistances, Energy and Kirchhoff
Index

Now we give the definition of effective resistances. The
effective resistance is the potential difference between s
and t ensuring a current of size 1 from s to t and denoted
by R, (G).
The total energy in a network is defined as:
Z ny = Z (Vx _Vy)zcxy = Z (Vx _Vy)Wx '
xyekE xyeE xyekE
where V, is absolute potential and w,, =(V, -V,)c,,
is the energy in the edge between x and y. By Lemma 2
of [6], there are unique potentials. So the definition of the
total energy is reasonable.
Kirchhoff index is the sum of the effective resistances
over all pairs of vertices:

KF(G) = Zi<j T

where r; is the effective resistance between i and j. It is
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proved that Kirchhoff index satisfies

KF(©) =315

where {4,i=1..,n-1} are the nonzero eigenvalues of
the Laplacian matrix of G.

3. Centrality Metric Based on Energy

It is known that the total energy in an electric current
with size 1 from s to t is the effective resistance [16]. If
there is only one source s and one sink t, then the change
in the energy is the change in the effective resistance
between s and t. Therefore to measure the influence of
removing one edge we can define a ‘metric’ based on the
variant of energy by:

AE(€) =R, (G\e)~R, (G).

where G\e is the graph deleted by the edge e. Though
AE(e) is not a strict definition of a metric, we regard it
as a metric since we only focus on the results under the
metric but not their values. The larger AE(e) , the greater
the risk for the network to be damaged when deleting the
edge e. If there is no connection between s and t after
deleting the edge e, then AE(e) =0 . In other words, the

edge e with AE(e) =0 is very important to the network.

By the monotonicity principle, Corollary 7 of [16],
AE(e) is nonnegative for all edges.

For the network with sources S and sinks T where
SNT =, the metric based on energy is defined by

ZSGS,tET RSt (G \ e) B RSt (G)
ISITI

where |S| denotes the cardinality of the set S. The

energy-based centrality can be seen as a local metric to

measure the importance of an edge. Analogous to the

definition of betweenness, we consider the whole impor-
tance of an edge, that is,

ZM Rst (G \e) - Rst (G)
n(n-1)/2 '

AE(e) =

AE'(e) = (1)

If we define

AKF (6) = Kf (G\e) - Kf (G)'
n(n-1)/2
then it is easy to check that AKf(e)=AE'(e) by the
definition of the Kirchhoff index. So we call the case
defined by Equation (1) the edge Kirchhoff-based cen-
trality. Analogous to the definition of vertex current-flow
betweenness, we can also define the vertex energy-based
centrality and vertex Kirchhoff-based centrality by

Zeel‘(u)AE(e)
|T(u) |

AE, (u) =
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Zeel‘(u) AKf (e)
T

where T'(u) denotes by the adjacent edges of the vertex
u.

Next we take Theorem 1 of [17] as a lemma which
will be used to compute the energy-based centrality.

Lemma 1. Let G be a connected graphon n>3 ver-
tices and 1<i= j<n. Let L(i) be the submatrix ob-
tained from the Laplacian matrix L of the graph G by
deleting its ith row and ith column and L(i, j) be the
submatrix obtained from the Laplacian matrix L by de-
leting its ith and jth rows and the ith and jth columns.
Then the effective resistance r; between i and j satisfies

 _ det(LGi ) @
I det(L(i))

AKf, (u) =

Note that the graph G in the lemma above can be seen
as a graph with one unit resistance on each edge of the
network. Following the steps of its proof, we can easily
check that the result holds for the graph G with different
resistances on the edges and the Laplacian matrix L being
replaced by the admittance matrix of the network.
Though in general the complexity of computing the ef-
fective resistance using equation (2) isO(n®), the re-
markably simple expression is still very valuable.

Recall the argument of the reference [10] in the intro-
duction. The authors utilized a local idea considering the
electrical betweeness only between the pairs of genera-
tions and loads with some other restriction, but they
didn’t point out that clearly and didn’t give the corres-
ponding simulation results. Thus this paper gives the
definition and simulation clearly, and calls it the local
current-flow betweenness. Analogous to the current-flow
betweenness, for the network with sources S and sinks T
we define the edge local current-flow betweenness by

ZSES,IGT O-St (e)
[SIT]

The vertex local current-flow betweenness is defined
similarly and denoted by LC, (u).

LCb (e) =

4. Numerical Analysis

In this section, the edge (vertex) energy-based metric and
the edge (vertex) Kirchhoff-based metric are compared
with the edge (vertex) current-flow betweenness, the
edge (vertex) local current-flow betweenness and the
closeness centrality on the IEEE 14-bus. The IEEE 14-
bus consists of 20 lines and 14 buses including 2 genera-
tors and 2 loads, as shown in Figure 1. And Figure 2 is
the graph representation of IEEE 14-bus transmission
network. The circles with labeled G represent the gene-
rator nodes, the circles with labeled L represent the load
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Figure 1. Transmission network IEEE 14-bus.

