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ABSTRACT 

We numerically investigate the ionization mechanism in a real hydrogen atom under intense fem to second chirped laser 
pulses. The central carrier frequency of the pulses is chosen to be 6.2 eV (λ = 200 nm), which corresponds to the 
fourth-harmonic of the Ti:Sapphire laser. Our simulation of the laser-atom interaction consists on numerically solving 
the three-dimensional time-dependent Schrödinger equation with a spectral method. The unperturbed wave functions 
and electronic energies of the atomic system were found by using an L2 discretization technique based on the expansion 
of the wave functions on B-spline functions. The presented results of kinetic energy spectra of the emitted electrons 
show the sensitivity of the ionization process to the chirp parameter. Particular attention is paid to the important role of 
the excited bound states involved in the ionization paths. 
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1. Introduction 

The continuous progress in intense and short laser pulses 
generation techniques has led to extensive experimental 
and theoretical investigations on how to use these pulses 
as tools to control the ultra fast electron dynamic in 
atomic and molecular systems [1-3]. Recently, physicists 
took an interest in using chirped laser pulses to investigate 
laser-matter interactions. These pulses are efficient to 
control the ionization and excitation mechanisms when 
compared with unchirped laser pulses, i.e. transform- 
limited laser pulses [4-9]. The ability to control population 
transfer from an initial state to a desired final state is of 
crucial importance as it will open the way to the control of 
the product yields in chemical reactions.  

The most known nonlinear processes that arise in ultra 
fast laser-matter interactions will change when intense 
and short chirped laser pulses are used instead of the 
transform-limited laser pulses [10-14]. The above-thres- 
hold ionization (ATI) process is the most important and 
well-understood nonlinear process by physicists. It is the 
signature that atoms or molecules can absorb more pho-
tons than is strictly necessary for the ionization to occur. 
The shape of the ATI spectrum, i.e., the kinetic energy 
spectrum of the emitted electrons, exhibits a series of 

peaks equally separated by the absorbed incident photon 
frequency [15-18].  

In this paper, we point out the effect of the laser chirp 
parameter on the kinetic energy spectra of the emitted 
electrons from the hydrogen atom. We used intense fem-
tosecond chirped laser pulses of central carrier frequency 

0 6.2 eV  , which corresponded to the fourth-harmonic 
of the Ti:Sapphire laser. A chirped laser pulse is experi-
mentally produced by chirp filtering of a transform-li- 
mited laser pulse. We consider, in this paper, a realistic 
experimental representation of a linearly polarized chirped 
laser pulse, in which the chirp parameter increases the 
time duration of the original transform-limited laser pulse 
and decreases its intensity. The frequency bandwidth of 
the resulting chirped pulse remains the same as that of the 
corresponding transform-limited laser pulse. The theo-
retical approach we used to calculate the unperturbed 
energetic structure of the hydrogen atom is based on an 

 discretization technique using B-spline functions 
[19,20]. The kinetic energy spectra of the emitted elec-
trons were generated by numerically solving the three- 
dimensional time-dependent Schrödinger equation using a 
spectral method [21-23]. We follow in time the transfer of 
the population to the intermediate bound states involved 
in the ionization paths. We examine then the sensitivity of 
the excitation mechanism to the sign of the chirp pa-
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rameter and how that affects the kinetic energy spectra of 
the emitted electrons. 

Atomic units (a.u.) are used throughout the paper unless 
otherwise mentioned. 

2. Theoretical Approach 

2.1. Atomic Structure Calculations 

The time-independent Schrödinger equation (TISE) de-
scribing the electron motion around the atomic nucleus is 
given by: 

   0 0.nlm nlmH E r       (1) 

0H  is the nonrelativistic field-free Hamiltonian in 
spherical coordinates, which reads 
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For a given electron angular momentum l and projec-
tion m, the solution of Equation (1) can be written as 
follows: 
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 ,m
lY    is the spherical harmonic functions de-

pending on angular coordinates. The B-spline function of 
order k denoted by  k

iB r

R

 is a piecewise polynomial of 
degree k − 1 [20]. We use b  B-spline functions, that 
are distributed along the radial axis, in a radial box de-
fined from  to max . A direct diagonalization of 
Equation (1) gives the unperturbed eigenenergies nlm  
and eigenfunctions of all bound and continuum discre-
tized states. We have proven the efficiency of our discre-
tization technique in previous works on two-active elec-
tron systems [21-23]. 

