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ABSTRACT

In this article, we consider the boundedness of .5, , on Hardy type space pr(R"). Where 0<p<n,

Hrb.a ( f )(X) =

=(b.b,, b, )b e Ay (RM),1<i<m, g >0,

TR (0 e [+ a0 =]

Q(x,x-y)

x-y|st |X y|n P

H[ b (y)] f(v)dy

. =5,0<a<f<l
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1. Introduction

A function Q(x,z) defined on R"xR" is said to be-
long to L°°(R”)x L (S™*), if it satisfies the following
three conditions:

1) Q(x,4z)=Q(x,z), for any x,zeR" and any
A>0;
"Q"L R" JeL"(s" 1)
2) ‘ yr
= sup (Lnle(pz’+y,z')| do-(z’)) <
p>0,yeR"

3) [..Q(x2')do(2)=0, forany xeR".

In [1], the authors considered the hyper-singular pa-
rametric Marcinkiewicz integral with variable kernel as
follows:

1

4 (00 =( (12 (00 ok |

where

“Corresponding author.
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4 (000= ], 20 y)

[x=yl<t |X_y|n—p f(y)dy'

When o =0, we set uf, = uf, which is the para-
metric Marcinkiewicz integral with variable kernels con-
sidered in [2].

For p>0, the homogenous Lipschitz
A, (R") is the space of function f such that

A[ﬁ]+1f
I, - s 00

xhe R“ h=0 |h|ﬂ
where Af denotes k -th difference operator (see [3]).
In 2006, Lu and Xu studied the boundedness of the
commutator of x5, in [4]. They proved that:

Theorem A [4]. Suppose Qe A, (S™) for

space

n
n+a

1 . n a
0<a£§,beAﬂ(R )'O<ﬂsﬁ If <p<i

1 1
and ===-%  then U

g p n
continuously into L*(R"). Here 43, is defined as

maps prm,s(Rn)
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follows:

T U O TEY

t3
where
(1 )(@:IX_M%@(X)%U)T f(y)dy
Let b=(b,b,,-b,), beh, (R"),

1<i<m, g >0, Srp=B0<a<p<l In this article, we

mainly consider the commutator f, , defined by

s (N0 =( [ R8N i [+ @
where

Feo. (1)(X)

- xy<tQ>EX;| ! H[b b (y)Jf (v)ay

Given any positive integer m, for all 1< j<m, we
denote by CI the family of all finite subsets
o ={c(1),0(2),a(j)} of {L2.m} of j dif
ferent elements. For any o C!, we associate the com-

plementary sequence o' given by o'={1,2,---,m}\o,

(see [5D).
For any o={c(1),0(2),

denote b, = (ba(l),bg(z),--
b, =b,4)0,;--b,(;- When o eC', wehave o=,
by definition, we have b_=1. Similarly, when o eC,
we have ¢'=¢ and b, =1.With this notation, if
By o+ By = B, wewrite

b, 15 4 By

o(j)jeCl, we will
',b,,(j)) and the product

o
W) M)

A/%(n

When Y3 =, we write

i=1
I, =TT |
Definition 1.1. Let 0< p<1, b be defined as above
suchthat b e A, (R"),1<i<m0<p <1,y 8 =8

A function a(x) on R" iscalleda (p,q,b)-atom if
1) suppa c B(x,,r):={xeR":[x=x,|<rf, for some
X, €R" and r>0;

2) [a],
3) [.a( x)dx=0 forany

U]

Ay

11
£|B X, F)[a P
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aeC;",O":{l,---,m}\O' and j=1,2,---,m
Definition 1.2. Let 0< p<1, we say that a distribu-
tion f on R" belongsto Hb"(R”) if and only if f

can be written as f = >’ Aa, in the distributional sense,

i=—o0

where each a, isa (p,q,b)-atomand

i |4|° <eo. Moreover,
i=—0

1l i {(z wﬂ

with the infimum taken over all the above decomposi-
tions of f asabove

Definition 1.3. A function
Q(x,z)e " (R")x L' (S"*)(r>1) is said to satisfy the
L"# -Dini condition, if

10, (6)
[, 7 ds <, 0< B<1, 3)
where @, (&) denotes the integral modulus of continu-
ity of order r of Q defined by

o, (8)= sup (.[s"l sup

xeR", p>0 y'es" |y'-z]<s

|Q(x+pz’, y')

1

—0(x+p2,7) da(z')Jr .

We will denote simply L' -Dini condition for L™ -
Dini condition when g =0.