Figure 2. The graph representation of IEEE 14-bus transmission network.

nodes and the ellipses represent the transmission nodes.
It is known that for the high-voltage transmission net-
work in a power grid the reactance is usually the domi-
nant component of a line impedance. Thus for the pur-
pose of simplicity, we take the reactance as the edge
weights. And the bus 8 will not affect the effective resis-
tance between the generations and loads, thus we don’t
consider it. To keep in accord, we compute other central-
ity metrics based on the case above. Besides, the bus 8 is
of low betweenness centrality by [18].

Copyright © 2013 SciRes.

Table 1 ranks the edges according to the four edge
centralities. The edge current-flow betweenness, edge lo-
cal current-flow betweenness, edge energy-based meas-
ure and edge Kirchhoff-based measure are abbreviated as
B, Local-B, E-based and Kf-based respectively. All the
four methods rank the edge 5-6 first, which says that the
edge 5-6 is very possible to be the most important branch
in this network. It shows that the edge betweenness and
the edge Kirchhoff-based centrality are quite different
with each other and with the other two measures.
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Table 1. The importance order of edges from high to low.

Order B Local-B E-based Kf-based
1 5-6 5-6 5-6 5-6
2 1-2 6-13 9-14 9-10
3 7-9 9-14 13-14 9-14
4 9-10 1-2 6-13 7-9
5 4-7 13-14 1-2 6-11
6 4-5 7-9 4-7 10-11
7 6-11 4-7 7-9 4-7
8 10-11 2-4 1-5 13-14
9 9-14 2-5 4-9 6-13
10 6-13 1-5 2-4 1-2
11 13-14 4-9 2-5 3-4
12 1-5 3-4 6-12 12-13
13 2-4 2-3 12-13 6-12
14 2-5 12-13 9-10 4-5
15 2-3 6-12 10-11 4-9
16 3-4 9-10 6-11 2-3
17 12-13 10-11 2-3 1-5
18 6-12 6-11 3-4 2-4
19 4-9 4-5 4-5 2-5

Table 2. The importance order of nodes from high to low.

Order V-B  VLocal-B C VE-based VKf-based
1 4 2 12 14 10
2 5 13 14 6 9
3 6 14 3 9 7
4 9 1 11 13 14
5 2 6 13 5 11
6 7 5 1 7 6
7 1 4 10 1 5
8 13 9 7 2 13
9 10 7 2 4 12
10 11 3 6 12 4
11 14 12 9 10 3
12 3 10 5 11 1
13 12 11 4 3 2

But there is a strong correlation between the edge local
current-flow betweenness and our edge energy-based
centrality. The first 5 important edges are the same and
their orders are of little difference. Moreover, the edges
ranking from 5 to 11 are also consistent with their orders
being little different. In fact, for any edge e in the first 11
edges, the difference between the ranking of e in the two
cases is at most 2. However, the complexity of compu-
ting the edge energy-based centrality is lower than that of
computing the edge local current-flow betweenness. And
the complexities for computing the two centrality are
both O(n®). But the latter has a much more clear ex-
pression. In practice, we can use both to measure the
importance of two edges from different perspectives. If
we give the edge ranking first the score 19, the edge
ranking second the score 18, ..., the edge ranking last the
score 1, and denote i— j by the edge between the ver-
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tex i and j. Then given the ordered sequence {1-2, 1-5,
2-3, 2-4, 2-5, 3-4, 4-5, 4-7, 4-9, 5-6, 6-11, 6-12, 6-13, 7-9,
9-10, 9-14, 10-11, 12-13, 13-14}, denote by X, and
X, the ranking lists for energy-based centrality and
edge local current-flow betweenness respectively. Using
linear regression to check whether X, and X, are
relevant, we get that the adjusted R? equals 0.814 and
the p-value is very close to 0. This shows that they are
strongly correlated.

5. Conclusions

This paper considers measures of centrality that are used
to rank the importance of the nodes or edges in an elec-
trical network. New methods of centrality are defined
from the perspective of the energy of a network. More
specifically, we use the variant of the effective resis-
tances between the generations and loads after deleting
an edge or a node to measure its importance, similar to
which we also define a Kirchhoff-based measure with the
effective resistances being replaced the Kirchhoff index.
Besides, we propose the local current-flow betweenness
in the most simple way more clearly.

Based on defined measures, experiments are performed
on IEEE 14-bus and some interesting results are discov-
ered. It has been found that our proposed edge energy-
based measure is very similar to the local current-flow
betweenness, in the sense that the importance rankings of
the edges in the two measures are of little difference.
While the expression of computing the energy-based
measure is very simple and clear. Besides, from the ex-
periments we get that the current-flow betweenness is
very different from the local current-flow. However, it is
difficult to judge which are more accurate. Moreover, we
verify that the current-flow betweenness is closely re-
lated to the closeness centrality in our experiments. How-
ever, more tests and analysis need to be done in order to
validate the proposed measure, to find the most effective
measure and to dig deep to see which nodes or edges are
the real most important nodes or edges.
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