N

0r 
E

2.2. Time-Dependent Calculations 

Within the electric dipole approximation, the time-de- 
pendent Schrödinger equation (TDSE) describing the 
electron motion in the presence of the laser field is given 
by: 

       0 int, ,i t H H t
t


     

r r r , .tr (4) 

 int  describes the interaction of the electron 
with the laser field. It could be expressed in different 
gauges as for example the length or velocity gauges. As 
we adopt here the velocity gauge, 

,H r t

 int  is written 
as the scalar product of the potential vector and the elec-
tron momentum: 

,H r t

   int , ,H t i t   r A ,       (5) 

where  ,t A  is the vector potential of the chirped la-

ser pulse linearly polarized along the z axis. The time- 
dependent total wave function  , t r  in Equation (4) 
is expanded on the basis of the field-free atomic eigen-
states, normalized to unity, 

       , enlm
nlm

nlm

t f t   xp nlmt iE .rr    (6) 

By substituting Equation (6) into Equation (4), we ob-
tain a set of coupled integro-differential equations, which 
we solved using an explicit fifth-order Runge-Kutta nu-
merical method [21]. 

The vector potential of the chirped laser pulse consid-
ered here is given by: 

        , , ,sin ,zt A F t t t    A e    (7) 

With ξ is the chirp parameter,   the pulse carrier- 
envelope phase (CEP),  A   the peak amplitude, 
 ,t   the instantaneous frequency and  ,F t   the 

Gaussian time envelope. We note that, in experiment, 
chirp filters are implemented by use of dispersive optical 
systems. Upon transmission through a filter characterized 
by a b chirp coefficient, an initially transform-limited 
pulse  0   becomes chirped, i.e., with frequency 
 ,t   that varies in time and depends on the chirp 

parameter 2
0b   (for the experimental details see 

[24]). 0  is the full width at half maximum (FWHM) 
duration of the transform-limited pulse. The filtered pulse 
will be up-chirped if   is positive and will be down- 
chirped if   is negative. 

The expression of  A   is given by : 

   
0

,
E

A
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

where     auE I  I  is the electric field amplitude 
of the chirped pulse, with  W·cm−2the 
atomic unit of intensity and 0

1610auI 3.51 
  the central carrier fre-

quency. The intensity of the chirped pulse  I   is re-
lated to the intensity 0I  of the transform-limited pulse 
 0   by: 
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The instantaneous frequency  ,t   and the Gaus-
siantime envelope  ,F t   are given, respectively, by : 
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The FWHM duration of the chirped pulse is given by: 
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  2
0 1 .            (12) 

At the switch-off of the laser pulse  finalt t , the 
probability of finding the systemin the  nlm r  elec-
tronic eigenstate is given by: 

   
2

,nlm nlm finalP r t  r .   (13) 

The kinetic energy spectrum of the emitted electrons is 
calculated as follows: 

     
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with  E  the density of continuum states [20]. 

3. Results and Discussions 

For the numerical calculations, we have considered a set 
of  B-splines of order  defined on the 
radial box of maximum length max  a.u.. We 
have fixed the maximum electron angular momentum to 

. As we choose the laser pulse to be polarized 
linearly along the z axis, only electronic transitions be-
tween states of  magnetic quantum number are 
permitted. We kept in all our calculations the CEP con-
stant and set to 

1200bN 

12

7k 
R 1000

l 

0m 

0  . The convergence of our numeri-
cal results has been checked by increasing the number of 
B-sp line functions, the radial box size and the number of 
angular moment a. We have also checked that the results 
are gauge independent. 

We consider in this paper a transform-limited pulse (ξ 
= 0) of central carrier frequency ω0 = 0.228 a.u. (6.2 eV), 
which corresponds to the fourth-harmonic of Ti:Sa laser 
(λ = 200 nm). The pulse has an intensity  W·cm−2 
and a FWHM duration τ0 = 137.79 a.u. =3.33 fs. 

14
0 10I 

We plot in Figure 1 the transform-limited pulse vector 
potential  , 0A t    variation with time. We compare in 
the same figure  , 0 A t  with the vector potentials of 
a simulated filtered up-chirped pulse of 1   and a 
down-chirped pulse of 1   . Both chirped pulses, 
according to Equations (9) and (12), have an intensity of 

W·cm−2 and a FWHM duration   131 7.08 1  0I   
 1    194.8 a.u. = 4.7 fs. The form of the vector 

potential used in this paper (see Equation (7)) simulates a 
realistic experimental case in which the chirp filtering 
decreases the intensity of the transform-limited pulse and 
increases its total duration. We also present in Figure 1 
the spectral profile of the three pulses and the variation of 
their instantaneous frequency ω(t, ξ) with time. Specifi-
cally, an up-chirped pulse (down-chirped) with a positive 
(negative) value of ξ means that the instantaneous laser 
frequency increases (decreases) with time. Nevertheless, 
the frequency bandwidth of the up- and down-chirped 
pulses remains the same as that of the transform-limited 
pulse. 