2. Main Theorem

Now let us formulate our main results as follows.
Theorem 2.1. Suppose that 4, , is the commutator
(2), and let
n 1 1 f-«a

-a'q p n
Q(x2)e L*(R”)x L“(S”‘l), then uh, .,
from L"(R”) into Lq(R”).That is,

ey SCIBlL Il

Theorem 2.2. Suppose that 4, , is the commutator

2), and let il foa
n+pg-«a g p n
Q(x,z) satisfies the following two conditions:
1) Q(x,z) satisfies L™ -Dini condition (3);
2) there exists

0<a<f<ll< p<ﬂ

is bounded

P
||IuQ,b,a
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n n n
r > max o T n such
n+pf-a—— n-p+a’n 10
2 p
that Q(x,z)eL”(R")xL'(S"*") then 4z, is boun-

ded from HP(R") into L%(R"). Thatis
isger) = Cloli, 1 g

Remark Obviously, x5, , is the commutator of the

P
||/uQ,b a

operator x5, in [1]. At the same time, we change the

course of the statement in [4].
In order to prove our Theorems, we need several pre-
liminary lemmas.
Lemma 2.1

[6] Let and suppose

Q(xz)el” (R")x L' (S”‘l)(r >1). If there exists a

0<u<n

constant 0<R <% such that |y| < RK, then for any

X, € R",

Hono (T)(X)= i x

(LIRa (000 t—j

X. L. SHI

[.[K<X<ZK
(v

<ckr " [
K

r yr
|Q(x0 +X,X—Y) _Q(|x0|+ x,x)‘ dx}
X

=y
d5j.

where the constant C >0 is independent of K and
y.

lemma 2.2. [7] Let O0<u<n,

@, (9)
o

IZM/K«SQM/K

1

=

l<p<ﬂnl
#q pn

and T, be defined as

Q(x,x—-y)
f [ =\Ar7Y)
(1)), 2
r> p’, such that Q(x,z)eL”(R”)x L'(S”‘l), then
T,qo isbounded from L°(R") into L%(R"). Thatis

"T/LQ ( f )",_q( <C ||Q||L°° |f "Lp )

3. Proofs
3.1. Proof of Theorem 2.1.

T

“Q

f (y)dy. If there exists

Lr(sn -1

Applying the Minkowski’ inequality, we can get

1
2 2
w (x X-Y) dt
[f (L oy H[b b (N]T (Y | e
1
Q X, X — y o dt 2
< jR" | | H|b y)” f (y)|(jxy t2p+1+2a ) dy
by ( )|, [@(xx-y)| p 1
sCHsup | x=y|" x|f(y) —dy
i:lx,))(/:R” |X y|ﬁ. J |X y| | | | ||X_y|p
Q(x,x-y)
-l oy e S 5=l o o 100
By Lemma 2.2 , we have 3.2. Proof of Theorem 2.2.
”‘lg’bﬂ(f) Lq(R") Noting that r > , we can choose |, such that
n-pg+a
<Cl|b f
" ”A‘* Il (R") <l <—— . Next , we
<C"Q”|_” R" xL" s"1 |b||Aﬁ R” f"Lp R" ' 1 ﬂ a
choose |, suchthat — . It follows from
This completes the proof of Theorem 2.1. 2 b
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Theorem 2.1 that g is bounded from L"(R" P4 <clol ..
o, 4 (R, Thatis > (*) N
||ﬂm,a () _C||b|| o (@) Without loss of generality we may assume that

suppa = B =B(x,,d). We write

By the atomic decomposition theory on Hardy type B =8/nB = B(xo 8fd) B(%,d’). We split
space, it suffices to prove that there is a constant C >0

such that for all (p,1,,b)-atom the following holds ||1u§2,b,aa||Lq(Rn) into two parts as follows:

P % EC0 )

We can easily see that 1, > q . By (4) and the size condition of atom a, we have

= (], a0

Next we estimate 1,. Let us consider g, ,a(x):

P
||/uQ,b,aa

17 ol <ol o

1 11 11
o [B [+ <Clo] oo B[ % [B]x e <Clb| g

12

2
X—Xo|+ X X— dt
0,02 (X) [J Zd[fx . ) H[ ]a(y)dV] =

x=y|"”

2
o Q(X,X— y dt
+{J.xx0+2d [J.xyq ( H|: ]a(y)dy] t2p+l+2a
=1y +1,,.

|x—y|~|x—x0|~|x—xo|+2d for piza

ey (e 20)

c <Cd|x-y|
y€B(x,d), xe(B") . By the mean value theorem, we

have Thus, by the Minkowski’s inequality for integrals,

O y2
ol <, 202 y'rn N i
[x=y] t

12
Q X, X — y 1 1
<C "b”/\ﬁ J. | | y|ﬂ| |X[|X— y|2p+2a - ( )2p+2a J dy

|x—X,| +2d

1
Q(x,x—y d2
SC" ” ,[ | n - ,B||X |p+a+1/2

1
Aty < Clpl o 87 x5l % (ko x- y)fa(y )y

n
AﬁR

Applying the Hélder inequality and the size condition of a, we have
Jol2(x=y)lla(y)|dy

r Ur r yr'
< (J.B|Q(X' X= y)| dy) (J.B|a(y)| dy) < (J.lx—x0<x—y<2x—x0 Q(
2x-xg], 1
S[ %\Ho\L[ 1-[3"’1

yr .
o) o] (Lo o) et

X — X0|n/r |B|1-1/r-1/p _

|1/r o <C ”Q"L L'(s“ 1)

Lll Rn

() do(z)a | I
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So we can get

1 <Clol o By ek

Lr(sn 1) d

Noting that r > , we have

n-g+a

1/q
S ([ eltal’) <Cll o

<C "b” d:l/2 n/r—-n/p+n (J‘d’p(ﬂ—a—jl/hn/r—n qpn—ldp) <C "b" d]/2 n/r— n/p+nd n/r+n/p-n-1/2 _ =C "b"

- N Yq
d]/Z—n/r—n/ p+n (J’ c |X _ XO|(/f 1/2+n/r-n)q dX)

()

A/i

For 1,,, we write
06 @00 .., T ()b ()

m . Q(x,x-y)

64 @00=% T (B (600-000)), | T = 0(0) (), 2y

wa(y)dv

So 1, isdominated by

1
2 2
dt
t2p+1+2a

55 (07 b)), . S 00)-b06) 20y

n
x-yJst |x—y| P

100 (-8 66)]], . 25X Yo )y

< 0
2= _[ 3

[x=xg|+2d ia
[.[x Xo|+2d

=K, +K,.

1

2 2
dt
t2p+l+2a

Now let us estimate K, . By the vanishing condition of a, we have

1

Kl :[J-x—x0+2d g[bj (X ].[x y\<t )dy m]
q 1
m - t 3
Sl:”bj(x) b. (% (x,xo,y)||a(y)|(jx_%+2dmj dy
1
<Cjlb D( )——————d
Bl o5l L0 Rt
< Clpl, o b5l P xo )y

Q(x,x—y)_Q(x,x—xO)l

where D(X,X,,Y)=
( 0 y) |X_y|n—p |X_X0|n—p

Since ﬂ—n—1<£—n—ﬂ <0, we getfrom
p p

Open Access



Q. Q. FANG, X. L. SHI 33

Holder’s inequality and Lemma 2.1,

1
(LB*)C Kl )q
< C||b||Aﬁ U(B*)C [.IP(x%, y)||x_xo|ﬁ—a-p |a()/)|dy‘q dqu
1
<clp,, _[B|a(y)|( [ [D 0t o dx)q &y

<ol JROVE| figp sl

1

1
X, X, y)|q |x B X0|(ﬁ—a—p)q dx}q dy
1

<C||b|| I |a |i )ﬁ_a_p(_[gid'<\x—x0\£21+ld'|D(XlXoyy)|q dx)a dy

<Clpl, [0 (g aealD
y=o|
) o L s

£ ly-xl
N 1 y_x i2 ,a)r 5
<Clpl; Ha |Z(21d) [2 +(|2J—1d0r|J el 51(+ﬂ)d5]dy

=0

o

Ms

<Clpl,, [yla(y)

Il
o

: 2l
L o | (Mo LI e DO
squdpnhw»;P{PJ+z[ ]iygg;%m}y
= PYEIY

<clpl,, o " ol 8

1‘* [1+j M)d(s]

T
<cjp],, d <cjp],,.

Now we estimate K, . Applying Minkowski's inequality, the size condition of a, we obtain

| |Q (X, x— y)|(j dt ];dy

x x0\+2d t2p+1+2a

I S 07 (b00-b(x)), (b(y)-b(x)), |

j= oo'eCm |X y|
m-1 |Q(x,x-y)| 1
<C]| |a b(x)—-b b -b
Jol (y)|JZ::,)U€ZC]m( (x)=b(x)), ||(b(y)=b(x)),.|* |x—y|"*P (|x=x|+2d )"
m-1 b, (x)—b, (x b ( X X
T e e T T L
B o e 5 oy
m-1 8, By |
<Clbl, s JZ(;ZC:P‘ %[ [yly=xl W| y)|dy
o€ j
m-1
£C||b|| Jz;)Z|x x|ﬁ" “dﬂ"HQ (%, x— y||a |dy.
o'eC']n
So we have
Ky <Cb], ) ha(sm) Z 3 el

J o‘eC
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Thus

1

(LB*)C K )q

<Clbl, )

|
=|>

|
1

Q||L°°(R")xL'(s”’1) d

1

jzoaeCT
n—%—% m-1 ﬂ(,r+ﬂ(,—a—n+g+g
<Clpl, eyd " "X 2 d

jZOGECT

<Clloll, )
Sowhen |x—x, [>Cd, we have
E
Do =(Janc 1l " <Clol, o
I, <3+, < C||b||Aﬂ(Rn).

Combining the estimates for I, and 1,, we have

||/uQ,b,aa||_tl(Rn) <C "b"/\ﬁ(Rn) :

This completes the proof of Theorem 2.2.
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