 

Figure 1. Dependence of laser pulse vector potential  ,A t ξ


, 

spectral profile and instantaneous frequency  on the 

chirp parameter 

 ,ω t ξ

, ,1 0 1ξ    . The chirped pulses  1ξ    

have a central carrier frequency  a.u. (6.2 eV), 

CEP 

.0 0 228ω 

0φ  , intensity   I ξ 2
0 1I ξ and FWHM dura-

tion   2
0 1τ ξ τ ξ , where W·cm−2 and  are 

respectively the intensity and the FWHM duration of the 
transform-limited pulse 

14
0 10I  0τ

 0ξ  . 

 
We submit the hydrogen atom to each of three pulses 

showed in Figure 1. In Figure 2, we compare in loga-
rithmic scale the kinetic energy spectra of the emitted 
electrons we obtained at the end of each pulse interaction 
with the atom. The spectra exhibit a number of peaks that 
are the signature of the ATI nonlinear process by which 
the atom, under these intense laser pulses, has absorbed S 
more photons than the minimum number of three photons 
necessary to reach the ionization limit (IP = 0.5 a.u. = 13.6 
eV). The many peaks observed in kinetic energy spectra 
of the emitted electrons have relatively narrow widths, 
and are centered on electronic energies ES given by: 

 3 ,S
P PE S I U       (15) 

where 24P auU I I  is the electron ponderomotive 
energy. The hydrogen atom under a strong pulse of in-
tensity I and photon frequency ω experiences an ioniza-
tion potential increase of UP. 

We notice in Figure 2 that a nonzero chirp value affects 
the height and position of the peaks. The down-chirped 
pulse (up-chirped pulse) moves slightly the ATI peaks to 
the left (right) when compared to the unchirped pulse. The 
modification in the ATI shape and properties is a result of  
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how the sign of the chirp influences the time variation of 
the instantaneous frequency  ,t  , which affects the 
energy shift of the excited states and then the energy of 
emitted electrons. 

 

Let us now observe more precisely if the sensitivity of 
the ionization process will persist for other chirp pa-
rameter values. In Figures 3(a)-(d), we present in 
nonlogarithmic scale the first peak  of the emitted 
electron energy spectrum which is due to the ionization of 
the atom with three photons. The results were obtained at 
the end of the laser pulses with the following chirp pa-
rameters 

0S 

0.5, 1, 1.5, 2.      We compare in each case 
the chirped pulses    results with that obtained with 
the unchirped pulse 0  . In the first case  0.5   , 
the intensity of the up- and down-chirped pulses is 
  130.5 8.9 10 

 
I    W·cm−2 and their FWHM dura-
tion is  0.5 154 a.u.      3.7 fs . In the second case 
 1   , the intensity and the FWHM duration of the 
chirped pulses are the same used previously. In the third 
case,   131.5 5.5 10    I W·cm−2 and 
 1    .5 248 a.u. 6 fs  . Finally, in the fourth case, 

Figure 2. Kinetic energy spectra of the emitted electrons 
obtained at the end of chirped pulses with  (dashed 

line),  (dotted line) and  (solid line) in loga-
rithmic scale (1 a.u. of energy is equivalent to 27.2 eV). 

1ξ  
0ξ  1ξ  

 

   
(a)                                                     (b) 

   
(c)                                                     (d) 

Figure 3. Peaks S = 0 of the emitted electron energy spectrum obtained at the end of laser pulses with (a) ξ = 0, ±0.5; (b) ξ = 0, 
±1; (c) ξ = 0, ±1.5 and (d) ξ = 0, ±2 in nonlogarithmic scale. Solid line (dashed line) corresponds to the results obtained with a 

ositive (negative) chirp parameter, and dotted line with ξ = 0. p   
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the intensity decreases to 
  132 4.5 10I      W·cm−2 and the duration increases 

to  2 308 a.     u. 7.45 fs . 
When we compare between the results presented in 

Figure 3, we first notice that in each of the four cases, the 
emitted electron energy spectrum obtained with the 
unchirped pulse has higher magnitude than those obtained 
with the chirped laser pulses, which is expected as the 
intensity of unchirped pulse is higher than that of chirped 
pulses. Secondly, the increasing of   seems to produce 
only a slight Stark shift of the emitted electron spectrum 
towards higher electronic energies when the atom is under 
the up-chirped pulse. In contrast, when the atom is sub-
mitted to the down-chirped pulse, we observe a slight 
energy shift towards lower electronic energies with, how-
ever, a visible break-up of the ionization peak into two 
narrow peaks. 

The significant change in the shape of the emitted 
electron energy spectra, particularly with adown-chirped 
laser pulse, results from the sensitivity of the excitation 
process to the sign of the chirp parameter. The latter af-
fects the average of the population transferred to the in-
termediate bound states involved in the ionization paths. 
To prove the role of the excited bound states in this study, 
we removed them all from the atomic basis set and then 
we solved the TDSE. We have found that the chirp in-
fluence on ATI spectra has totally disappeared. 

Figure 4 indicates the excitation scheme induced by the 
laser frequency ω0 = 0.228 a.u.. To understand the influ-
ence of the chirp parameter on the excitation mechanism, 
we have examined how the population of the excited 
states by the up-chirped laser pulse takes place compared 
to the down-chirped pulses. We followed in time the 
population of the 2s, 2p, 3s, 4s, 3d and 4d bound states in 
the presence of the chirped pulses of 

0.5, 1, 1.5, 2       used previously. We found that the 
2s and 2p bound electronic states, off-resonance, are not 
affected by the chirp in contrast with the 3s, 4s, 3d and 4d 
states that are close to resonance by two-photon transition 
from the 1s. We also found that the 3d and 4d excited 
states are much more populated than the 3s and 4s states. 
The ionization occurs mostly by electrons transition from 
the  3 4 2d d l   states to the  3nf l   continuum 
channel and feebly from the  3 4 0s s l   states to the 

 1l np  continuum channel. 
So, we only report in Figure 5 the time evolution of the 

3d and 4d bound states population. We notice that the 
population of the 3d state decreases when we increase the 
chirp parameter and also that the down-chirp pulse 
populates the 4d state more than an up-chirped pulse does. 
During its time duration, an up-chirped pulse induces a 
two-photon resonant transition from the fundamental state 
1s to the 3d first and from 1s to the 4d later in time. In 
contrast, a down-chirped pulse induces a two-photon  

 

Figure 4. Schematic hydrogen atom energy level diagram 
showing the ionization paths with a laser pulse of central 
carrier frequency ω0 = 0.228 a.u.. 
 
resonant transition from the 1s to the 4d first and from 1s 
to the 3d later in time. That explains why in Figure 5 the 
4d state is more(less) populated when the atom is under 
down-chirped (up-chirped) pulse. 

The double peaks structure observed in Figures 3(c) 
and (d), when we fix the value of the chirp parameter to 

1.5    and 2 , is essentially due to two factors. The 
first is by increasing  , we decrease the laser intensity, 
so the population of the 3d state decreases as it becomes 
then less coupled to 1s by resonant two-photon transition. 
The second is a chirped pulse with a negative ξ increases 
the population of the 4d state. Ionization, in this case, 
occurs by the transfer of the population from both the 3d 
and 4d states to the  3nf l   continuum channel caus-
ing the appearance of the two narrow peaks observed in 
the emitted electron energy spectra. In contrast with the 
case when we decrease (increase) the chirp parameter 
(laser intensity), see Figures 3(a) and (b), here the trans-
fer of the population occurs predominantly from the most 
populated 3d state to the continuum. Here, no double 
narrow peaks structure is observed. 

The excitation mechanism could be controlled by 
chirped laser pulses. By varying the sign of the chirp 
parameter, the instantaneous frequency changes in time 
differently, which induces different excitation scenarios. 
With chirped laser pulses, we could determine which level 
will have a bigger average population during the la-
ser-atom interaction and thus control the ionization yield. 
We have investigated the sensitivity of the ionization 
process to the chirp parameter for various other harmonic 
frequencies of Ti:Sa laser. We have observed that the 
sensitivity is generally more accentuated when the chirp   
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(a)                                                     (b) 

    
(c)                                                     (d) 

Figure 5. Population of the 3d and 4d bound states in the presence of up-chirped (solid line) and down-chirped (dashed line) 
laser pulses of (a) ξ = ±0.5; (b) ξ = ±1; (c) ξ = ±1.5 and (d) ξ = ±2. 
 
induces resonant transitions in the excitation mechanism. 

4. Conclusion 

We have presented in this paper the results of numerical 
calculations of the emitted electron energy spectra in the 
hydrogen atom under intense fem to second chirped laser 
pulses. We have observed that the ionization and excita-
tion dynamics are very sensitive to the chirp parameter. 
Intense ultra short chirped laser pulses could be an im-
portant tool to study image and control the electron dy-
namic in atoms and molecules. The study presented in this 
paper could be applicable to control the transfer or the 
inversion of the population in another atomic target. The 
chirp dependence of the emitted electron energy spectra 
observed here may prove useful for experimental char-
acterization of chirped laser pulses. 
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